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PREFACE 


The objective of this book is to develop an understanding of the basic principles 
of the matrix methods of structural analysis, so that they can be efficiently im- 
plemented on modern computers. Focusing on the stiffness approach, Matrix 
Analysis of Structures covers the linear analysis of two- and three-dimensional 
framed structures in static equilibrium. It also presents an introduction to nonlin- 
ear structural analysis and contains the fundamentals of the flexibility approach. 

The book is divided into ten chapters. Chapter 1 presents a general intro- 
duction to the subject, and Chapter 2 reviews the basic concepts of matrix alge- 
bra relevant to matrix structural analysis. The next five chapters (Chapters 3 
through 7) cover the analysis of plane trusses, beams, and plane rigid frames. The 
computer implementation of the stiffness method is initiated early in the text 
(beginning with Chapter 4), to allow students sufficient time to complete devel- 
opment of computer programs within the duration of a single course. Chapter 8 
presents the analysis of space trusses, grids, and space rigid frames, Chapter 9 
covers some special topics and modeling techniques, and Chapter 10 provides an 
introduction to nonlinear structural analysis. All the relationships necessary for 
matrix stiffness analysis are formulated using the basic principles of the me- 
chanics of deformable bodies. Thus, a prior knowledge of the classical methods 
of structural analysis, while helpful, is not essential for understanding the mater- 
ial presented in the book. The format of the book is flexible enough to enable in- 
structors to emphasize topics that are consistent with the goals of the course. 

Each chapter begins with a brief introduction that defines its objectives, 
and ends with a summary outlining its salient features. An important general 
feature of the book is the inclusion of step-by-step procedures for analysis, and 
detailed flowcharts, to enable students to make an easier transition from theory 
to problem solving and program development. Numerous solved examples are 
provided to clarify the fundamental concepts, and to illustrate the application 
of the procedures for analysis. 

A computer program for the analysis of two- and three-dimensional framed 
structures is available on the publisher’ s website www.cengage.com/engineering. 
This interactive software cab be used by students to check their answers to text 
exercises, and to verify the correctness of their own computer programs. The 
MATLAB ® code for various flowcharts given in the book is available to instruc- 
tors for distribution to students (if they so desire). A solutions manual, containing 
complete solutions to text exercises, is also available for instructors. 


A NOTE ON THE REVISED EDITION 


In this second edition, while the major features of the first edition have been re- 
tained, an introductory chapter on nonlinear analysis has been added because of 
xi 
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its increasing use in structural design. In addition, the sections on temperature 
changes and fabrication errors (Section 7.5), and nonprismatic members (Sec- 
tion 9.8), have been expanded via inclusion of additional examples. The total 
number of examples has been increased by about 10 percent, and the number of 
problems has been increased by about 15 percent to 255, of which about 40 per- 
cent are new problems. These new problems include some computer exercises 
intended to familiarize students with the use of the general-purpose structural 
analysis software. There are many other minor revisions, including some in the 
computer software, which has been upgraded to make it compatible with the lat- 
est versions of M icrosoft Windows®. Finally, most of the photographs have been 
replaced with new ones, some figures have been redrawn and rearranged, and 
the page layout of the book has been redesigned to enhance clarity. 


ACKNOWLEDGMENTS 


| wish to express my thanks to Hilda Gowans, Christopher Shortt and Randall 
Adams of Cengage Learning for their constant support and encouragement 
throughout this project, and to Rose K ernan for all her help during the production 
phase. The comments and suggestions for improvement from colleagues and stu- 
dents who have used the first edition are gratefully acknowledged. A II of their sug- 
gestions were carefully considered, and implemented whenever possible. Thanks 
are also due to the following reviewers for their careful reviews of the manuscripts 
of the first and/or second editions, and for their constructive suggestions: 


Riyad S. A boutaha 

Georgia Institute of Technology 
Osama A budayyeh 

Western Michigan University 
George E. Blandford 

University of Kentucky 

Kenneth E. Buttry 

University of Wisconsin-Platteville 
Joel P. Conte 

University of California, San Diego 
C. Armando Duarte 

University of Illinois, Urbana- 
Champaign 

Fouad Fanous 

Iowa State University 

Larry J. Feeser 

Rensselaer Polytechnic Institute 


Barry J. Goodno 

Georgia Institute of Technology 
George]. Kostyrko 

California State University 

M arc Levitan 

Louisiana State University 
Daniel G. Linzell 

The Pennsylvania State University 
Vernon C. M atzen 

North Carolina State University 
Everett E. M cEwen 

University of Rhode Island 

Joel M oore 

California State University 
Ahmad N amini 

University of Miami 


Finally, | would like to express my loving gratitude to my wife, M aureen, 
for her unfailing support and expertise in helping me prepare this manuscript, 
and to my sons, Jamil and Nadim, who are a never-ending source of love, pride, 
and inspiration for me. 


Aslam Kassimali 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


INTRODUCTION 


1.1 Historical Background 


1.2 Classical, Matrix, and Finite-Element Methods 
of Structural Analysis 


1.3 Flexibility and Stiffness Methods 
1.4 Classification of Framed Structures 
1.5 Analytical Models 
1.6 Fundamental Relationships for Structural Analysis 
1.7 Linear versus Nonlinear Analysis 
1.8 Software 
Summary 


Beijing National Olympic Stadium—Bird’s Nest 
(Eastimages / Shutterstock) 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


2 Chapter 1 Introduction 


Structural analysis, whichis an integral part of any structural engineering project, 
is the process of predicting the performance of a given structure under a pre- 
scribed loading condition. The performance characteristics usually of interest in 
structural design are: (a) stresses or stress resultants (i.e., axial forces, shears, and 
bending moments); (b) deflections; and (c) support reactions. Thus, the analysis 
of astructure typically involves the determination of these quantities as caused by 
the given loads and/or other external effects (such as support displacements and 
temperature changes). This text is devoted to the analysis of framed structures— 
that is, structures composed of long straight members. M any commonly used 
structures such as beams, and plane and space trusses and rigid frames, are clas- 
sified as framed structures (also referred to as skeletal structures). 

In most design offices today, the analysis of framed structures is routinely 
performed on computers, using software based on the matrix methods of struc- 
tural analysis. It is therefore essential that structural engineers understand the 
basic principles of matrix analysis, so that they can develop their own com- 
puter programs and/or properly use commercially available software— and ap- 
preciate the physical significance of the analytical results. The objective of this 
text is to present the theory and computer implementation of matrix methods 
for the analysis of framed structures in static equilibrium. 

This chapter provides a general introduction to the subject of matrix 
computer analysis of structures. We start with a brief historical background in 
Section 1.1, followed by a discussion of how matrix methods differ from classi- 
cal and finite-element methods of structural analysis (Section 1.2). Flexibility 
and stiffness methods of matrix analysis are described in Section 1.3; the six 
types of framed structures considered in this text (namely, plane trusses, beams, 
plane frames, space trusses, grids, and space frames) are discussed in Section 1.4; 
and the development of simplified models of structures for the purpose of analy- 
sis is considered in Section 1.5. The basic concepts of structural analysis neces- 
sary for formulating the matrix methods, as presented in this text, are reviewed 
in Section 1.6; and the roles and limitations of linear and nonlinear types of 
structural analysis are discussed in Section 1.7. Finally, we conclude the chap- 
ter with a brief note on the computer software that is provided on the publisher's 
website for this book (Section 1.8). (www.cengage.com/engineering) 


1.1 HISTORICAL BACKGROUND 


The theoretical foundation for matrix methods of structural analysis was laid 
by James C. Maxwell, who introduced the method of consistent deformations 
in 1864; and George A. M aney, who developed the slope-deflection method in 
1915. These classical methods are considered to be the precursors of the ma- 
trix flexibility and stiffness methods, respectively. In the precomputer era, the 
main disadvantage of these earlier methods was that they required direct solu- 
tion of simultaneous algebraic equations— a formidable task by hand calcula- 
tions in cases of more than a few unknowns. 

The invention of computers in the late 1940s revolutionized structural 
analysis. As computers could solve large systems of simultaneous equations, 
the analysis methods yielding solutions in that form were no longer at a 
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disadvantage, but in fact were preferred, because simultaneous equations could 
be expressed in matrix form and conveniently programmed for solution on 
computers. 

S. Levy is generally considered to have been the first to introduce the 
flexibility method in 1947, by generalizing the classical method of consistent 
deformations. Among the subsequent researchers who extended the flexibility 
method and expressed it in matrix form in the early 1950s were H. Falken- 
heimer, B. Langefors, and P. H. Denke. The matrix stiffness method was devel- 
oped by R. K. Livesley in 1954. In the same year, J. H. Argyris and S. Kelsey 
presented a formulation of matrix methods based on energy principles. In 1956, 
M. T. Turner, R. W. Clough, H. C. Martin, and L. J. Topp derived stiffness ma- 
trices for the members of trusses and frames using the finite-element approach, 
and introduced the now popular direct stiffness method for generating the struc- 
ture stiffness matrix. In the same year, Livesley presented a nonlinear formula- 
tion of the stiffness method for stability analysis of frames. 

Since the mid-1950s, the development of matrix methods has continued at 
a tremendous pace, with research efforts in recent years directed mainly toward 
formulating procedures for the dynamic and nonlinear analysis of structures, 
and developing efficient computational techniques for analyzing large 
structures. Recent advances in these areas can be attributed to S. S. Archer, 
C. Birnstiel, R. H. Gallagher, J. Padlog, J. S. Przemieniecki, C. K. Wang, and 
E. L. Wilson, among others. 


1.2 CLASSICAL, MATRIX, AND FINITE-ELEMENT 
METHODS OF STRUCTURAL ANALYSIS 


Classical versus Matrix Methods 


As we develop matrix methods in subsequent chapters of this book, readers 
who are familiar with classical methods of structural analysis will realize 
that both matrix and classical methods are based on the same fundamental 
principles— but that the fundamental relationships of equilibrium, compatibil- 
ity, and member stiffness are now expressed in the form of matrix equations, so 
that the numerical computations can be efficiently performed on a computer. 
M ost classical methods were developed to analyze particular types of struc- 
tures, and since they were intended for hand calculations, they often involve cer- 
tain assumptions (that are unnecessary in matrix methods) to reduce the amount 
of computational effort required for analysis. The application of these methods 
usually requires an understanding on the part of the analyst of the structural be- 
havior. Consider, for example, the moment-distribution method. This classical 
method can be used to analyze only beams and plane frames undergoing bend- 
ing deformations. Deformations due to axial forces in the frames are ignored 
to reduce the number of independent joint translations. While this assumption 
significantly reduces the computational effort, it complicates the analysis by re- 
quiring the analyst to draw a deflected shape of the frame corresponding to each 
degree of freedom of sidesway (independent jointtranslation), to estimate the rel- 
ative magnitudes of member fixed-end moments: a difficult task even in the case 
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of a few degrees of freedom of sidesway if the frame has inclined members. 
Because of their specialized and intricate nature, classical methods are generally 
not considered suitable for computer programming. 

In contrast to classical methods, matrix methods were specifically devel- 
oped for computer implementation; they are systematic (so that they can be 
conveniently programmed), and general (in the sense that the same overall for- 
mat of the analytical procedure can be applied to the various types of framed 
structures). It will become clear as we study matrix methods that, because of 
the latter characteristic, a computer program developed to analyze one type of 
structure (e.g., plane trusses) can be modified with relative ease to analyze 
another type of structure (e.g., space trusses or frames). 

As the analysis of large and highly redundant structures by classical 
methods can be quite time consuming, matrix methods are commonly used. 
However, classical methods are still preferred by many engineers for analyz- 
ing smaller structures, because they provide a better insight into the behavior 
of structures. Classical methods may also be used for preliminary designs, 
for checking the results of computerized analyses, and for deriving the mem- 
ber force- displacement relations needed in the matrix analysis. Furthermore, 
a study of classical methods is considered to be essential for developing an 
understanding of structural behavior. 


Matrix versus Finite Element Methods 


M atrix methods can be used to analyze framed structures only. Finite-element 
analysis, which originated as an extension of matrix analysis to surface struc- 
tures (e.g., plates and shells), has now developed to the extent that it can be 
applied to structures and solids of practically any shape or form. From a theo- 
retical viewpoint, the basic difference between the two is that, in matrix methods, 
the member force-displacement relationships are based on the exact solutions 
of the underlying differential equations, whereas in finite-element methods, 
such relations are generally derived by work-energy principles from assumed 
displacement or stress functions. 

Because of the approximate nature of its force-displacement relations, 
finite-element analysis generally yields approximate results. However, as will 
be shown in Chapters 3 and 5, in the case of linear analysis of framed structures 
composed of prismatic (uniform) members, both matrix and finite-element 
approaches yield identical results. 


1.3 FLEXIBILITY AND STIFFNESS METHODS 


Two different methods can be used for the matrix analysis of structures: the flex- 
ibility method, and the stiffness method. The flexibility method, which is also 
referred to as the force or compatibility method, is essentially a generalization 
in matrix form of the classical method of consistent deformations. In this ap- 
proach, the primary unknowns are the redundant forces, which are calculated 
first by solving the structure’s compatibility equations. Once the redundant 
forces are known, the displacements can be evaluated by applying the equations 
of equilibrium and the appropriate member force- displacement relations. 
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The stiffness method, which originated from the classical slope-deflection 
method, is also called the displacement or equilibrium method. In this ap- 
proach, the primary unknowns are the joint displacements, which are deter- 
mined first by solving the structure’s equations of equilibrium. With the joint 
displacements known, the unknown forces are obtained through compatibility 
considerations and the member force- displacement relations. 

Although either method can be used to analyze framed structures, the flexi- 
bility method is generally convenient for analyzing small structures with a few re- 
dundants. This method may also be used to establish member force-displacement 
relations needed to develop the stiffness method. The stiffness method is more 
systematic and can be implemented more easily on computers; therefore, it is pre- 
ferred for the analysis of large and highly redundant structures. M ost of the com- 
mercially available software for structural analysis is based on the stiffness 
method. In this text, we focus our attention mainly on the stiffness method, with 
emphasis on a particular version known as the direct stiffness method, which is 
currently used in professional practice. The fundamental concepts of the flexibil- 
ity method are presented in A ppendix B. 


1.4 CLASSIFICATION OF FRAMED STRUCTURES 


Framed structures are composed of straight members whose lengths are signif- 
icantly larger than their cross-sectional dimensions. Common framed struc- 
tures can be classified into six basic categories based on the arrangement of 
their members, and the types of primary stresses that may develop in their 
members under major design loads. 


Plane Trusses 


A truss is defined as an assemblage of straight members connected at their ends 
by flexible connections, and subjected to loads and reactions only at the joints 
(connections). The members of such an ideal truss develop only axial forces 
when the truss is loaded. In real trusses, such as those commonly used for sup- 
porting roofs and bridges, the members are connected by bolted or welded con- 
nections that are not perfectly flexible, and the dead weights of the members 
are distributed along their lengths. B ecause of these and other deviations from 
idealized conditions, truss members are subjected to some bending and shear. 
However, in most trusses, these secondary bending moments and shears are 
small in comparison to the primary axial forces, and are usually not considered 
in their designs. If large bending moments and shears are anticipated, then the 
truss should be treated as a rigid frame (discussed subsequently) for analysis 
and design. 

If all the members of a truss as well as the applied loads lie in a single plane, 
the truss is classified as a plane truss (Fig. 1.1). The members of plane trusses are 
assumed to be connected by frictionless hinges. The analysis of plane trusses is 
considerably simpler than the analysis of space (or three-dimensional) trusses. 
Fortunately, many commonly used trusses, such as bridge and roof trusses, can 
be treated as plane trusses for analysis (Fig. 1.2). 
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Fig. 1.2 Roof Truss 
(Photo courtesy of Bethlehem Steel Corporation) 


Beams 


A beam is defined as along straight structure that is loaded perpendicular to its 
longitudinal axis (Fig. 1.3). Loads are usually applied in a plane of symmetry 
of the beam’s cross-section, causing its members to be subjected only to bend- 
ing moments and shear forces. 


Plane Frames 


Frames, also referred to as rigid frames, are composed of straight members 
connected by rigid (moment resisting) and/or flexible connections (Fig. 1.4). 
Unlike trusses, which are subjected to external loads only at the joints, loads on 
frames may be applied on the joints as well as on the members. 

If all the members of a frame and the applied loads lie in a single plane, the 
frame is called a plane frame (Fig. 1.5). The members of a plane frame are, in 
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Fig. 1.4 Skeleton of a Structural Steel Frame Building 
(Joe Gough / Shutterstock) 


general, subjected to bending moments, shears, and axial forces under the ac- 
tion of external loads. M any actual three-dimensional building frames can be 
subdivided into plane frames for analysis. 


Space Trusses 


Some trusses (such as lattice domes, transmission towers, and certain aero- 
space structures (Fig. 1.6)) cannot be treated as plane trusses because of the 
arrangement of their members or applied loading. Such trusses, referred to as 
space trusses, are analyzed as three-dimensional structures subjected to three- 
dimensional force systems. The members of space trusses are assumed to be 
connected by frictionless ball-and-socket joints, and the trusses are subjected 
to loads and reactions only at the joints. Like plane trusses, the members of 
space trusses develop only axial forces. 


Grids 


A grid, like a plane frame, is composed of straight members connected 
together by rigid and/or flexible connections to form a plane framework. The 
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Fig. 1.6 A Segment of the Integrated Truss Structure which 
Forms the Backbone of the International Space Station 
(Photo Courtesy of National Aeronautics and Space 
Administration 98-05165) 
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Fig. 1.8 National Air and Space Museum, Washington, DC (under construction) 
(Photo courtesy of Bethlehem Steel Corporation) 


main difference between the two types of structures is that plane frames are 
loaded in the plane of the structure, whereas the loads on grids are applied in 
the direction perpendicular to the structure’s plane (Fig. 1.7). M embers of grids 
may, therefore, be subjected to torsional moments, in addition to the bending 
moments and corresponding shears that cause the members to bend out of the 
plane of the structure. Grids are commonly used for supporting roofs covering 
large column-free areas in such structures as sports arenas, auditoriums, and 
aircraft hangars (Fig. 1.8). 
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Fig. 1.9 Space Frame 
(© MNTravel / Alamy) 


Space Frames 


Space frames constitute the most general category of framed structures. 
Members of space frames may be arranged in any arbitrary directions, and 
connected by rigid and/or flexible connections. Loads in any directions may be 
applied on members as well as on joints. The members of a space frame may, 
in general, be subjected to bending moments about both principal axes, shears 
in both principal directions, torsional moments, and axial forces (Fig. 1.9). 


1.5 ANALYTICAL MODELS 


The first (and perhaps most important) step in the analysis of a structure is to 
develop its analytical model. An analytical model is an idealized representation 
of a real structure for the purpose of analysis. Its objective is to simplify the 
analysis of a complicated structure by discarding much of the detail (about 
connections, members, etc.) that is likely to have little effect on the structure’s 
behavioral characteristics of interest, while representing, as accurately as 
practically possible, the desired characteristics. It is important to note that the 
structural response predicted from an analysis is valid only to the extent that 
the analytical model represents the actual structure. For framed structures, the 
establishment of analytical models generally involves consideration of issues 
such as whether the actual three-dimensional structure can be subdivided into 
plane structures for analysis, and whether to idealize the actual bolted or 
welded connections as hinged, rigid, or semirigid joints. Thus, the develop- 
ment of accurate analytical models requires not only a thorough understanding 
of structural behavior and methods of analysis, but also experience and knowl- 
edge of design and construction practices. 
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In matrix methods of analysis, a structure is modeled as an assemblage of 
straight members connected at their ends to joints. A member is defined as a 
part of the structure for which the member force-displacement relationships to 
be used in the analysis are valid. The member force-displacement relationships 
for the various types of framed structures will be derived in subsequent chapters. 
A jointis defined as a structural part of infinitesimal size to which the ends of the 
members are connected. In finite-element terminology, the members and joints 
of structures are generally referred to as elements and nodes, respectively. 

Supports for framed structures are commonly idealized as fixed supports, 
which do not allow any displacement; hinged supports, which allow rotation 
but prevent translation; or, roller or link supports, which prevent translation in 
only one direction. Other types of restraints, such as those which prevent rota- 
tion but permit translation in one or more directions, can also be considered in 
an analysis, as discussed in subsequent chapters. 


Line Diagrams 


The analytical model of a structure is represented by a line diagram, on which 
each member is depicted by a line coinciding with its centroidal axis. The mem- 
ber dimensions and the size of connections are not shown. Rigid joints are usu- 
ally represented by points, and hinged joints by small circles, at the intersections 
of members. Each joint and member of the structure is identified by a number. 
For example, the analytical model of the plane truss of Fig. 1.10(a) is shown in 
Fig. 1.10(b), in which the joint numbers are enclosed within circles to distin- 
guish them from the member numbers enclosed within rectangles. 


(b) Analytical Model 
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1.6 FUNDAMENTAL RELATIONSHIPS FOR 
STRUCTURAL ANALYSIS 


Structural analysis, in general, involves the use of three types of relationships: 


e Equilibrium equations, 
e compatibility conditions, and 
e constitutive relations. 


Equilibrium Equations 
A structure is considered to be in equilibrium if, initially at rest, it remains at 
rest when subjected to a system of forces and couples. If a structure is in equi- 
librium, then all of its members and joints must also be in equilibrium. 

Recall from statics that for a plane (two-dimensional) structure lying in the 
XY plane and subjected to a coplanar system of forces and couples (Fig. 1.11), 
the necessary and sufficient conditions for equilibrium can be expressed in 
Cartesian (XY ) coordinates as 


> Fy =0 X Fy = 0 >M =0 (1.1) 
These equations are referred to as the equations of equilibrium for plane 
structures. 


For a space (three-dimensional) structure subjected to a general three- 
dimensional system of forces and couples (Fig. 1.12), the equations of equilib- 
rium are expressed as 


Y Fxy =0 > Fy =0 X Fz =0 
Mx =0 X My =0 Mz =0 (1.2) 


For a structure subjected to static loading, the equilibrium equations must 
be satisfied for the entire structure as well as for each of its members and joints. 
In structural analysis, equations of equilibrium are used to relate the forces 
(including couples) acting on the structure or one of its members or joints. 
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Fig. 1.12 


Compatibility Conditions 

The compatibility conditions relate the deformations of a structure so that its 
various parts (members, joints, and supports) fit together without any gaps or 
overlaps. These conditions (also referred to as the continuity conditions) 
ensure that the deformed shape of the structure is continuous (except at the lo- 
cations of any internal hinges or rollers), and is consistent with the support 
conditions. 

Consider, for example, the two-member plane frame shown in Fig. 1.13. 
The deformed shape of the frame due to an arbitrary loading is also depicted, 
using an exaggerated scale. W hen analyzing a structure, the compatibility con- 
ditions are used to relate member end displacements to joint displacements 
which, in turn, are related to the support conditions. For example, because 
joint 1 of the frame in Fig. 1.13 is attached to a roller support that cannot trans- 
late in the vertical direction, the vertical displacement of this joint must be 
zero. Similarly, because joint 3 is attached to a fixed support that can neither 
rotate nor translate in any direction, the rotation and the horizontal and vertical 
displacements of joint 3 must be zero. 

The displacements of the ends of members are related to the joint displace- 
ments by the compatibility requirement that the displacements of a member's 
end must be the same as the displacements of the joint to which the member 
end is connected. Thus, as shown in Fig. 1.13, because joint 1 of the example 
frame displaces to the right by a distance dı and rotates clockwise by an angle 
61, the left end of the horizontal member (member 1) that is attached to joint 1 
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must also translate to the right by distance d and rotate clockwise by angle 64. 
Similarly, because the displacements of joint 2 consist of the translations d2 to 
the right and d3 downward and the counterclockwise rotation 62, the right end 
of the horizontal member and the top end of the vertical member that are con- 
nected to joint 2 must also undergo the same displacements (i.e., d2, d3, and 62). 
The bottom end of the vertical member, however, is not subjected to any dis- 
placements, because joint 3, to which this particular member end is attached, 
can neither rotate nor translate in any direction. 

Finally, compatibility requires that the deflected shapes of the members of 
a structure be continuous (except at any internal hinges or rollers) and be con- 
sistent with the displacements at the corresponding ends of the members. 


Constitutive Relations 


The constitutive relations (also referred to as the stress-strain relations) de- 
scribe the relationships between the stresses and strains of a structure in accor- 
dance with the stress-strain properties of the structural material. As discussed 
previously, the equilibrium equations provide relationships between the forces, 
whereas the compatibility conditions involve only deformations. The constitutive 
relations provide the link between the equilibrium equations and compatibility 
conditions that is necessary to establish the load-deformation relationships for a 
structure or a member. 

Inthe analysis of framed structures, the basic stress-strain relations are first 
used, along with the member equilibrium and compatibility equations, to estab- 
lish relationships between the forces and displacements at the ends of amember. 
The member force-displacement relations thus obtained are then treated as the 
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constitutive relations for the entire structure, and are used to link the structure’s 
equilibrium and compatibility equations, thereby yielding the load-deformation 
relationships for the entire structure. T hese load-deformation relations can then be 
solved to determine the deformations of the structure due to a given loading. 

In the case of statically determinate structures, the equilibrium equations 
can be solved independently of the compatibility and constitutive relations to 
obtain the reactions and member forces. The deformations of the structure, if 
desired, can then be determined by employing the compatibility and constitu- 
tive relations. In the analysis of statically indeterminate structures, however, 
the equilibrium equations alone are not sufficient for determining the reactions 
and member forces. Therefore, it becomes necessary to satisfy simultaneously 
the three types of fundamental relationships (i.e., equilibrium, compatibility, 
and constitutive relations) to determine the structural response. 

M atrix methods of structural analysis are usually formulated by direct ap- 
plication of the three fundamental relationships as described in general terms 
in the preceding paragraphs. (Details of the formulations are presented in sub- 
sequent chapters.) However, matrix methods can also be formulated by using 
work-energy principles that satisfy the three fundamental relationships indi- 
rectly. Work-energy principles are generally preferred in the formulation of 
finite-element methods, because they can be more conveniently applied to 
derive the approximate force-displacement relations for the elements of 
surface structures and solids. 

The matrix methods presented in this text are formulated by the direct ap- 
plication of the equilibrium, compatibility, and constitutive relationships. H ow- 
ever, to introduce readers to the finite-element method, and to familiarize them 
with the application of the work-energy principles, we also derive the member 
force-displacement relations for plane structures by a finite-element approach 
that involves a work-energy principle known as the principle of virtual work. In 
the following paragraphs, we review two statements of this principle pertaining 
to rigid bodies and deformable bodies, for future reference. 


Principle of Virtual Work for Rigid Bodies 


The principle of virtual work for rigid bodies (also known as the principle of 
virtual displacements for rigid bodies) can be stated as follows. 


If a rigid body, which is in equilibrium under a system of forces (and 
couples), is subjected to any small virtual rigid-body displacement, 
the virtual work done by the external forces (and couples) is zero. 


In the foregoing statement, the term virtual simply means imaginary, not 
real. Consider, for example, the cantilever beam shown in Fig. 1.14(a). The 
free-body diagram of the beam is shown in Fig. 1.14(b), in which Px, and Py 
are the components of the external load P in the X and Y directions, respec- 
tively, and Ri, R2, and R3 represent the reactions at the fixed support 1. N ote that 
the beam is in equilibrium under the action of the forces Py, Py, R1, and R2, and 
the couple R3. Now, imagine that the beam is given an arbitrary, small virtual 
rigid-body displacement from its initial equilibrium position 1-2 to another 
position 1’-2’, as shown in Fig. 1.14(c). As this figure indicates, the total virtual 
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displacement of the beam can be decomposed into rigid-body translations dd, 
and ôdy in the X and Y directions, respectively, and a rigid-body rotation 88 
about point 1. N ote that the symbol & is used here to identify the virtual quanti- 
ties. As the beam undergoes the virtual displacement from position 1-2 to 
position 1’-2’, the forces and the couple acting on it perform work, which is re- 
ferred to as the virtual work. The total virtual work, 5We, can be expressed as 
the algebraic sum of the virtual work Wx and 5Wy, performed during transla- 
tions in the X and Y directions, respectively, and the virtual work Wg, done 
during the rotation; that is, 


5We = dWy + dWy + 8WR (1.3) 


During the virtual translation ddy of the beam, the virtual work performed by 
the forces can be expressed as follows (Fig 1.14c). 
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Similarly, the virtual work done during the virtual translation ddy is given by 
Wy = Roddy — Py dy = (R2 — Py) ddy = o> Fy) ddy (1.5) 


and the virtual work done by the forces and the couple during the small virtual 
rotation 50 can be expressed as follows (Fig. 1.14c). 


Wr = R380 — Py (L80) = (R3 — Py L) 80 = (È M o) 80 (1.6) 


The expression for the total virtual work can now be obtained by substi- 
tuting Eqs. (1.4-1.6) into Eq. (1.3). Thus, 


We = (X Fx) ôdx + (>> Fy) ôdy + (UM @) 66 (1.7) 


However, because the beam is in equilibrium, X` Fx = 0, 5° Fy = 0, and 
X Mo = 0; therefore, Eq. (1.7) becomes 


ôWe= 0 (1.8) 


which is the mathematical statement of the principle of virtual work for rigid 
bodies. 


Principle of Virtual Work for Deformable Bodies 


The principle of virtual work for deformable bodies (also called the principle 
of virtual displacements for deformable bodies) can be stated as follows. 


If a deformable structure, which is in equilibrium under a system of 
forces (and couples), is subjected to any small virtual displacement 
consistent with the support and continuity conditions of the structure, 
then the virtual external work done by the real external forces (and 
couples) acting through the virtual external displacements (and rota- 
tions) is equal to the virtual strain energy stored in the structure. 


To demonstrate the validity of this principle, consider the two-member 
truss of Fig. 1.15(a), which is in equilibrium under the action of an external 
load P. The free-body diagram of joint 3 of the truss is shown in Fig. 1.15(b). 
Since joint 3 isin equilibrium, the external and internal forces acting on it must 
satisfy the following two equations of equilibrium: 


+>} Fy =0 —F; sin 61 + F2siné = 0 
+t > Fy =0 Fı cos; + F2cos@ — P =0 (1.9) 


in which F; and F> denote the internal (axial) forces in members 1 and 2, re- 
spectively; and @; and 62 are, respectively, the angles of inclination of these 
members with respect to the vertical as shown in the figure. 

Now, imagine that joint 3 is given a small virtual compatible displacement, 
ôd, in the downward direction, as shown in Fig. 1.15(a). It should be noted that 
this virtual displacement is consistent with the support conditions of the truss 
in the sense that joints 1 and 2, which are attached to supports, are not dis- 
placed. Because the reaction forces at joints 1 and 2 do not perform any work, 
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the total virtual work for the truss, 5W, is equal to the algebraic sum of the vir- 
tual work of the forces acting at joint 3. Thus, from Fig. 1.15(b), 


SW = P dd — F 1 (8d cos 01) — F2(dd cos 02) 
which can be rewritten as 


ôW = (P — Fi cos 6; — F2 cos 62) ôd (1.10) 


As indicated by Eq. (1.9), the term in parentheses on the right-hand side of 
Eq. (1.10) is zero. Therefore, the total virtual work, dW, is zero. By substituting 
dW = Ointo Eq. (1.10) and rearranging terms, we write 


P (6d) = Fi(dd cos 61) + F2(8d cos 62) (1.11) 


in which the quantity on the left-hand side represents the virtual external work, 
dWe, performed by the real external force P acting through the virtual external 
displacement ôd. Furthermore, because the terms (ôd ) cos 6, and (ôd ) cos 62 are 
equal to the virtual internal displacements (elongations) of members 1 and 2, 
respectively, we can conclude that the right-hand side of Eq. (1.11) represents 
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the virtual internal work, 5W;, done by the real internal forces acting through 
the corresponding virtual internal displacements; that is, 


5We = Wi (1.12) 


Realizing that the internal work is also referred to as the strain energy, U, we 
can express Eq. (1.12) as 


ôWe = dU (1.13) 


in which ôU denotes the virtual strain energy. N ote that Eq. (1.13) is the math- 
ematical statement of the principle of virtual work for deformable bodies. 

For computational purposes, it is usually convenient to express Eq. (1.13) 
in terms of the stresses and strains in the members of the structure. F or that pur- 
pose, let us consider a differential element of a member of an arbitrary struc- 
ture subjected to a general loading (Fig. 1.16). The element is in equilibrium 
under a general three-dimensional stress condition, due to the real forces 
acting on the structure. Now, as the structure is subjected to a virtual dis- 
placement, virtual strains develop in the element and the internal forces due to 
the real stresses perform virtual internal work as they move through the inter- 
nal displacements caused by the virtual strains. For example, the virtual in- 
ternal work done by the real force due to the stress ox as it moves through the 
virtual displacement caused by the virtual strain de, can be determined as 
follows. 


real force = stress x area = ox (dy dz) 
virtual displacement = strain x length = (dex) dx 


Í 


dy 


, L dx a 


Fig. 1.16 
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Therefore, 


virtual internal work = real force x virtual displacement 
= (ox dy dz) (Se, dx) 
= (dex Ox) dV 
in which dV = dx dy dzis the volume of the differential element. T hus, the vir- 
tual internal work due to all six stress components is given by 
virtual internal work in element dV 
= (d&y 0x + ÔEyOy + ôEz07 + Ô Yxy Txy + dYyzTyz + OVzx Tzx ) dV (1.14) 
In Eq. (1.14), dex, dey, dz, Syxy, Syyz, and dyzx denote, respectively, the vir- 
tual strains corresponding to the real stresses ox, oy, 07, Txy, Tyz, aNd Tx, 
shown in Fig. 1.16. 
The total virtual internal work, or the virtual strain energy stored in the en- 


tire structure, can be obtained by integrating Eq. (1.14) over the volume V of 
the structure. Thus, 


ôU = f (Sexox + d&yay + d&z07 + ÔYxyTxy + SyyzTyz + 52x Tex) dV 
V 
(1.15) 
Finally, by substituting Eq. (1.15) into Eq. (1.13), we obtain the statement of 


the principle of virtual work for deformable bodies in terms of the stresses and 
strains of the structure. 


We = Í (Sexo, + EyOy + 58202 + ÔYxyTxy + ÔYyzTyz + ôYzxTzx) AV 
V 


(1.16) 


1.7 LINEAR VERSUS NONLINEAR ANALYSIS 


In this text, we focus our attention mainly on linear analysis of structures. 
Linear analysis of structures is based on the following two fundamental 
assumptions: 


1. The structures are composed of linearly elastic material; that is, the 
stress-strain relationship for the structural material follows Hooke’s law. 


2. The deformations of the structures are so small that the squares and 
higher powers of member slopes, (chord) rotations, and axial strains are 
negligible in comparison with unity, and the equations of equilibrium 
can be based on the undeformed geometry of the structure. 


The reason for making these assumptions is to obtain linear relationships 
between applied loads and the resulting structural deformations. An impor- 
tant advantage of linear force-deformation relations is that the principle of 
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super position can be used in the analysis. This principle states essentially that 
the combined effect of several loads acting simultaneously on a structure 
equals the algebraic sum of the effects of each load acting individually on the 
structure. 

Engineering structures are usually designed so that under service loads they 
undergo small deformations, with stresses within the initial linear portions of 
the stress-strain curves of their materials. Thus, linear analysis generally proves 
adequate for predicting the performance of most common types of structures 
under service loading conditions. However, at higher load levels, the accuracy 
of linear analysis generally deteriorates as the deformations of the structure 
increase and/or its material is strained beyond the yield point. Because of its 
inherent limitations, linear analysis cannot be used to predict the ultimate load 
capacities and instability characteristics (e.g., buckling loads) of structures. 

With the recent introduction of design specifications based on the ultimate 
strengths of structures, the use of nonlinear analysis in structural design is in- 
creasing. In a nonlinear analysis, the restrictions of linear analysis are removed 
by formulating the equations of equilibrium on the deformed geometry of the 
structure that is not known in advance, and/or taking into account the effects of 
inelasticity of the structural material. The load-deformation relationships thus 
obtained for the structure are nonlinear, and are usually solved using iterative 
techniques. An introduction to this still-evolving field of nonlinear structural 
analysis is presented in Chapter 10. 


1.8 SOFTWARE 


Software for the analysis of framed structures using the matrix stiffness 
method is provided on the publisher’s website for this book, www.cengage.com/ 
engineering. The software can be used by readers to verify the correctness of 
various subroutines and programs that they will develop during the course of 
study of this text, as well as to check the answers to the problems given at the 
end of each chapter. A description of the software, and information on how to 
install and use it, is presented in Appendix A. 


SUMMARY 


In this chapter, we discussed the topics summarized in the following list. 


1. Structural analysis is the prediction of the performance of a given 
structure under prescribed loads and/or other external effects. 


2. Both matrix and classical methods of structural analysis are based on the 
same fundamental principles. However, classical methods were developed to 
analyze particular types of structures, whereas matrix methods are more general 
and systematic so that they can be conveniently programmed on computers. 


3. Two different methods can be used for matrix analysis of structures; 
namely, the flexibility and stiffness methods. The stiffness method is more sys- 
tematic and can be implemented more easily on computers, and is therefore 
currently preferred in professional practice. 
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4. Framed structures are composed of straight members whose lengths 
are significantly larger than their cross-sectional dimensions. Framed struc- 
tures can be classified into six basic categories: plane trusses, beams, plane 
frames, space trusses, grids, and space frames. 


5. Ananalytical model is a simplified (idealized) representation of a real 
structure for the purpose of analysis. Framed structures are modeled as assem- 
blages of straight members connected at their ends to joints, and these analyti- 
cal models are represented by line diagrams. 


6. The analysis of structures involves three fundamental relationships: 
equilibrium equations, compatibility conditions, and constitutive relations. 


7. The principle of virtual work for deformable bodies states that if a 
deformable structure, which is in equilibrium, is subjected to a small compati- 
ble virtual displacement, then the virtual external work is equal to the virtual 
strain energy stored in the structure. 


8. Linear structural analysis is based on two fundamental assumptions: 
the stress-strain relationship for the structural material is linearly elastic, and 
the structure’s deformations are so small that the equilibrium equations can be 
based on the undeformed geometry of the structure. 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


MATRIX ALGEBRA 


2.1 Definition of a Matrix 

2.2 Types of Matrices 
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2.4 Gauss-Jordan Elimination Method 
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Problems 


Somerset Corporate Center Office Building, New J ersey, and its Analytical Model 
(Photo courtesy of Ram International. Structural Engineer: The Cantor Seinuk Group, P.C.) 
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Chapter 2 


Matrix Algebra 


2.1 


In matrix methods of structural analysis, the fundamental relationships of 
equilibrium, compatibility, and member force-displacement relations are 
expressed in the form of matrix equations, and the analytical procedures are 
formulated by applying various matrix operations. Therefore, familiarity 
with the basic concepts of matrix algebra is a prerequisite to understanding 
matrix structural analysis. The objective of this chapter is to concisely pre- 
sent the basic concepts of matrix algebra necessary for formulating the 
methods of structural analysis covered in the text. A general procedure for 
solving simultaneous linear equations, the Gauss-Jordan method, is also 
discussed. 

We begin with the basic definition of a matrix in Section 2.1, followed by 
brief descriptions of the various types of matrices in Section 2.2. The matrix 
operations of equality, addition and subtraction, multiplication, transposition, 
differentiation and integration, inversion, and partitioning are defined in Sec- 
tion 2.3; we conclude the chapter with a discussion of the Gauss-] ordan elim- 
ination method for solving simultaneous equations (Section 2.4). 


DEFINITION OF A MATRIX 


A matrix is defined as a rectangular array of quantities arranged in rows 
and columns. A matrix with m rows and n columns can be expressed as 
follows. 


Ay. Pe A. ss. hae 
Az Az Az +e < Aan 
A=[A]=] A3 A3 A3 «+ -> ABn (21) 
jn puao aiii Aj +> ith row 
Am1 Am2 Am3 ise Sens Amn 
jth column mxn 


As shown in Eq. (2.1), matrices are denoted either by boldface letters (A) or 
by italic letters enclosed within brackets ([A]). The quantities forming a 
matrix are referred to as its elements. The elements of a matrix are usually 
numbers, but they can be symbols, equations, or even other matrices (called 
submatrices). Each element of a matrix is represented by a double-subscripted 
letter, with the first subscript identifying the row and the second subscript 
identifying the column in which the element is located. Thus, in Eq. (2.1), 
A23 represents the element located in the second row and third column of 
matrix A. In general, Aj; refers to an element located in the ith row and jth 
column of matrix A. 

The size of a matrix is measured by the number of its rows and columns 
and is referred to as the order of the matrix. Thus, matrix Ain Eq. (2.1), which 
has m rows and n columns, is considered to be of order m x n (m by n). Asan 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 2.2 Types of Matrices 25 


example, consider a matrix D given by 


3 5 37 
8 -6 0 
D= 3 32 
7 -9 -1 


The order of this matrix is 4 x 3, and its elements are symbolically denoted 
by Dj with i = 1 to 4 and j = 1 to 3; for example, Di3 = 37, D3; = 12, 
Dy = —9, etc. 


2.2 TYPES OF MATRICES 


We describe some of the common types of matrices in the following paragraphs. 


Column Matrix (Vector) 


If all the elements of a matrix are arranged in a single column (i.e., n = 1), itis 
called acolumn matrix. Column matrices are usually referred to as vectors, and 
are sometimes denoted by italic letters enclosed within braces. An example of 
a column matrix or vector is given by 


35 
9 
B= {B} = | 12 
3 
26 


Row Matrix 


A matrix with all of its elements arranged in a single row (i.e., m = 1) is re- 
ferred to as a row matrix. For example, 


C=[9 35 -12 7 22] 


Square Matrix 


If a matrix has the same number of rows and columns (i.e., m = n), itis called 
a square matrix. An example of a 4 x 4 square matrix is given by 


main diagonal 
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As shown in Eq. (2.2), the main diagonal of a square matrix extends from the 
upper left corner to the lower right corner, and it contains elements with match- 
ing subscripts— that is, A11, A22, A33, .. . Ann. The elements forming the main 
diagonal are referred to as the diagonal elements; the remaining elements of a 
square matrix are called the off-diagonal elements. 


Symmetric Matrix 


When the elements of a square matrix are symmetric about its main diagonal 
(i.e., Aj = Aji), it is termed a symmetric matrix. For example, 


6 15 —24 40 
15 -9 13 0 
—24 13 8 11 
40 0 11 -5 


A= 


Lower Triangular Matrix 

If all the elements of a square matrix above its main diagonal are zero, (i.e, 
Aij = 0 for j > i), it is referred to as a lower triangular matrix. An example of 
a4 x 4 lower triangular matrix is given by 


8 0 00 
2 -9 0 0 
A= ig a eo 
2 § 35.3 


Upper Triangular Matrix 
W hen all the elements of a square matrix below its main diagonal are zero (i.e., 
Ajj = Oforj < i), itis called an upper triangular matrix. An example of a3 x 3 
upper triangular matrix is given by 


-7 6 17 
A= 0 12 11 
0 0 20 


Diagonal Matrix 


A square matrix with all of its off-diagonal elements equal to zero (i.e., Aij = 0 
fori # j), is called a diagonal matrix. For example, 


DOGO 
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Unit or Identity Matrix 


If all the diagonal elements of a diagonal matrix are equal to 1 (i.e., lj = 1 and 
|; = Ofori A j), it isreferred to as a unit (or identity) matrix. U nit matrices are 
commonly denoted by I or [I]. An example of a3 x 3 unit matrix is given by 


1 0 0 
I=|}0 1 0 
00 1 


Null Matrix 


If all the elements of a matrix are zero (i.e., Oj = 0), itis termed a null matrix. 
Null matrices are usually denoted by O or [0]. An example of a3 x 4 null 
matrix is given by 


00 0 0 
O=/0 0 0 0 
00 0 0 


2.3 MATRIX OPERATIONS 


Equality 

M atrices A and Bare considered to be equal if they are of the same order and if 
their corresponding elements are identical (i.e., Aij = Bij). Consider, for 
example, matrices 


6 2 6 2 
A= | -7 8 and B= | —7 8 
3 -9 3-9 


Since both A and B are of order 3 x 2, and since each element of A is equal to 
the corresponding element of B, the matrices A and B are equal to each other; 
thatis, A= B. 


Addition and Subtraction 


Matrices can be added (or subtracted) only if they are of the same order. The 
addition (or subtraction) of two matrices A and B is carried out by adding 
(or subtracting) the corresponding elements of the two matrices. Thus, if 
A + B=C , then Cij = Aij + Bij: and if A— B=D, then Dj =Åij = Bij . The 
matrices C and D have the same order as matrices A and B. 


EXAMPLE 2.1 Calculate the matrices C = A + B and D = A — Bif 


6 0 2 3 
A=] —2 9 and B= 7 5 
Sy il —12 —1 
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SOLUTION 


6+2) (0+3) 8 3 

c=ase=| c24 019|- 5 14 Ans 
6-12) (1-1) -7 0 
(6-2) (0-3) 4 -3 

D=A e-f 2-7) Q 5 |- —9 | Ans 
6+12) @+1) iy 2 


Multiplication by a Scalar 


The product of a scalar c and a matrix A is obtained by multiplying each 
element of the matrix A by the scalar c. Thus, if cA = B, then Bj = cAjy. 


EXAMPLE 2.2 Calculate the matrix B = cA if c = —6 and 


SOLUTION 


6(3) 6(7) + -—6(—2) —18 -42 12 
e--| 6(0) 6(8) w |-| 0 —48 J Ans 


612) —6(—4) 6(10) -72 24 —60 


Multiplication of Matrices 


Two matrices can be multiplied only if the number of columns of the first ma- 
trix equals the number of rows of the second matrix. Such matrices are said to 
be conformable for multiplication. Consider, for example, the matrices 


: ead 
A= 4 —2 and B=] > | (2.3) 
—1 2 
—5 3 
3x2 2x2 


The product AB of these matrices is defined because the first matrix, A, of the 
sequence AB has two columns and the second matrix, B, has two rows. How- 
ever, if the sequence of the matrices is reversed, then the product BA does not 
exist, because now the first matrix, B, has two columns and the second matrix, 
A, has three rows. The product AB is referred to either as A postmultiplied by 
B, or as Bpremultiplied by A. Conversely, the product BA is referred to either 
as B postmultiplied by A, or as A premultiplied by B. 

When two conformable matrices are multiplied, the product matrix thus 
obtained has the number of rows of the first matrix and the number of columns 
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of the second matrix. Thus, if a matrix A of order! x mis postmultiplied by a 
matrix B of order m x n, then the product matrix C = AB has the order! x n; 


that is, 
(lx m) (mxn) (I x n) 
KT 
equal 
(2.4) 
ith row Ail Aj2 ree Aig Aim Boj Ci; ith row 
Binj 
jth column t 


jth column 


Any element Cj; of the product matrix C can be determined by multiplying 
each element of the ith row of A by the corresponding element of the jth 
column of B (see Eq. 2.4), and by algebraically summing the products; that is, 


Cij = Ai1Bij + AizBaj +--- + AimBmj (2.5) 
Eq. (2.5) can be expressed as 


m 
Cij = 2, ABk (26 


in which m represents the number of columns of A, or the number of rows 
of B. Equation (2.6) can be used to determine all elements of the product 
matrix C = AB. 


EXAMPLE 2.3 Calculatethe product C = AB of the matrices A and B given in Eq. (2.3). 


Lo B 6 -7 —2 9 

c= 18 | 4 2 e -| 26 -a Ans 
= 3 —33 41 
(3 x 2) (2 x 2) (3 x 2) 


The element C 1; of the product matrix C is determined by multiplying each element of 
the first row of A by the corresponding element of the first column of B and summing 


SOLUTION 
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the resulting products; that is, 
Cu = 1(6) + 8(—1) = —2 
Similarly, the element C12 is obtained by multiplying the elements of the first row of 


A by the corresponding elements of the second column of Band adding the resulting 
products; that is, 


Cio = M7) + GQ) =e 
The remaining elements of C are computed in a similar manner: 
Cai = 4(6) + (—2)(—1) = 26 
Co = 4(—7) —2(2) = —32 
C31 = —5(6) + 3(—1) = —33 
C32 = —5(—7) + 3(2) = 41 


A flowchartfor programming the matrix multiplication procedure on acom- 
puter is given in Fig. 2.1. Any programming language (such as FORTRAN, 
BASIC, or C, among others) can be used for this purpose. The reader is encour- 
aged to write this program in a general form (e.g., as a Subroutine), so that it can 
beincluded in the structural analysis computer programs to be developed in later 
chapters. 

Animportant application of matrix multiplication is to express simultane- 
ous equations in compact matrix form. Consider the following system of linear 
simultaneous equations. 


A11X1 + A12X2 + A13x3 + Ar4Xq = P1 
A21X1 + ÅA 22X2 + A23x3 + A24X4 = P2 
A31X1 + A32X2 + A33X3 + A34X4 = P3 
A41X1 + A42X2 + A43X3 + A44X4 = Pa 


(27) 


in which xs are the unknowns and As and P s represent the coefficients and con- 
stants, respectively. By using the definition of multiplication of matrices, this 
system of equations can be expressed in matrix form as 


Au An Ang Arg | | X12 Pi 
Azn Az Az Ax | | X2 | _ | P2 (2.8) 
A31 A32 A33 A34 | | X3 | | P3 
Agi Apn Agp Any | | X P4 


or, symbolically, as 
Ax=P (2.9) 
M atrix multiplication is generally not commutative; that is, 


AB + BA (2.10) 


Even when the orders of two matrices A and B are such that both products AB 
and BA are defined and are of the same order, the two products, in general, will 
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Start 


y 
input A(L, M), B(M, N) 


Dimension C(L, N) 


Yy 
I=1 


no 


yes 
Yy 
Cd, J) = 0.0 


y 
K=1 


yes 


CU, J) = CU, J) + AU, K)*B(K, J) 


~ K=K+1 


< J=J+1 kK 
~< T=I+1 kK 


Fig. 2.1 Flowchart for M atrix Multiplication 


not be equal. It is essential, therefore, to maintain the proper sequential order 
of matrices when evaluating matrix products. 


EXAMPLE 2.4 Calculate the products AB and BA if 


1 -8 
Oe | and B 


Are the products AB and BA equal? 


ll 
| ee 
RO 
LI} 
ul w 
| 
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SOLUTION 


See = = 260 y 
a=] alle elle iil a 

G -3J 1 27 —54 
Ba |i Salles el e Ans 
Comparing products AB and BA, we can see that AB + BA. Ans 


M atrix multiplication is associative and distributive, provided that the se- 
quential order in which the matrices are to be multiplied is maintained. Thus, 


ABC = (AB)C = A(BC) (2.11) 
and 

A(B + C) = AB + AC (2.12) 

The product of any matrix A and a conformable null matrix O equals a 
null matrix; that is, 

AO=O 
For example, 


[-é “allo o)=[o o] 


The product of any matrix A and a conformable unit matrix I equals the 
original matrix A; thus, 


and OA=O (2.13) 


Al=A and IA=A (2.14) 
For example, 

[- “allo a}-[-6 e] 

—6 8/|/0 1| |-6 8 


and 


1 0 2 -4] | 2 -4 
0 1j|-6 8| |-6 8 
We can see from Eqs. (2.13) and (2.14) that the null and unit matrices serve 


purposes in matrix algebra that are similar to those of the numbers 0 and 1, re- 
spectively, in scalar algebra. 


Transpose of a Matrix 


The transpose of a matrix is obtained by interchanging its corresponding rows 
and columns. The transposed matrix is commonly identified by placing a 
superscript T on the symbol of the original matrix. Consider, for example, a 
3 x 2 matrix 


2 -4 
B=| -5 8 
1 3 

3x2 
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The transpose of Bis given by 


TEES 
j =| 8 | 
2x 3 


Note that the first row of B becomes the first column of BT. Similarly, the sec- 
ond and third rows of B become, respectively, the second and third columns of 
B’. The order of B thus obtained is 2 x 3. 

As another example, consider the matrix 


2 -l1 6 
C=;-1 7 -9 
6 -9 5 


Because the elements of C are symmetric about its main diagonal (i.e, 
Cj =Cji for i #j), interchanging the rows and columns of this matrix 
produces a matrix C7 that is identical to C itself; that is, CT" = C. Thus, the 
transpose of a symmetric matrix equals the original matrix. 

Another useful property of matrix transposition is that the transpose of a 
product of matrices equals the product of the transposed matrices in reverse 


order. Thus, 
(AB)' = BA’ (2.15) 
Similarly, 
(ABC)' = C'B'A’ (2.16) 


EXAMPLE 2.5 Show that (AB)' = B'A' if 


9 —5 
a-| 2 | and B= T A 
SEA 


9 —5 64 -44 65 
no-| 2 I i -l 10 5 J 
= fl —26 31 -10 


SOLUTION 


64 10 —26 
(AB)' = | -44 5 31 (1) 
65 25 —10 
Ce harp ee 64 10 26 
BAT=/-1 7 E i |- —4 5 31 (2) 
10 5 65 25 —10 
By comparing Eqs. (1) and (2), we can see that (AB)’ = B' A’. Ans 
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Differentiation and Integration 


A matrix can be differentiated (or integrated) by differentiating (or integrating) 
each of its elements. 


EXAMPLE 2.6 Determine the derivative dA/dx if 


x? 3sinx —x4 
A=] 3sinx —x  cos?x 
—x4 cos?x 7x? 


SOLUTION By differentiating the elements of A, we obtain 
dAn 


An =X? —— = 2x 
11 ax 
r d A2 dA12 
An = A12 = 35inx "Aye yp eee 
dA3, dAi3 
= = — 4 ———— = ————— = — 3 
Az, = Å13 = —X T T 4x 
dA22 
22 ay 
dA32 dA3 “ 
< m 2 — = ————— Z= — 
A32 = A23 = COS“ X aN an 2 cosx sinx 
A 
Ag = nE oe = 21x? 
Thus, the derivative dA/dx is given by 
3 
dA 2x 3c0SX —4x i 
T 3 cosx —1 —2 cosx sin x Ans 
=4x? —2cosxsinx 21x? 


EXAMPLE 2.7 Determine the partial derivative 3B/əy if 


Be We =e 
B= | 3xy? yz -z 
2x? —2xz 3xy? 


SOLUTION We determine the partial derivative, 0B; /dy, of each element of B to obtain 


JB 6y2 -z 0 
aq oxy z 0 Ans 
y 0 0 6xy 


EXAMPLE 2.8 Calculate the integral f+ AAT dx if 


X 
SE 
A= 
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SOLUTION First, we calculate the matrix product AA’ as 


-i 
X 


B = AA! = 


Next, we integrate the elements of B to obtain 


L L ree L Je gð 
f =f ee) a= f (1- 7+ )e 


Thus, 
Laat 
L AES 
Tam- 3 Gl L a 
[mwa JT al Ans 
6 3 


Inverse of a Square Matrix 


The inverse of a square matrix A is defined as a matrix A~! with elements of 
such magnitudes that the product of the original matrix A and its inverse A7! 
equals a unit matrix I; that is, 


AA*=A'A=I (2.17) 


The operation of inversion is defined only for square matrices, with the inverse 
of such a matrix also being a square matrix of the same order as the original 
matrix. A procedure for determining inverses of matrices will be presented in 
the next section. 


EXAMPLE 2.9 Check whether or not matrix B is the inverse of matrix A, if 


a) 0.5 -1 
a. a and i. = 
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SOLUTION 
AB — =A 2)/05 =u (—2 + 3) (4—4)] [1 0 
=a L =2 | elses) €G=2 ~~ Lo 1 
Also, 
BA — OS =A] f= 2] [Ceres d=] _ |i © 
Has =—2\ <3 Ui] Go @=2)]|~ |L@ 1 
Since AB = BA = I, Bis the inverse of A; that is, 
B= A~! Ans 


The operation of matrix inversion serves a purpose analogous to the oper- 
ation of division in scalar algebra. Consider a system of simultaneous linear 
equations expressed in matrix form as 


Ax=P 
in which A is the square matrix of known coefficients; x is the vector of the 
unknowns; and Pis the vector of the constants. As the operation of division is 
not defined in matrix algebra, the equation cannot be solved for x by dividing 


P by A (i.e., x= P/A). However, we can determine x by premultiplying both 
sides of the equation by A71, to obtain 


A'Ax= AIP 
As AİA = Land Ix= x, we can write 

x= AP 
which shows that a system of simultaneous linear equations can be solved 
by premultiplying the vector of constants by the inverse of the coefficient 
matrix. 


An important property of matrix inversion is that the inverse of a symmet- 
ric matrix is also a symmetric matrix. 


Orthogonal Matrix 
If the inverse of a matrix is equal to its transpose, the matrix is referred to as an 
orthogonal matrix. In other words, a matrix A is orthogonal if 


A! =A 


EXAMPLE 2.10 Determine whether matrix A given below is an orthogonal matrix. 


08 06 0 0 
—0.6 08 0 0 

0 0 0.8 0.6 

0 0 —06 08 


A= 
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SOLUTION 


08 06 0 0 0.8 —0.6 0 0 
—0.6 08 0 0 06 08 0 0 


i= 
iaia 0 0 0.8 0.6 0 0 0.8 —0.6 
0 0 —0.6 08 0 0 06 08 
(0.64 + 0.36) (—0.48 + 0.48) 0 0 
_ | (—0.48 + 0.48) (0.36 + 0.64) 0 0 
g 0 0 (0.64 + 0.36) (—0.48 + 0.48) 
0 0 (—0.48 + 0.48) (0.36 + 0.64) 
1000 
9100 
|0010 
00 0 1 
which shows that AA' = I. Thus, 
A^ =A! 
Therefore, matrix A is orthogonal. Ans 


Partitioning of Matrices 


In many applications, it becomes necessary to subdivide a matrix into a num- 
ber of smaller matrices called submatrices. The process of subdividing a matrix 
into submatrices is referred to as partitioning. For example, a 4 x 3 matrix B 
is partitioned into four submatrices by drawing horizontal and vertical dashed 
partition lines: 


2 —4| -1 
—{|-5 7| 3|_[Bu Bz 
B=| 8-9) 6 -Bi ez] = 
1 3: 8 
in which the submatrices are 
2 —4 —1 
Bu =| —5 7 By = 3 
8 -9 6 
By, =[1 3] By = [8] 


M atrix operations (such as addition, subtraction, and multiplication) can be 
performed on partitioned matrices in the same manner as discussed previously 
by treating the submatrices as elements— provided that the matrices are parti- 
tioned in such a way that their submatrices are conformable for the particular op- 
eration. For example, suppose that the4 x 3 matrix B of Eq. (2.18) is to be post- 
multiplied by a3 x 2 matrix C, whichis partitioned into two submatrices: 


9 —6 
Gala 2h) | (2.19) 
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The product BC is expressed in terms of submatrices as 
Bı By || Cu BiiCi + B12C21 

BC = = 2.20) 
E =] E Eo + ke] (220 
Itis important to realize that matrices B and C have been partitioned in such a 
way that their corresponding submatrices are conformable for multiplication; 
that is, the orders of the submatrices are such that the products B11C11, B12C21, 
By1Cj1, and By2C>, are defined. It can be seen from Eqs. (2.18) and (2.19) that 
this is achieved by partitioning the rows of the second matrix C of the product 


BC in the same way that the columns of the first matrix B are partitioned. The 
products of the submatrices are: 


2 —4 9 6 2 —20 
BiG, = | —5 7 F | = | —17 44 
8 —9 36 —66 
—1 3 -l 
Bı2C7; = 3 |[-3 1]= —9 3 
6 —18 6 


Bu Ci = [1 ali “en 0] 


BC = [8][-3 1] =[-24 8] 


By substituting the numerical values of the products of submatrices into 
Eq. (2.20), we obtain 


2 =20 3 =l 5 -21 

_||-17 44/4] -9 3|ļ|_]|-26 47 
ns 36 —66 -18 6|| | 18 —60 
[21 o + [-24 8] -3 8 


2.4 GAUSS-JORDAN ELIMINATION METHOD 


The Gauss-Jordan elimination method is one of the most commonly used 
procedures for solving simultaneous linear equations, and for determining 
inverses of matrices. 


Solution of Simultaneous Equations 
To illustrate the Gauss-Jordan method for solving simultaneous equations, 
consider the following system of three linear algebraic equations: 
5X1 + 6X2 — 3x3 = 66 
9X1; — X2+ 2x3=8 (2.21a) 
8X1 — 7X2 + 4x3 = —39 
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To determine the unknowns xı, X2, and x3, we begin by dividing the first equa- 
tion by the coefficient of its x; term to obtain 
Xı + 1.2xX2 — 0.6X3 = 13.2 

9X; -— X+ 2x%3= 8 (2.21b) 

8x1 — 7X2+ 4x3 = —39 
Next, we eliminate the unknown x; from the second and third equations by suc- 
cessively subtracting from each equation the product of the coefficient of its x; 
term and the first equation. Thus, to eliminate x; from the second equation, we 
multiply the first equation by 9 and subtract it from the second equation. 
Similarly, we eliminate x; from the third equation by multiplying the first equa- 
tion by 8 and subtracting it from the third equation. This yields the system of 
equations 


Xr + 1.2x2—0.6x3= 13.2 
— 11.8x2 + 7.4x3 = —110.8 (2.21c) 
— 16.6x2 + 8.8x3 = —144.6 


With xı eliminated from all but the first equation, we now divide the second 
equation by the coefficient of its x2 term to obtain 


Xi+ 1.2x2-0.6 %x3= 13.2 
x2 —0.6271x3= 9.39 (221d) 
— 16.6x2 + 8.8 X3 = —144.6 


Next, the unknown xz is eliminated from the first and the third equations, suc- 
cessively, by multiplying the second equation by 1.2 and subtracting it from the 
first equation, and then by multiplying the second equation by —16.6 and sub- 
tracting it from the third equation. The system of equations thus obtained is 


xı  +0.1525x3= 1.932 
X2 — 0.6271x3 = 9.39 (2.21e) 
—1.61 x3=11.27 
Focusing our attention now on the unknown x3, we divide the third equation by 
the coefficient of its x3 term (which is —1.61) to obtain 
X1 +0.1525x3= 1.932 
X2 — 0.6271x3 = 9.39 (2.21f) 
X, = —7 
Finally, we eliminate x3 from the first and the second equations, successively, 
by multiplying the third equation by 0.1525 and subtracting it from the first 


equation, and then by multiplying the third equation by —0.6271 and subtract- 
ing it from the second equation. This yields the solution of the given system of 


equations: 
X1 = 3 
X2 = 5 (2219) 
X3 = —7 
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or, equivalently, 
X1=3; X2=5; X3=-7 (2.21h) 


To check that this solution is correct, we substitute the numerical values of 
X1, X2, and x3 back into the original equations (Eq. 2.21(a)): 


5(3) + 6(5) — 3(—7) = 66 Checks 
9(3) -5 + 2(—7) = 8 Checks 
8(3) = 7(5) + 4(—7) = —39 Checks 


As the foregoing example illustrates, the Gauss-] ordan method basically 
involves eliminating, in order, each unknown from all but one of the equations 
of the system by applying the following operations: dividing an equation by a 
scalar; and multiplying an equation by a scalar and subtracting the resulting 
equation from another equation. These operations (called the elementary 
operations) when applied to a system of equations yield another system of 
equations that has the same solution as the original system. In the Gauss-- 
Jordan method, the elementary operations are performed repeatedly until a 
system with each equation containing only one unknown is obtained. 

The Gauss-Jordan elimination method can be performed more conve- 
niently by using the matrix form of the simultaneous equations (Ax = P). In 
this approach, the coefficient matrix A and the vector of constants P are treated 
as submatrices of a partitioned augmented matrix, 


G = [A ; P] 


(2.22) 
nx(n+1) nxn onxl 


where n represents the number of equations. The elementary operations are 
then applied to the rows of the augmented matrix, until the coefficient matrix is 
reduced to a unit matrix. The elements of the vector, which initially contained 
the constant terms of the original equations, now represent the solution of the 
original system of equations; that is, 


[A | P] 
G= ¥———{elementary operations (2.23) 
[li xl 


This procedure is illustrated by the following example. 


EXAMPLE 2.11 Solvethe system of simultaneous equations given in Eq. 2.21(a) by the Gauss-] ordan 
method. 


SOLUTION Thegiven system of equations can be written in matrix form as 
Ax= P 


5 6 -3 X1 66 
E E TBn] J w 
8 -7 4 X3 —39 
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from which we form the augmented matrix 


5 6 -3i 66 
c= iai Pi= o o 2l J (2) 


8 -7 4: -39 
We begin Gauss-Jordan elimination by dividing row 1 of the augmented matrix by 
G 11 = 5 to obtain 


1 12 -06: 13.2 
G=]|9 -1 2 i 8 (3) 


8 =7 4 i39 
Next, we multiply row 1 by G21 = 9 and subtract it from row 2; then multiply row 1 
by G31 = 8 and subtract it from row 3. This yields 


1 1.2 -06; 13.2 

G= [i —118 74! -uoa (4) 
0 -166 88 | —144.6 

We now divide row 2 by G22 = —11.8 to obtain 


1 i2 -00 į 152 
G=/0 1 -0.6271: 939 (5) 
0 —16.6 88 i —144.6 


Next, we multiply row 2 by G12 = 1.2 and subtract it from row 1, and then multiply 
row 2 by G32 = —16.6 and subtract it from row 3. Thus, 


1 0 0.1525; 1.932 
G=|0 1 —0.6271i 9.39 (6) 
0 0 —1.61 i1127 
By dividing row 3 by G33 = —1.61, we obtain 
1 0 0.1525 1.932 
G=|0 1 —0.6271i 9.39 (7) 
00 1 eal 


Finally, we multiply row 3 by G ı3 = 0.1525 and subtract it from row 1; then multiply 
row 3 by G23 = —0.6271 and subtract it from row 2 to obtain 


100l 3 
s- | 1 0i | (8) 


0 0 1:-7 
Thus, the solution of the given system of equations is 


3 
K= 5 Ans 
—7 


To check our solution, we substitute the numerical value of xback into Eq. (1). This yields 


5 6 —3 3 15+30+21= 66 
9 -1 2 5|/=]27- 5-14= 8 Checks 
8 -7 4 —7 24 — 35 — 28 = —39 
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Fig. 2.2 Flowchart for Solution of Simultaneous 


42 Equations by Gauss-Jordan M ethod 
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The solution of large systems of simultaneous equations by the G auss- 
J ordan method is usually carried out by computer, and a flowchart for program- 
ming this procedureisgiveninFig. 2.2. Thereader should writethis program ina 
general form (e.g., as a Subroutine), so that it can be conveniently included in the 
structural analysis computer programs to be developed in later chapters. 

It should be noted that the Gauss-J ordan method as described in the pre- 
ceding paragraphs breaks down if a diagonal element of the coefficient matrix 
A becomes zero during the elimination process. This situation can be remedied 
by interchanging the row of the augmented matrix containing the zero diago- 
nal element with another row, to place a nonzero element on the diagonal; the 
elimination process is then continued. However, when solving the systems of 
equations encountered in structural analysis, the condition of a zero diagonal 
element should not arise; the occurrence of such a condition would indicate 
that the structure being analyzed is unstable [2]*. 


Matrix Inversion 


The procedure for determining inverses of matrices by the Gauss-Jordan 
method is similar to that described previously for solving simultaneous equa- 
tions. The procedure involves forming an augmented matrix G composed of 
the matrix A that is to be inverted and a unit matrix I of the same order as A; 


that is, 
G = [Ai J (2.24) 
nx2n nxn nxn 


Elementary operations are then applied to the rows of the augmented matrix to 
reduce A to a unit matrix. M atrix I, which was initially the unit matrix, now 
represents the inverse matrix A71; thus, 


[Ai I 
G= +———_elementary operations (2.25) 
[ho : At] 


EXAMPLE 2.12 Determine the inverse of the matrix shown using the Gauss-] ordan method. 
13-6 6 
A=|-6 12 -1 
6 -1 9 
SOLUTION _ Theaugmented matrix is given by 


166 ond 
G=[Ail]=|-6 12 —1i0 1 0 (1) 
6 -1 9:00 1 


*Numbers in brackets refer to items listed in the bibliography. 
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We begin the Gauss-] ordan elimination process by dividing row 1 of the augmented 
matrix by G11 = 13: 


1 -0.4615 0.4615 į 0.07692 0 0 
G=/-6 12 —1 10 1 0 
6 =i 9 10 0 1 
Next, we multiply row 1 by G21 = —6 and subtract it from row 2, and then multiply 
row 1 by G3; = 6 and subtract it from row 3. This yields 


(2) 


1 —0.4615 0.4615; 0.07692 0 0 
G=|0 9.231 1.769 i 04615 1 0 (3) 
0 1.769 6.231 i—0.4615 0 1 
Dividing row 2 by G22 = 9.231, we obtain 
1 —0.4615 0.4615: 0.07692 0 0 
G=|0 1 0.1916 i 0.04999 0.1083 0 (4) 
0 1.769 6.231 i—0.4615 0 1 


Next, we multiply row 2 by G 12 = —0.4615 and subtract it from row 1; then multiply 
row 2 by G32 = 1.769 and subtract it from row 3. This yields 


1 0 0.5499: 0.09999 0.04998 0 
G=|0 1 0.1916: 0.04999 0.1083 0 (5) 
0 0 5.892 }—0.5499 -0.1916 1 
Divide row 3 by G33 = 5.892: 
1 0 0.5499} 0.09999 0.04998 0 
G=]|0 1 0.1916} 0.04999 0.1083 0 (6) 
00 1 i —0.09333 —0.03252 0.1697 


Multiply row 3 by G13 = 0.5499 and subtract it from row 1; then multiply row 3 by 
G23 = 0.1916 and subtract it from row 2 to obtain 


oTo OG 0.06787 —0.09333 
G=]0 1 0: 0.06787 0.1145 —0.03252 (y) 
0 0 1! -0.09333 —0.03252 0.1697 
Thus, the inverse of the given matrix A is 
0.1513 0.06787 —0.09333 
A™= | 0.06787 0.1145 —0.03252 Ans 
—0.09333 —0.03252 0.1697 
Finally, we check our computations by using the relationship AA~! = I: 
13 -6 6 0.1513 0.06787 —0.09333 
AA'=|-6 12 -1 0.06787 0.1145 —0.03252 
6 —1 9] | —0.09333 -0.03252 0.1697 
0.9997 0.0002 0 
=| 0 0.9993 0 ~ I Checks 
0 0 0.9998 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Summary 45 


SUMMARY 


In this chapter, we discussed the basic concepts of matrix algebra that are nec- 
essary for formulating the matrix methods of structural analysis: 


L A matrix is defined as a rectangular array of quantities (elements) 
arranged in rows and columns. The size of a matrix is measured by its 
number of rows and columns, and is referred to as its order. 


2. Two matrices are considered to be equal if they are of the same order, 
and if their corresponding elements are identical. 


3. Two matrices of the same order can be added (or subtracted) by adding 
(or subtracting) their corresponding elements. 


4. The matrix multiplication AB = C is defined only if the number of 
columns of the first matrix A equals the number of rows of the second 
matrix B. Any element C;j of the product matrix C can be evaluated by 
using the relationship 


m 
Cij = BN (2.6) 


where m is the number of columns of A, or the number of rows of B. 
M atrix multiplication is generally not commutative; that is, AB 4 BA. 


5. The transpose of a matrix is obtained by interchanging its correspond- 
ing rows and columns. If C is a symmetric matrix, then C" = C. 
A nother useful property of matrix transposition is that 


(AB)' = BA’ (2.15) 


6. A matrix can be differentiated (or integrated) by differentiating (or in- 
tegrating) each of its elements. 


7. The inverse of a square matrix A is defined as a matrix A~! which 
satisfies the relationship: 


AA = AA =| (2.17) 


8. If the inverse of a matrix equals its transpose, the matrix is called an 
orthogonal matrix. 


9. The Gauss-Jordan method of solving simultaneous equations essen- 
tially involves successively eliminating each unknown from all but one 
of the equations of the system by performing the following operations: 
dividing an equation by a scalar; and multiplying an equation by a 
scalar and subtracting the resulting equation from another equation. 
These elementary operations are applied repeatedly until a system with 
each equation containing only one unknown is obtained. 
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PROBLEMS 


Section 2.3 
21 Determine the matrices C= A + B and D= A — B if 


3 8 -1 5 9 -2 
A= 8 -7 —4 B=|-9 6 3 
-1 -4 5 2 -3 —4 


22 Determine the matrices C = 2A + Band D = A — 3Bif 


8 -6 -3 3 2-3 
1 2 0 4 3 0 
A= e 5 i B= 9. 6 
2 8 0 -1 4 -7 


23 Determine the products C = AB and D = BA if 


24 Determine the products C = AB and D = BA if 


4 6 
-7 -5 -1 3 -5 2 
B= 4, 0 BS | 3 -4 7 ‘| 
-3 11 


25 Determine the products C = AB and D = BA if 


4 -6 1 3 5 0 
A=|-6 57 B=|5 7 -2 
1 7 8 0-2 9 


26 Determine the products C = AB if 


ie 13 -1 5 

A= 7 B=|16 -9 0 
=! 2 og -3 20 -7 
6 15 —5 


27 Develop a computer program to determine the matrix 
product C = AB of two conformable matrices A and B of 
any order. Check the program by solving Problems 2.4-2.6 
and comparing the computer-generated results to those 
determined by hand calculations. 


28 Show that (AB)! = B'A! by using the following matrices 
21 10 16 


7 A 
-15 11 0 
A=| 33 2% -9 s=- | 


7 -17 14 2 =e 


29 Show that (ABC)' = C'BTA’ by using the following 


matrices 
-9 0 
13 20 


8 a 
=. =5 


-7 10 6 0 
C= 1 2 -8 -2 
16 12 2 = 8 


210 Determine the matrix triple product C = B'AB if 


40 -10 -25 5 7 -3 
A=|-10 15 = 12 B=|-7 8 4 
—25 12 30 3 -4 9 


211 Determine the matrix triple product C = B'AB if 
300 —100 
ia E A 
—0.6 


gf 06 08 —0.8 
=| -0.8 06 08 —0.6 


212 Develop a computer program to determine the matrix 
triple product C = B'AB, where A is a square matrix of 
any order. Check the program by solving Problems 2.10 
and 2.11 and comparing the results to those determined by 
hand calculations. 


2.13 Determine the derivative dA/dx if 


A= 


—2x? 3sinx —7x 
A= | 3sinx cos?x —3x? 
—7x =—3x? 3sin?x 


2.14 Determine the derivative d(A + B)/dx if 


—3x 5 2x? =X 
4x? =x? —12x 8 
Ac —7 5x B- 2x3 —3x? 
2x3 —x? =I 6x 


2.15 Determine the derivative d(AB) /dx if 


4x 2 —5x? —5x3 x 
A= 2 —3x3 x B= 6 —3x? 
—5x2 —X 7 2x2 4x 
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2.16 Determine the partial derivatives dA/ox, dA/dy, and 


aA/2z, if 
x2 -y 272 
A=|-y? 3xy -yz 
2z? —yz 4xz 
217 Calculate the integral i A dx if 
—5 —3x? 
4x =x? 
a 2x4 6 
5x? =X 


2.18 Calculate the integral fè A dx if 

2x —sinx 2cos?x 

A=| -sinx 5 —4x3 

2cos*x —4x3? (1—x?) 

2.19 Calculate the integral Jf AB dx if 
—2x x? 

y3 2 

a-| a e z| B=| 5 -2x 
3x3 -3 


2.20 Determine whether the matrices A and B given below are 
orthogonal matrices. 


—0.28 —0.96 0 0 
aal 0.96 —0.28 0 0 | 
~ 0 0 —0.28 —0.96 
0 0 0.96 —0.28 
—0.28 0.96 0 0 
B- 0.96 —0.28 0 0 
~ 0 0 —0.28 0.96 
0 0 0.96 —0.28 
Section 2.4 


2.21 through 2.25 Solve the following systems of simultane- 
ous equations by the Gauss-] ordan method. 


221 2X1 — 3X2 + X% = —18 
—9X1 + 5x2 + 3x3 = 18 
4x1 + 7X2 — 8X3 = 53 
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222 20xX;— 9x2 + 15x3 = 354 
— 9x, + 16x2 — 5x3 = —275 


15x; — 5x2 + 18x3 = 307 


223 4x1 — 2X2 + 3x3 = 37.2 
3X, + 5X2 — X3 = —7.2 
X1 — 4X2 + 2x3 = 30.3 


224  6xı + 15X2 — 24x3 + 40x4 = 190.9 
15x1 + 9x2 — 13x3 = 69.8 
—24x; — 13x2 + 8x3 — 11x4 = —96.3 
40x1 — 11x; + 5x4 = 119.35 
225 2xı— 5x2 + 8X3 + 11x4 = 39 
10x1 + 7X2 +4x3— X4= 127 
—3xı + 9X2 + 5X3 — 6x4 = 58 
Xı — 4X2 — 2X3 + 9X4 = —14 


226 Develop a computer program to solve a system of simulta- 
neous equations of any size by the Gauss-Jordan method. 
Check the program by solving Problems 2.21 through 
2.25 and comparing the computer-generated results to 
those determined by hand calculations. 

2.27 through 2.30 D etermine the inverse of the matrices shown 

by the G auss-J ordan method. 


5 <3 


—4 
20. | 3 8 2 
-4 -2 7 


6 —4 1 
2283A=|-1 9 3 

4 25 

7 —6 3 -2 

-6 4 -1 5 
TA 3 -1 8 9 

—2 5 9 2 

5 -7 -3 1l 

10 -6 -13 2 
RAS -1 12 8 —4 

-9 7 -5 6 


PLANE TRUSSES 


3.1 Global and Local Coordinate Systems 
3.2 Degrees of Freedom 


3.3 Member Stiffness Relations in the Local Coordinate 
System 


3.4 Finite-Element Formulation Using Virtual Work 

3.5 Coordinate Transformations 

3.6 Member Stiffness Relations in the Global Coordinate 
System 

3.7 Structure Stiffness Relations 

3.8 Procedure for Analysis 
Summary 
Problems 


Goethals Bridge, a Cantilever Truss Bridge between Staten Island, NY, 
and Elizabeth, NJ . 


(Photo courtesy of Port Authority of N ew York and N ew Jersey) 
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A plane truss is defined as a two-dimensional framework of straight prismatic 
members connected at their ends by frictionless hinged joints, and subjected to 
loads and reactions that act only at the joints and lie in the plane of the struc- 
ture. The members of a plane truss are subjected to axial compressive or tensile 
forces only. 

The objective of this chapter is to develop the analysis of plane trusses 
based on the matrix stiffness method. This method of analysis is general, in 
the sense that it can be applied to statically determinate, as well as indetermi- 
nate, plane trusses of any size and shape. We begin the chapter with the defini- 
tions of the global and local coordinate systems to be used in the analysis. T he 
concept of “degrees of freedom” is introduced in Section 3.2; and the member 
force-displacement relations are established in the local coordinate system, 
using the equilibrium equations and the principles of mechanics of materials, 
in Section 3.3. The finite-element formulation of member stiffness relations 
using the principle of virtual work is presented in Section 3.4; and transfor- 
mation of member forces and displacements from a local to a global coor- 
dinate system, and vice versa, is considered in Section 3.5. M ember stiffness 
relations in the global coordinate system are derived in Section 3.6; the for- 
mulation of the stiffness relations for the entire truss, by combining the member 
stiffness relations, is discussed in Section 3.7; and a step-by-step procedure 
for the analysis of plane trusses subjected to joint loads is developed in 
Section 3.8. 


3.1 GLOBAL AND LOCAL COORDINATE SYSTEMS 


In the matrix stiffness method, two types of coordinate systems are employed 
to specify the structural and loading data and to establish the necessary 
force-displacement relations. These are referred to as the global (or structural ) 
and the local (or member) coordinate systems. 


Global Coordinate System 

The overall geometry and the load-deformation relationships for an entire 
structure are described with reference to a Cartesian or rectangular global co- 
ordinate system. 


The global coordinate system used in this text is a right-handed XYZ 
coordinate system with the plane structure lying in the XY plane. 


When analyzing a plane (two-dimensional) structure, the origin of the 
global XY coordinate system can be located at any pointin the plane of the struc- 
ture, with the X and Y axes oriented in any mutually perpendicular directions in 
the structure’s plane. However, it is usually convenient to locate the origin ata 
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lower left joint of the structure, with the X and Y axes oriented in the horizontal 
(positive to the right) and vertical (positive upward) directions, respectively, so 
that the X and Y coordinates of most of the joints are positive. 

Consider, for example, the truss shown in Fig. 3.1(a), which is composed 
of six members and four joints. Figure 3.1(b) shows the analytical model of the 
truss as represented by aline diagram, on which all the joints and members are 
identified by numbers that have been assigned arbitrarily. The global coordi- 
nate system chosen for analysis is usually drawn on the line diagram of the 
structure as shown in Fig. 3.1(b). Note that the origin of the global XY coordi- 
nate system is located at joint 1. 


Local Coordinate System 


Since it is convenient to derive the basic member force- displacement relation- 
ships in terms of the forces and displacements in the directions along and per- 
pendicular to members, a local coordinate system is defined for each member 
of the structure. 
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Fig. 3.1 
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Undeformed 


configuration i 
= Deformed 


configuration 


(c) Degrees of Freedom 


(d) Degrees of Freedom and Restrained 
Coordinate Numbers 


(e) Degrees of Freedom, Joint Loads, and Reactions 


Fig. 3.1 (continued) 
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The origin of the local xyz coordinate system for a member may be 
arbitrarily located at one of the ends of the member in its unde- 
formed state, with the x axis directed along the member's centroidal 
axis in the undeformed state. The positive direction of the y axis is 
defined so that the coordinate system is right-handed, with the local 
z axis pointing in the positive direction of the global Z axis. 


On the line diagram of the structure, the positive direction of the x axis for 
each member is indicated by drawing an arrow along each member, as shown 
in Fig. 3.1(b). For example, this figure shows the origin of the local coordinate 
system for member 1 located at its end connected to joint 1, with the x; axis di- 
rected from joint 1 to joint 2; the origin of the local coordinate system for 
member 4 located at its end connected to joint 2, with the x4 axis directed from 
joint 2 to joint 4, etcetera. The joint to which the member end with the origin 
of the local coordinate system is connected is termed the beginning joint for the 
member, and the joint adjacent to the opposite end of the member is referred to 
as the end joint. For example, in Fig. 3.1(b), member 1 begins at joint 1 and 
ends at joint 2, member 4 begins at joint 2 and ends at joint 4, and so on. Once 
the local x axis is specified for a member, its y axis can be established by ap- 
plying the right-hand rule. The local y axes thus obtained for all six members 
of the truss are depicted in Fig. 3.1(b). It can be seen that, for each member, if 
we curl the fingers of our right hand from the direction of the x axis toward the 
direction of the corresponding y axis, then the extended thumb points out of the 
plane of the page, which is the positive direction of the global Z axis. 


3.2 DEGREES OF FREEDOM 


The degrees of freedom of a structure, in general, are defined as the indepen- 
dent joint displacements (translations and rotations) that are necessary to 
specify the deformed shape of the structure when subjected to an arbitrary 
loading. Since the joints of trusses are assumed to be frictionless hinges, they 
are not subjected to moments and, therefore, their rotations are zero. Thus, 
only joint translations must be considered in establishing the degrees of free- 
dom of trusses. 

Consider again the plane truss of Fig. 3.1(a). The deformed shape of the 
truss, for an arbitrary loading, is depicted in Fig. 3.1(c) using an exaggerated 
scale. From this figure, we can see that joint 1, which is attached to the hinged 
support, cannot translate in any direction; therefore, it has no degrees of free- 
dom. Because joint 2 is attached to the roller support, it can translate in the 
X direction, but notin the Y direction. Thus, joint 2 has only one degree of free- 
dom, which is designated dı in the figure. As joint 3 is not attached to a 
support, two displacements (namely, the translations dz and d3 in the X and 
Y directions, respectively) are needed to completely specify its deformed posi- 
tion 3’. Thus, joint 3 has two degrees of freedom. Similarly, joint 4, which is 
also a free joint, has two degrees of freedom, designated d4 and ds. Thus, the 
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entire truss has a total of five degrees of freedom. As shown in Fig. 3.1(c), the 
joint displacements are defined relative to the global coordinate system, and 
are considered to be positive when in the positive directions of the X and 
Y axes. Note that all the joint displacements are shown in the positive sense in 
Fig. 3.1(c). The five joint displacement of the truss can be collectively written 
in matrix form as 


in which d is called the joint displacement vector, with the number of rows 
equal to the number of degrees of freedom of the structure. 

It is important to note that the five joint displacements dı through ds are 
necessary and sufficient to uniquely define the deformed shape of the truss 
under any arbitrary loading condition. Furthermore, the five joint displace- 
ments are independent, in the sense that each displacement can be varied arbi- 
trarily and independently of the others. 

As the foregoing example illustrates, the degrees of freedom of all types of 
framed structures, in general, are the same as the actual joint displacements. 
Thus, the number of degrees of freedom of a framed structure can be determined 
by subtracting the number of joint displacements restrained by supports from 
the total number of joint displacements of the unsupported structure; that is, 


Auber number of joint number of joint 
displacements of displacements 

degrees of | = — ; (3.1) 
the unsupported restrained by 

freedom 
structure supports 


As the number of displacements of an unsupported structure equals the prod- 
uct of the number of degrees of freedom of a free joint of the structure and the 
total number of joints of the structure, we can express Eq. (3.1) as 


NDOF =NCJT(NJ)—NR (3.2) 


in which NDOF represents the number of degrees of freedom of the structure 
(sometimes referred to as the degree of kinematic indeterminacy of the struc- 
ture); NCJ T represents the number of degrees of freedom of a free joint (also 
called the number of structure coordinates per joint); NJ isthe number of joints; 
and NR denotes the number of joint displacements restrained by supports. 

Since a free joint of a plane truss has two degrees of freedom, which are 
translations in the X and Y directions, we can specialize Eq. (3.2) for the case 
of plane trusses: 


NCJT =2 
NDOF =2(NJ) —NR 


Let us apply Eq. (3.3) to the truss of Fig. 3.1(a). The truss has four joints (i.e., 
NJ = 4), and the hinged support at joint 1 restrains two joint displacements, 


| for plane trusses (3.3) 
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namely, the translations of joint 1 in the X and Y directions; whereas the roller 
support at joint 2 restrains one joint displacement, which is the translation of 
joint 2 inthe Y direction. Thus, the total number of joint displacements that are 
restrained by all supports of the truss is 3 (i.e, NR = 3). Substituting the 
numerical values of NJ and NR into Eq. (3.3), we obtain 


NDOF = 2(4)-—3=5 


which is the same as the number of degrees of freedom of the truss obtained 
previously. 

The degrees of freedom (or joint displacements) of a structure are also 
termed the structure’s free coordinates; the joint displacements restrained by 
supports are commonly called the restrained coordinates of the structure. The 
free and restrained coordinates are referred to collectively as simply the struc- 
ture coordinates. It should be noted that each structure coordinate represents an 
unknown quantity to be determined by the analysis, with a free coordinate rep- 
resenting an unknown joint displacement, and a restrained coordinate repre- 
senting an unknown support reaction. Realizing that NCJ T (i.e., the number of 
structure coordinates per joint) equals the number of unknown joint displace- 
ments and/or support reactions per joint of the structure, the total number of 
unknown joint displacements and reactions for a structure can be expressed as 


number of unknown 
joint displacements =NDOF +NR=NCJT(N ) 
and support reactions 


Numbering of Degrees of Freedom and 
Restrained Coordinates 


When analyzing a structure, it is not necessary to draw the structure's 
deformed shape, as shown in Fig. 3.1(c), to identify its degrees of freedom. 
Instead, the degrees of freedom can be directly specified on the line diagram of 
the structure by assigning numbers to the arrows drawn at the joints in the 
directions of the joint displacements, as shown in Fig. 3.1(d). The restrained 
coordinates are identified in a similar manner. However, the arrows represent- 
ing the restrained coordinates are usually drawn with a slash (~+) to distin- 
guish them from the arrows identifying the degrees of freedom. 

The degrees of freedom of a planetruss are numbered starting at the low est- 
numbered joint that has a degree of freedom, and proceeding sequentially to 
the highest-numbered joint. In the case of more than one degree of freedom at 
a joint, the translation in the X direction is numbered first, followed by the 
translation in the Y direction. The first degree of freedom is assigned the num- 
ber one, and the last degree of freedom is assigned a number equal to NDOF. 

Once all the degrees of freedom of the structure have been numbered, we 
number the restrained coordinates in a similar manner, but begin with a num- 
ber equal to NDOF + 1. We start at the lowest-numbered joint that is attached 
to a support, and proceed sequentially to the highest-numbered joint. In the 
case of more than one restrained coordinate at a joint, the coordinate in the 
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X direction is numbered first, followed by the coordinate in the Y direction. 
Note that this procedure will always result in the last restrained coordinate of 
the structure being assigned a number equal to 2(NJ ). 

The degrees of freedom and the restrained coordinates of the truss in 
Fig. 3.1(d) have been numbered using the foregoing procedure. We start num- 
bering the degrees of freedom by examining joint 1. Since the displacements of 
joint 1 in both the X and Y directions are restrained, this joint does not have any 
degrees of freedom; therefore, at this point, we do not assign any numbers to 
the two arrows representing its restrained coordinates, and move on to the next 
joint. Focusing our attention on joint 2, we realize that this joint is free to dis- 
place in the X direction, but not in the Y direction. Therefore, we assign the 
number 1 to the horizontal arrow indicating that the X displacement of joint 2 
will be denoted by dı. Note that, at this point, we do not assign any number to 
the vertical arrow at joint 2, and change our focus to the next joint. Joint 3 is 
free to displace in both the X and Y directions; we number the X displacement 
first by assigning the number 2 to the horizontal arrow, and then number the Y 
displacement by assigning the number 3 to the vertical arrow. This indicates 
that the X and Y displacements of joint 3 will be denoted by dz and d3, respec- 
tively. Next, we focus our attention on joint 4, which is also free to displace in 
both the X and Y directions; we assign numbers 4 and 5, respectively, to its dis- 
placements in the X and Y directions, as shown in Fig. 3.1(d). A gain, the arrow 
that is numbered 4 indicates the location and direction of the joint displace- 
ment d4; the arrow numbered 5 shows the location and direction of ds. 

Having numbered all the degrees of freedom of the truss, we now return to 
joint 1, and start numbering the restrained coordinates of the structure. As pre- 
viously discussed, joint 1 has two restrained coordinates; we first assign the 
number 6 (i.e, NDOF + 1 = 5 + 1 = 6) to the X coordinate (horizontal 
arrow), and then assign the number 7 to the Y coordinate (vertical arrow). 
Finally, we consider joint 2, and assign the number 8 to the vertical arrow rep- 
resenting the restrained coordinate in the Y direction at that joint. We realize 
that the displacements corresponding to the restrained coordinates 6 through 8 
are zero (i.e., dg = d7 = dg = 0). However, we use these restrained coordinate 
numbers to specify the reactions at supports of the structure, as discussed sub- 
sequently in this section. 


Joint Load Vector 


External loads applied to the joints of trusses are specified as force components 
in the global X and Y directions. These load components are considered posi- 
tive when acting in the positive directions of the X and Y axes, and vice versa. 
Any loads initially given in inclined directions are resolved into their X and 
Y components, before proceeding with an analysis. For example, the 150 k 
inclined load acting on a joint of the truss in Fig. 3.1(a) is resolved into its 
rectangular components as 


load component in X direction = 150 cos 30° = 129.9 k> 
load component in Y direction = 150 sin 30° = 75 ky 
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These components are applied at joint 3 of the line diagram of the truss shown 
in Fig. 3.1(b). 

In general, a load can be applied to a structure at the location and in the 
direction of each of its degrees of freedom. For example, a five-degree-of- 
freedom truss can be subjected to a maximum of five loads, P ı through Ps, as 
shown in Fig. 3.1(e). As indicated there, the numbers assigned to the degrees 
of freedom are also used to identify the joint loads. In other words, a load cor- 
responding to a degree of freedom dj is denoted by the symbol P;. The five joint 
loads of the truss can be collectively written in matrix form as 


Py 0 

P2 129.9 
P= | P3 |=| -75 k 

P4 0 

P5 -15 


in which P is called the joint load vector of the truss. The numerical form of P 
is obtained by comparing Figs. 3.1(b) and 3.1(e). This comparison shows that: 
Pı = 0; P2 = 129.9 k; P3 = —75 k; P4 = 0; and Ps = —75 k. The negative 
signs assigned to the magnitudes of P3 and Ps indicate that these loads act in 
the negative Y (i.e., downward) direction. The numerical values of P ı through 
Ps are then stored in the appropriate rows of the joint load vector P, as shown 
in the foregoing equation. It should be noted that the number of rows of P 
equals the number of degrees of freedom (ND OF ) of the structure. 


Reaction Vector 


A support that prevents the translation of a joint of a structure in a particular di- 
rection exerts a reaction force on the joint in that direction. Thus, when a truss 
is subjected to external loads, a reaction force component can develop at the 
location and in the direction of each of its restrained coordinates. For example, 
a truss with three restrained coordinates can develop up to three reactions, as 
shown in Fig. 3.1(e). As indicated there, the numbers assigned to the restrained 
coordinates are used to identify the support reactions. In other words, a reac- 
tion corresponding to an ith restrained coordinate is denoted by the symbol Rj. 
The three support reactions of the truss can be collectively expressed in matrix 


form as 
Re 
R=| R} 
Rg 


in which R is referred to as the reaction vector of the structure. N ote that the 
number of rows of R equals the number of restrained coordinates (NR) of the 
structure. 

The procedure presented in this section for numerically identifying the 
degrees of freedom, joint loads, and reactions of a structure considerably sim- 
plifies the task of programming an analysis on a computer, as will become 
apparent in Chapter 4. 
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EXAMPLE 3.1 Identify numerically the degrees of freedom and restrained coordinates of the tower 
truss shown in Fig. 3.2(a). Also, form the joint load vector P for the truss. 


SOLUTION  Thetruss has nine degrees of freedom, which are identified by the numbers 1 through 
9 in Fig. 3.2(c). The five restrained coordinates of the truss are identified by the 
numbers 10 through 14 in the same figure. Ans 

By comparing Figs. 3.2(b) and (c), we express the joint load vector as 


20 


P = 0k Ans 


15 ft 


(b) Analytical Model 


(a) Tower Truss 


(c) Degrees of Freedom and Restrained 
Coordinates (VDOF = 9, NR = 5) 


Fig. 3.2 
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3.3 MEMBER STIFFNESS RELATIONS IN THE 
LOCAL COORDINATE SYSTEM 


In the stiffness method of analysis, the joint displacements, d, of a structure 
due to an external loading, P, are determined by solving a system of simulta- 
neous equations, expressed in the form 


P = Sd (3.4) 


in which S is called the structure stiffness matrix. It will be shown subse- 
quently that the stiffness matrix for the entire structure, S, is formed by assem- 
bling the stiffness matrices for its individual members. The stiffness matrix for 
a member expresses the forces at the ends of the member as functions of the 
displacements of those ends. In this section, we derive the stiffness matrix for 
the members of plane trusses in the local coordinate system. 

To establish the member stiffness relations, let us focus our attention on an 
arbitrary member m of the plane truss shown in Fig. 3.3(a). W hen the truss is 
subjected to external loads, m deforms and internal forces are induced at its 
ends. The initial and displaced positions of m are shown in Fig. 3.3(b), where 
L, E, and A denote, respectively, the length, Young’s modulus of elasticity, 
and the cross-sectional area of m. The member is prismatic in the sense that its 
axial rigidity, EA, is constant. As Fig. 3.3(b) indicates, two displacements— 
translations in the x and y directions— are needed to completely specify the dis- 
placed position of each end of m. Thus, m has a total of four end displacements 
or degrees of freedom. As shown in Fig. 3.3(b), the member end displacements 
are denoted by uı through u4, and the corresponding member end forces are 
denoted by Qı through Q4. Note that these end displacements and forces are de- 
fined relative to the local coordinate system of the member, and are considered 
positive when in the positive directions of the local x and y axes. A s indicated in 


A y Displaced 
u a, 
Initial 
/ position 
Qi co 
m 
| | 
- | 
EA = constant 


(b) Member Forces and Displacements 
in Local Coordinate System 


(a) Plane Truss S 
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Fig. 3.3 (continued) 
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Fig. 3.3(b), the numbering scheme used to identify the member end displace- 
ments and forces is as follows: 


Member end displacements and forces are numbered by beginning 
at the end of the member designated “b” , where the origin of the 
local coordinate system is located, with the translation and force in 
the x direction numbered first, followed by the translation and force 
in the y direction. The displacements and forces at the opposite end 
of the member, designated “e,” are then numbered in the same 
sequential order. 


It should be remembered that our objective here is to determine the rela- 
tionships between member end forces and end displacements. Such relation- 
ships can be conveniently established by subjecting the member, separately, to 
each of the four end displacements as shown in Figs. 3.3(c) through (f); and by 
expressing the total member end forces as the algebraic sums of the end forces 
required to cause the individual end displacements. Thus, from Figs. 3.3(b) 
through (f), we can see that 


Q1 = kui + kigu2 + k13u3 + K14U4 (3.5a) 
Q2 = karui + k22U2 + k23u3 + K24U4 (3.5b) 
Q3 = K31U1 + k32U2 + k33u3 + K34U4 (3.5c) 
Q4 = kaui + Ka2U2 + K43U3 + K44U4 (3.5d) 


in which kij represents the force at the location and in the direction of Q; re- 
quired, along with other end forces, to cause a unit value of displacement uj, 
while all other end displacements are zero. These forces per unit displacement 
are called stiffness coefficients. It should be noted that a double-subscript nota- 
tion is used for stiffness coefficients, with the first subscript identifying the 
force and the second subscript identifying the displacement. 

By using the definition of matrix multiplication, Eqs. (3.5) can be ex- 
pressed in matrix form as 


Qi Kir Kiz k3 kag Ui 
Q2 |_| ka k2 k3 koa u2 
Q3 | | kar k32 k33 k34 U3 (3.6) 
Q4 Kar Kaz k43 Kaa U4 


or, symbolically, as 


Q = ku (3.7) 


in which Q and u are the member end force and member end displacement vec- 
tors, respectively, in the local coordinate system; and k is called the member 
stiffness matrix in the local coordinate system. 
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The stiffness coefficients kij can be evaluated by subjecting the member, 
separately, to unit values of each of the four end displacements. The member 
end forces required to cause the individual unit displacements are then deter- 
mined by applying the equations of equilibrium, and by using the principles of 
mechanics of materials. The member end forces thus obtained represent the 
stiffness coefficients for the member. 

Let us determine the stiffness coefficients corresponding to a unit value of 
the displacement u; at end b of m, as shown in Fig. 3.3(c). Note thatall other dis- 
placements of m are zero (i.e., U? = U3 = U4 = 0). Sincemisin equilibrium, the 
end forces k11, kz1, k31, and k4; acting on it must satisfy the three equilibrium 
equations: X` Fx =0,>°Fy =0,and XM =0.Applying the equations of 
equilibrium, we write 


+—> Fx =0 Ku + k31 = 0 
k31 = —ku (3.8) 


+1} Fy=0 ka + kai = 0 (3.9) 
+¢C>°M.=0 —kgi(L) = 0 
Since L is not zero, k21 must be zero; that is 


ka = 0 (3.10) 
By substituting Eq. (3.10) into Eq. (3.9), we obtain 
Ka, = 0 (3.11) 


Equations (3.8), (3.10), and (3.11) indicate that m is in equilibrium under the 
action of two axial forces, of equal magnitude but with opposite senses, applied 
at its ends. Furthermore, since the displacement u; = 1 results in the shorten- 
ing of the member’s length, the two axial forces causing this displacement 
must be compressive; that is, ki; must act in the positive direction of the local 
x axis, and kzı (with a magnitude equal to k11) must act in the negative direc- 
tion of the x axis. 

To relate the axial force kz; to the unit axial deformation (u; = 1) of m, we 
use the principles of the mechanics of materials. Recall that in a prismatic 
member subjected to axial tension or compression, the normal stress o is 


given by 
axial force ki 
° = Cross-sectional area A (3.12) 
and the normal strain, £, is expressed as 
changeinlength 1 
_ g gtn 1533) 


-original length L 


For linearly elastic materials, the stress-strain relationship is given by Hooke’s 
law as 


o=Ee (3.14) 
Substitution of Eqs. (3.12) and (3.13) into Eq. (3.14) yields 


ki 1 
aeft) 
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from which we obtain the expression for the stiffness coefficient k11, 


EA 
ki = I (3.15) 
The expression for kzı can now be obtained from Eq. (3.8) as 
EA 
k31 = —kn = -T (3.16) 


in which the negative sign indicates that this force acts in the negative x direc- 
tion. Figure 3.3(c) shows the expressions for the four stiffness coefficients 
required to cause the end displacement u; = 1 of m. 

By using a similar approach, it can be shown that the stiffness coefficients 
required to cause the axial displacement u3 = 1 at end e of m are as follows 
(Fig. 3.3e). 


EA EA 
ki3 = a kz =0 kag = A ka = 0 (3.17) 


The deformed shape of m due to a unit value of displacement uz, while all 
other displacements are zero, is shown in Fig. 3.3(d). Applying the equilibrium 
equations, we write 


+>} F=0  kn+kz=0 


k32 = —kı2 (3.18) 
+t Fy =0 k22 + k = 0 (3.19) 
+C Z Me=0 —kz(L) = 0 
from which we obtain 
kz = 0 (3.20) 
Substitution of Eq. (3.20) into Eq. (3.19) yields 
Kaz = 0 (3.21) 


Thus, the forces k22 and k42, which act perpendicular to the longitudinal axis of 
m, are both zero. 

As for the axial forces kı2 and k32, Eq. (3.18) indicates that they must be of 
equal magnitude but with opposite senses. From Fig. 3.3(d), we can see that the 
deformed length of the member, L’, can be expressed in terms of its unde- 
formed length L as 


L 
L’= — (3.22) 
COs p 
in which the angle p denotes the rotation of the member due to the end dis- 
placement u2 = 1. Since the displacements are assumed to be small, cos p ~ 1 
and Eq. (3.22) reduces to 


L’xl (3.23) 
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which can be rewritten as 
L’-L 0 (3.24) 


As Eq. (3.24) indicates, the change in the length of m (or its axial deforma- 
tion) is negligibly small and, therefore, no axial forces develop at the ends of 
m; that is, 


kı2 = k32 = 0 (3.25) 


Thus, as shown in Fig. 3.3(d), no end forces are required to produce the dis- 
placement uz = 1 of m. 

Similarly, the stiffness coefficients required to cause the small end dis- 
placement u4 = 1, in the direction perpendicular to the longitudinal axis of m, 
are also all zero, as shown in Fig. 3.3(f). Thus, 


Kig = kz4 = k3q = Ka = 0 (3.26) 


By substituting the foregoing values of the stiffness coefficients into 
Eq. (3.6), we obtain the following stiffness matrix for the members of plane 
trusses in their local coordinate systems. 


EA EA 
Le A to <1 6 
~ = * 
00 00 
ex | P T 0 p EA (3.27) 
-* gy §" 9] tto 128 
L L 
a a oe 00 00 


Note that the ith column of the member stiffness matrix k consists of the end 
forces required to cause a unit value of the end displacement uj, while all other 
displacements are zero. For example, the third column of k consists of the four 
end forces required to cause the displacement u3 = 1, as shown in Fig. 3.3(e), 
and so on. The units of the stiffness coefficients are expressed in terms of force 
divided by length (e.g., k/in or kN/m). When evaluating a stiffness matrix for 
analysis, it is important to use a consistent set of units. For example, if we 
wish to use the units of kips and feet, then the modulus of elasticity (E) must 
be expressed in k/ft?, area of cross-section (A) in ft?, and the member length 
(L) in ft. 

From Eq. (3.27), we can see that the stiffness matrix k is symmetric; that 
is, ki, = kj. AS shown in Section 3.4, the stiffness matrices for linear elastic 
structures are always symmetric. 


EXAMPLE 3.2 Determine the local stiffness matrices for the members of the truss shown in Fig. 3.4. 
SOLUTION Membersland2 E = 29,000 ksi, A = 8in2,L = 18 ft = 216 in. 


EA _ 29,0008) 


T Je ~ 1,074.1 k/in. 
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1 
—— 
E = 29,000 ksi 


Fig. 3.4 


Substitution into Eq. (3.27) yields 


1,074.1 0 -1,074.1 0 


0 0 o al 
Krk) ora o moai o| “i Ans 
0 0 0 0 


Members3and4 E = 29,000 ksi, A = 12 in.?, L = 24 ft = 288 in. 


EA _ 29,000(12) 
[es 288 
Thus, from Eq. (3.27), 


1,208.3 0 —1,208.3 0 


= 1,208.3 k/in. 


0 o0 a ol 
k =k =| 15083 0 1,2083 0l Ki" ek 
0 0 0 0 


Members5and6 E = 29,000 ksi, A = 12 in.2, 


L = y (18)? + (24? = 30 ft = 360 in. 


EA — 29,000(12) _ 
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Thus, 
966.67 O —966.67 0 
0 oO ao al 
e 0 96667 0 | “it fo 
0 oO 0 oO 


EXAMPLE 3.3 The displaced position of member 8 of the truss in Fig. 3.5(a) is given in Fig. 3.5(b). 
Calculate the axial force in this member. 


| 3at4m=12m J 
EA = constant 
E= ?200GPa 
A = 1,200 mm? 
(a) 


(b) Displaced Position of Member 8 
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(c) Member End Forces in Local 
Coordinate System 


Fig. 3.5 (continued) 


SOLUTION Member Stiffness Matrix in the Local Coordinate System: From Fig. 3.5(a), we can 
see that E = 200 GPa = 200(10°) kN/m?; A = 1,200 mm? = 0.0012 m?; and 


L = /(4)4 + (3)? = 5 m. Thus, 


EA — 200(10°)(0.0012) 


[ 5 = 48,000 kN/m 
From Eq. (3.27), we obtain 
1 0 -1 0 
kg = 48,000 k ; i ; kN/m 
00 00 


Member End Displacements in the Local Coordinate System: From Fig. 3.5(b), we 
can see that the beginning end, 2, of the member displaces 9 mm in the negative x di- 
rection and 12 mm in the negative y direction. Thus, ui = —9 mm = —0.009 m and 
U2 = —12 mm = —0.012 m. Similarly, the opposite end, 6, of the member displaces 
12 mm and 16mm, respectively, in the x and y directions; thatis, u3 = 12mm = 0.012m 
and u4 = 16 mm = 0.016 m. Thus, the member end displacement vector in the local 
coordinate system is given by 


—0.009 

fips —0.012 
0.012 

0.016 
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Member End Forces in the Local Coordinate System: We calculate the member end 
forces by applying Eq. (3.7). Thus, 


Q =ku 
Qa Lo =i 0I rome —1,008 
eae o o o ol|—oon] 0 
w= || g =S a o a oora = 1,008 n 
Q4 o0 0A 0.016 0 


The member end forces, Q, are depicted on the free-body diagram of the member in 
Fig. 3.5(c), from which we can see that, since the end force Q; is negative, but Q3 is 
positive, member 8 is subjected to a tensile axial force, Qa of magnitude 1,008 kN; 
that is, 


Qas = 1,008 KN (T) Ans 


3.4  FINITE-ELEMENT FORMULATION 
USING VIRTUAL WORK* 


In this section, we present an alternate formulation of the member stiffness ma- 
trix k in the local coordinate system. This approach, which is commonly used 
in the finite-element method, essentially involves expressing the strains and 
stresses at points within the member in terms of its end displacements u, and 
applying the principle of virtual work for deformable bodies as delineated by 
Eq. (1.16) in Section 1.6. Before proceeding with the derivation of k, let us 
rewrite Eq. (1.16) in a more convenient matrix form as 


We = Í Sebo dV (3.28) 
V 


in which 5We denotes virtual external work; V represents member volume; and 
de and o denote, respectively, the virtual strain and real stress vectors, which 
for a general three-dimensional stress condition can be expressed as follows 
(see Fig. 1.16). 


b&x Ox 
ÔEy Oy 
me lea palie (3.29) 
ÔYxy Txy 
ôYyyz Tyz 
dY2x Tx 


Displacement Functions 


In the finite-element method, member stiffness relations are based on assumed 
variations of displacements within members. Such displacement variations are 


*This section can be omitted without loss of continuity. 
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referred to as the displacement or interpolation functions. A displacement 
function describes the variation of a displacement component along the 
centroidal axis of a member in terms of its end displacements. 

Consider a prismatic member of a plane truss, subjected to end displace- 
ments uz through uy, as shown in Fig. 3.6(a). Since the member displaces in 
both the x and y directions, we need to define two displacement functions, 


Displaced 
position 


G ~—-=2= 


_ 
Va=¥-7 
-—m=— 
uy 
Uy c 
L 
L 


Initial 
position 


EA = constant 


(a) Member Displacements in Local Coordinate System 


© Displacement function i, 


(b) Member Displacements in x Direction 


y 


= = 
© l © Displacement function i, 


(c) Member Displacements in y Direction 
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U, and Uy, for the displacements in the x and y directions, respectively. In 
Fig. 3.6(a), the displacement functions U, and Uy are depicted as the displace- 
ments of an arbitrary point G located on the member's centroidal axis at a dis- 
tance x from end b (left end). 

The total displacement of the member (due to u; through u4) can be de- 
composed into the displacements in the x and y directions, as shown in 
Figs. 3.6(b) and (c), respectively. N ote that Fig. 3.6(b) shows the member sub- 
jected to the two end displacements, u and u3, in the x direction (with uz = 
u4 = 0); Fig. 3.6(c) depicts the displacement of the member due to the two end 
displacements, uz and u4, in the y direction (with uy = u3 = 0). 

The displacement functions assumed in the finite-element method are 
usually in the form of complete polynomials, 


gx)= So ax witha, £0 (3,30) 
i=0 


in which n is the degree of the polynomial. The polynomial used for a particular 
displacement function should be of such a degree that all of its coefficients can 
be evaluated by applying the available boundary conditions; that is, 


n = Nne — 1 (3.31) 


with npc = number of boundary conditions. 
Thus, the displacement function U, for the truss member (Fig. 3.6b) is as- 
sumed in the form of a linear polynomial as 


dy = ao +a1X (3.32) 


in which ag and a; are the constants that can be determined by applying the fol- 
lowing two boundary conditions: 


at x = 0 0, = 
atx = L Uy = 


By applying the first boundary condition— that is, by setting x = 0 and ūx = Wy 
in Eq. (3.32)— we obtain 


ao = U1 (3.33) 


Next, by using the second boundary condition— that is, by setting x = L and 
ūx = u3— we obtain 


U3 = Uy + ail 
from which follows 


gai (3.34) 
L 
By substituting Eqs. (3.33) and (3.34) into Eq. (3.32), we obtain the expression 
for ūx, 
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or 


a (1 — rus + (Z)u: (3.35) 


The displacement function Uy, for the member displacement in the y dire- 
ction (Fig. 3.6(c)), can be determined in a similar manner; thatis, using a linear 
polynomial and evaluating its coefficients by applying the boundary conditions. 
The result is 


fly = (1 = a + (E)us (3.36) 


The plots of the displacement functions ūx and Uy are shown in Figs. 3.6(b) 
and (c), respectively. 

It is important to realize that the displacement functions as given by 
Eqs. (3.35) and (3.36) have been assumed, as is usually done in the finite- 
element method. There is no guarantee that an assumed displacement function 
defines the actual displacements of the member, except at its ends. In general, 
the displacement functions used in the finite-element method only approximate 
the actual displacements within members (or elements), because they represent 
approximate solutions of the underlying differential equations. For this reason, 
the finite-element method is generally considered to be an approximate method 
of analysis. However, for the prismatic members of framed structures, the dis- 
placement functions in the form of complete polynomials do happen to de- 
scribe exactly the actual member displacements and, therefore, such functions 
yield exact member stiffness matrices for prismatic members. 

From Fig. 3.6(c), we observe that the graph of the displacement function 
ūy exactly matches the displaced shape of the member's centroidal axis due to 
the end displacements u2 and u4. As this displaced shape defines the actual dis- 
placements in the y direction of all points along the member's length, we can 
conclude that the function Uy, as given by Eq. (3.36), is exact. 

To demonstrate that Eq. (3.35) describes the actual displacements in the 
x direction of all points along the truss member's centroidal axis, consider again 
the member subjected to end displacements, u; and us, in the x direction as 
shown in Fig. 3.7(a). Since the member is subjected to forces only at its ends, 
the axial force, Qa, is constant throughout the member's length. Thus, the axial 
stress, o, at point G of the member is 


_ 
A 
in which A represents the cross-sectional area of the member at point G. Note 


that the axial stress is distributed uniformly over the cross-sectional area A. By 
substituting the linear stress-strain relationship « = o/E into Eq. (3.37), we 


o 


(3.37) 
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obtain the strain at point G as 


_ Qa 
~ EA 


E = constant = a; (3.38) 
in which a; is a constant. As this equation indicates, since the member is pris- 
matic (i.e., EA = constant), the axial strain is constant throughout the member 
length. 

To relate the strain e to the displacement U,, we focus our attention on 
the differential element GH of length dx (Fig. 3.7(a)). The undeformed and 
deformed positions of the element are shown in Fig. 3.7(b), in which d, and 
d, + dd, denote, respectively, the displacements of the ends G and H of the 
element in the x direction. From this figure, we can see that 


deformed length of element = dx + (U, + dU,) — ūx 
= dx + dd, 


Therefore, the strain in the element is given by 


_ deformed length — initial length = (dx + dūx)— dx 
7 initial length > dx 


or 


Ee = Jx (3.39) 


u, + du, 


EA = constant 


(a) 


| ii, | a position 
C's 


Initial position 
(b) 
Fig. 3.7 
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By equating the two expressions for strain as given by Eqs. (3.38) and (3.39), 


we obtain 

oo =a) (3.40) 
which can be rewritten as 

dd, = a,dx (3.41) 
By integrating Eq. (3.41), we obtain 

Ux = 41X + ag (3.42) 


in which ag is the constant of integration. Note that Eq. (3.42), obtained by in- 
tegrating the actual strain- displacement relationship, indicates that the linear 
polynomial form assumed for U, in Eq. (3.32) was indeed correct. Further- 
more, if we evaluate the two constants in Eq. (3.42) by applying the boundary 
conditions, we obtain an equation which is identical to Eq. (3.35), indicating 
that our assumed displacement function U, (as given by Eq. (3.35)) does in- 
deed describe the actual member displacements in the x direction. 


Shape Functions 


The displacement functions, as given by Eqs. (3.35) and (3.36), can be ex- 
pressed alternatively as 


ūx = Nyu, + N3u3 (3.43a) 

Uy = N2U2 + N4U4 (3.43b) 
with 

Ni=N2=1- (3.44a) 

N3=N4= $ (3.44b) 


in which N; (with i = 1,4) are called the shape functions. The plots of the four 
shape functions for a plane truss member are given in Fig. 3.8. We can see from 
this figure that a shape function N; describes the displacement variation along 
a member's centroidal axis due to a unit value of the end displacement u;, while 
all other end displacements are zero. 

Equations (3.43) can be written in matrix form as 


Ui 
Ux | _ Ni; 0 Nz 0 U2 
a |=['s N2 0 A u3 (3.45) 
U4 
or, symbolically, as 
u=Nu (3.46) 
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Ni, N3 


1.0 


0 L 
(a) Shape Functions N}, (u; = 1, u = u3 = u4 = 0) 
and N (u = 1, uw, = u3 = u4 = 0) 


N3, N4 


0 L 


(b) Shape Functions N3 (u3 = 1, u} = u = u4 = 0) 
and Ny (ug = 1, uy = uy = u3 = 0) 


Fig. 3.8 Shape Functions for Plane Truss M ember 


in which ù is the member displacement function vector, and N is called the 
member shape function matrix. 


Strain-Displacement Relationship 

As discussed previously, the relationship between the axial strain, «, and 
the displacement, Ux, is given by e = dU, /dx (see Eq. (3.39)). This strain- 
displacement relationship can be expressed in matrix form as 


d a > 
= = = — Du 3.47 
° | dx J i can 
in which D is known as the differential operator matrix. To relate the strain, e, 


to the member end displacements, u, we substitute Eq. (3.46) into Eq. (3.47) to 
obtain 


e = D(Nu) (3.48) 


Since the end displacement vector u does not depend on x, it can be treated as 
a constant in the differentiation indicated by Eq. (3.48). In other words, the dif- 
ferentiation applies to N, but not to u. Thus, Eq. (3.48) can be rewritten as 


e = (DN)u= Bu (3.49) 
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in which, B = DN is called the member strain-displacement matrix. To 
determine B, we write 


= fd Ni 0 N; 0 
B=DN=| © 0] | Nr 0 A 
By multiplying matrices D and N, 
dNı dN3 | 
B = | — ee, 
E o dx i 


Next, we substitute the expressions for N ı and N3 from Eqs. (3.44) into the pre- 
ceding equation to obtain 


d X d (x 
s= [z lE) 9 a(t) °| 
Finally, by performing the necessary differentiations, we determine the strain- 
displacement matrix B: 
I 1 1 
B=|—-—— = =—[-1 01 0 3.50 
[-ż 0 = of=r (3.50) 
Stress—Displacement Relationship 
The relationship between member axial stress and member end displacements 


can now be established by substituting Eq. (3.49) into the stress-strain rela- 
tionship, ø = E e. Thus, 


o = E Bu (3.51) 


Member Stiffness Matrix, k 

With both member strain and stress expressed in terms of end displacements, 
we can now establish the relationship between member end forces Q and end 
displacements u, by applying the principle of virtual work for deformable bod- 
ies. Consider an arbitrary member of a plane truss that is in equilibrium under 
the action of end forces Qı through Q4. Assume that the member is given small 
virtual end displacements du; through ôu4, as shown in Fig. 3.9. The virtual 


y Virtual displaced 


\ position (©) 
i T 
© ore el Ju3 


Equilibrium fo 
position 
: | 


EA = constant 


Fig. 3.9 
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external work done by the real member end forces Q ı through Q 4 as they move 
through the corresponding virtual end displacements ôu; through dug is 


We = Q1 5U1 + Q2 U2 + Q3 6U3 + Q4 Ug 
which can be expressed in matrix form as 


Qi 
SWe=[4U, uz uz dug] | 22 
Q3 
Q4 
or 
We = 6u'Q (3.52) 


By substituting Eq. (3.52) into the expression for the principle of virtual work 
for deformable bodies, as given by Eq. (3.28), we obtain 


su'Q = / belo dV (3.53) 
V 


Recall that the right-hand side of Eq. (3.53) represents the virtual strain energy 
stored in the member. Substitution of Eqs. (3.49) and (3.51) into Eq. (3.53) yields 


sulQ= i (B du) 'EBdVu 
V 
Since (B ŝu)! = ôu! B! , we can write the preceding equation as 


su Q =a [ B'EBdVu 
V 


sul ( z B'EBdVu) =0 
u (Q [ u 


Since ŝu! can be arbitrarily chosen and is not zero, the quantity in the paren- 
theses must be zero. Thus, 


a=(/ BTEBdV ) u = ku (3.54) 
V 


in which 


or 


k= | BTEBdV (3.55) 
V 


is the member stiffness matrix in the local coordinate system. To determine the 
explicit form of k, we substitute Eq. (3.50) for B into Eq. (3.55) to obtain 


zi Lo r0 

E 0 E 00 00 

k=] fji- 01 afy-i ao aan 
0 00 00 
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Since fy dV =V = AL, the member stiffness matrix, k, becomes 
1 0 -1 0 


Note that the preceding expression for k is identical to that derived in Sec- 
tion 3.3 (Eq. (3.27)) using the direct equilibrium approach. 


Symmetry of the Member Stiffness Matrix 


The expression for the stiffness matrix k as given by Eq. (3.55) is general, in 

the sense that the stiffness matrices for members of other types of framed struc- 

tures, as well as for elements of surface structures and solids, can also be ex- 

pressed in the integral form of this equation. We can deduce from Eq. (3.55) 

that for linear elastic structures, the member stiffness matrices are symmetric. 
Transposing both sides of Eq. (3.55), we write 


k! =| (B'EB)'dV 
V 


Now, recall from Section 2.3 that the transpose of a product of matrices equals 
the product of the transposed matrices in reverse order; that is, (ABC)! = 
C'B'A'. Thus, the preceding equation becomes 


k! =f B'E'(B')'dv 
Vv 


For linear elastic structures, E is either a scalar (in the case of framed struc- 
tures), or a symmetric matrix (for surface structures and solids). Therefore, 
ET = E. Furthermore, by realizing that (B')' = B, we can express the preced- 
ing equation as 


KI -f B'EBdV (3.56) 
V 


Finally, a comparison of Eqs. (3.55) and (3.56) yields 


k' =k (3.57) 


which shows that k is a symmetric matrix. 


3.5 COORDINATE TRANSFORMATIONS 


When members of a structure are oriented in different directions, it becomes 
necessary to transform the stiffness relations for each member from its local 
coordinate system to a single global coordinate system selected for the entire 
structure. T he member stiffness relations as expressed in the global coordinate 
system are then combined to establish the stiffness relations for the whole 
structure. In this section, we consider the transformation of member end forces 
and end displacements from local to global coordinate systems, and vice versa, 
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for members of plane trusses. The transformation of the stiffness matrices is 
discussed in Section 3.6. 


Transformation from Global to Local Coordinate Systems 


Consider an arbitrary member m of a plane truss (Fig. 3.10(a)). As shown in 
this figure, the orientation of m relative to the global XY coordinate system is 
defined by an angle 6, measured counterclockwise from the positive direction 
of the global X axis to the positive direction of the local x axis. Recall that the 
stiffness matrix k derived in the preceding sections relates member end forces 
Q and end displacement u described with reference to the local xy coordinate 
system of the member, as shown in Fig. 3.10(b). 


(a) Truss 


Or ©_ 
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p ük Displaced n 
ra : position Pane 
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—— 
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2. c S 
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(b) Member End Forces and End Displacements in (c) Member End Forces and End Displacements in 
the Local Coordinate System the Global Coordinate System 


Fig. 3.10 
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Now, suppose that the member end forces and end displacements are spec- 
ified with reference to the global XY coordinate system (Fig. 3.10(c)), and we 
wish to determine the equivalent system of end forces and end displacements, 
in the local xy coordinates, which has the same effect on m. As indicated in 
Fig. 3.10(c), the member end forces in the global coordinate system are de- 
noted by F ı through F 4, and the corresponding end displacements are denoted 
by vı through v4. These global member end forces and end displacements are 
numbered beginning at member end b, with the force and translation in the X 
direction numbered first, followed by the force and translation in the Y direc- 
tion. The forces and displacements at the member’s opposite end e are then 
numbered in the same sequential order. 

By comparing Figs. 3.10(b) and (c), we observe that at end b of m, the 
local force Qı must be equal to the algebraic sum of the components of the 
global forces F ı and F 2 in the direction of the local x axis; that is, 


Qı =F, coso + F2sing (3.58a) 


Similarly, the local force Q 2 equals the algebraic sum of the components of F ı 
and F 2 in the direction of the local y axis. Thus, 


Q2 = —Fisind + F2cosé (3.58b) 


By using a similar reasoning at end e, we express the local forces in terms of 
the global forces as 


Q3 = F3cos@ + Fysing (3.58c) 
Q4 = —F3sin@ + F4cos@ (3.58d) 
Equations 3.58(a) through (d) can be written in matrix form as 
Qi cosé sing 0 0 Fy 
f=] E ao ane ff] 
Q4 0 0 —sin@ cosé@ F 4 
or, symbolically, as 
Q=TF (3.60) 
with 
cosé sing 0 0 
Ta no” caso. sing (3.61) 
0 0 -sin@ cosé 


in which T is referred to as the transformation matrix. The direction cosines of 
the member, necessary for the evaluation of T, can be conveniently determined 
by using the following relationships: 


coso = Ne Ne ht (3.62a) 
L af Xe = Xb)? + (Ye — Yb)? 

ies ia uci (3.62b) 
L V (Xe — Xb)? + (Ye — Yp)? 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 3.5 Coordinate Transformations 79 


in which Xp and Yp denote the global coordinates of the beginning joint b for 
the member, and Xe and Ye represent the global coordinates of the end joint e. 

The member end displacements, like end forces, are vectors, which are de- 
fined in the same directions as the corresponding forces. Therefore, the trans- 
formation matrix T (Eq. (3.61)), developed for transforming end forces, can 
also be used to transform member end displacements from the global to local 
coordinate system; that is, 


Transformation from Local to Global Coordinate Systems 
Next, let us consider the transformation of member end forces and end 
displacements from local to global coordinate systems. A comparison of 
Figs. 3.10(b) and (c) indicates that at end b of m, the global force F; must be 
equal to the algebraic sum of the components of the local forces Q, and Q2 in 
the direction of the global X axis; that is, 


Fi = Qi cosé — Q- sin 8 (3.64a) 


In a similar manner, the global force F 2 equals the algebraic sum of the com- 
ponents of Qı and Q2 in the direction of the global Y axis. Thus, 


F2 = Qı sin + Q,cosé (3.64b) 


By using a similar reasoning at end e, we express the global forces in terms of 
the local forces as 


F3 = Q3c0sé — Q4sin 8 (3.64c) 
F4 = Q3sind + Q4cosé (3.64d) 
We can write Eqs. 3.64(a) through (d) in matrix form as 
Fy cos —sind 0 0 Qi 
=] a case sino |] a: (3.65) 
F4 0 0 sing cos Q4 


By comparing Eqs. (3.59) and (3.65), we observe that the transformation ma- 
trix in Eq. (3.65), which transforms the forces from the local to the global co- 
ordinate system, is the transpose of the transformation matrix T in Eq. (3.59), 
which transforms the forces from the global to the local coordinate system. 
Therefore, Eq. (3.65) can be expressed as 


F=T'Q (3.66) 


Furthermore, a comparison of Eqs. (3.60) and (3.66) indicates that the inverse 
of the transformation matrix must be equal to its transpose; that is, 


T=7T' (3.67) 
which indicates that the transformation matrix T is orthogonal. 
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As discussed previously, because the member end displacements are also 
vectors, which are defined in the same directions as the corresponding forces, 
the matrix TT also defines the transformation of member end displacements 
from the local to the global coordinate system; that is, 


v=T'u (3.68) 


EXAMPLE 3.4 _ Determine the transformation matrices for the members of the truss shown in Fig. 3.11. 


SOLUTION Member1 From Fig. 3.11, we can see that joint 1 is the beginning joint and joint 2 
is the end joint for member 1. By applying Eqs. (3.62), we determine 


Tai = 


e.e OOO 


As the preceding result indicates, for any member with the positive directions of its 
local x and y axes oriented in the positive directions of the global X and Y axes, 
respectively, the transformation matrix always equals a unit matrix, I. 


® 
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Member 2 
X3— X4 0-6 
coso = T =; = 1 
ma Eu ede 
6 
Thus, from Eq. (3.61) 
—! 0 0 O 
0-1 O O 
| a a a i 
0 0 0 -1 
Member 3 
ye eed ay 
8 
cing ee 
8 
Thus, 
01 00 
-1 0 00 
T ans 
0 0 -1 0 
M ember 4 
2—X4 6-6 
cos = T =— =! 
i pm 0-0 _ 
sind = i = 1 
Thus, 
0 -1 0 0 
1 00 0 
Me Oo Ans 
0 01 0 
Member 5 
L = V(Xa— X1)? + Y4 — Y1)? = V6— 0)? + (8 — 0)? =10m 
X-X 6-0 | 
cosô = i = He 
‘ Ya—Y 8—0 
sing = [ = 08 = 0.8 
06 08 0 0 
—0.8 06 0 0 
Us = Ans 


0 0 0.6 0.8 
0 0 -0.8 0.6 
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Member 6 
L = /(X3 — X2)? + Y3 — Y2)? = VO — 6)? + (8 — 0)2 = 10m 
_kg=Ka O=6 _ 
= = a = 0.6 
i Y3-Yo2 8-0 
Se = = a ls 


= 016 08 0 0 
— = oe =e 8 0 
ae (a) 0 -06 08 Ans 
0 0 —0.8 —0.6 


EXAMPLE 3.5 Forthetruss shown in Fig. 3.12(a), the end displacements of member 2 in the global 
coordinate system are (Fig. 3.12(b)): 


0.75 
vV = t in. 
1.5 
—2 


Calculate the end forces for this member in the global coordinate system. Is the mem- 
ber in equilibrium under these forces? 


SOLUTION Member Stiffness M atrix in the Local Coordinate System: E = 10,000 ksi, A = 9in.2, 


L = V/O + A27 = 15 ft = 180 in. 


EA _ 10,000) 
L 180 


= 500 k/in. 


EA = constant 
12 ft E = 10,000 ksi 
A=9 in? 


(a) Truss 
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(d) End Forces in the Local Coordinate (e) End Forces in the Global Coordinate 
System, Q, for Member 2 System, F, for Member 2 


Fig. 3.12 (continued) 
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Thus, from Eq. (3.27), 


1 0 -1 0 

00 00 : 
kz = 500 ies 10 k/in. 

00 00 


Transformation Matrix: From Fig. 3.12(a), we can see that joint 1 is the beginning 
joint and joint 3 is the end joint for member 2. By applying Eqs. (3.62), we determine 
ee 9-0 
coso = [ SS dem ae 0.6 
F Y3— Yı 12-0 
sind = oa 0.8 
The transformation matrix for member 2 can now be evaluated by using Eq. (3.61): 
0.6 08 0 0 
—0.8 06 0 0 
0 0 0.6 0.8 
0 0 —08 0.6 


T= 


Member End Displacements in the Local Coordinate System: To determine the mem- 
ber global end forces, first we calculate member end displacements in the local coor- 
dinate system by using the relationship u = Tv (Eq. (3.63)). Thus, 


U1 06 08 0 0 0.75 0.45 

we uz | _ —0.8 06 0 0 0 a —0.6 in 
U3 0 0 0.6 0.8 15 —0.7 ` 
U4 0 0 -08 0.6 -2 —2.4 


These end displacements are depicted in Fig. 3.12(c). 


Member End Forces in the Local Coordinate System: Next, by using the expression 
Q = ku (Eq. (3.7)), we compute the member local end forces as 


Or eee a il 0.45 575 
Waal 0 © ollas | 0 
oe Q3 =W ao i z a l-z] 
Oa 0 0 0 o0][ -2.4 0 


Note that, as shown in Fig. 3.12(d), the member is in compression with an axial force 
of magnitude 575 k. 


M ember End Forces in the Global Coordinate System: Finally, we determine the de- 
sired member end forces by applying the relationship F = T'Q as given in Eq. (3.66). 


Thus, 
Pa o6 -08 0 0 575 345 
(Ae PO hati o}_| 460], 
e= l aa lal o OG —0.8 || -575 | ~ | -345 oo 
Fa o 0 08 06 0 —460 


The member end forces in the global coordinate system are shown in Fig. 3.12(e). 
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Equilibrium Check: To check whether or not the member is in equilibrium, we apply 
the three equations of equilibrium, as follows. 


+>} Fy =0 345 — 345=0 Checks 
+t >> Fy =0 460 — 460 = 0 Checks 
+C} Mo=0 345(12) — 460(9) = 0 Checks 
Therefore, the member is in equilibrium. Ans 


3.6 MEMBER STIFFNESS RELATIONS IN THE GLOBAL 
COORDINATE SYSTEM 


By using the member stiffness relations in the local coordinate system from Sec- 
tions 3.3 and 3.4, and the transformation relations from Section 3.5, we can now 
establish the stiffness relations for members in the global coordinate system. 

First, we substitute the local stiffness relations Q = ku (Eq. (3.7)) into the 
force transformation relations F = T'Q (Eq. (3.66)) to obtain 


F=T'Q=T'ku (3.69) 


Then, by substituting the displacement transformation relations u = Tv 
(Eq. (3.63)) into Eq. (3.69), we determine that the desired relationship between 
the member end forces F and end displacements v, in the global coordinate 
system, is 


F=T'kTv (3.70) 


Equation (3.70) can be conveniently expressed as 


F=Kv (3.71) 


with 


K =T'kT (3.72) 


in which the matrix K is called the member stiffness matrix in the global 
coordinate system. The explicit form of K can be determined by substituting 
Eqs. (3.27) and (3.61) into Eq. (3.72), as 


cosð —sing 0 0 1 0 -1 0 cosé sing 0 0 

K- sind cose 0 0 EA} 0 0 0 0} | —sin@ coso 0 0 
~ 0 0 cosg -sino | L |-1 0 1 0 0 0 cos@ sing 
0 0 sing cosé 00 00 0 0 —sind cosé 
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Performing the matrix multiplications, we obtain 


cos? 0 coso sin 0 —cos?@  —cosasing 
K- EA | cosesina sinr’?@  —cosesing  —sin? 0 
~ L —cos?@  —cosésing cos? 0 cosé sind 
—cosdsing  —sin? coso sing sin? 6 
(3.73) 


Note that, like the member local stiffness matrix, the member global stiff- 
ness matrix, K, is symmetric. The physical interpretation of the member global 
stiffness matrix K is similar to that of the member local stiffness matrix; that is, 
a stiffness coefficient K j represents the force at the location and in the direction 
of Fj required, along with other end forces, to cause a unit value of displacement 
vj, while all other end displacements are zero. T hus, the jth column of matrix K 
consists of the end forces in the global coordinate system required to cause a 
unit value of the end displacement vj, while all other end displacements are zero. 

As the preceding interpretation indicates, the member global stiffness 
matrix K can alternately be derived by subjecting an inclined truss member, 
separately, to unit values of each of the four end displacements in the global co- 
ordinate system as shown in Fig. 3.13, and by evaluating the end forces in the 
global coordinate system required to cause the individual unit displacements. 
Let us verify the expression for K given in Eq. (3.73), using this alternative ap- 
proach. Consider a prismatic plane truss member inclined at an angle @ relative 
to the global X axis, as shown in Fig. 3.13(a). When end b of the member is 
given a unit displacement vı = 1, while the other end displacements are held 
at zero, the member shortens and an axial compressive force develops in it. In 
the case of small displacements (as assumed herein), the axial deformation ua 
of the member due to vı is equal to the component of vı = 1 in the undeformed 
direction of the member; that is (Fig. 3.13(a)), 


Ua = vı COS = 1cos8 = coso 


Kı = — ŽA cos sin 6 


K3 = a cos? 0 
Initial 
position Y 
/ 
4 
á aa 
/ Displaced 
say 0 position 
2 xX X 
Ki =F cos oan E) X 
A" 
EA 
T? Ky, =" cos 0 sino 


L 
(a) First Column of K (v; = 1, v = v3 = v4 = 0) 
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= — ŽA sin 6 cos 0 


Ka = 4 cos 0 sin 0 T Cos 0 


== cos @ Ky, = — 4 cos 8 sin 0 


(c) Third Column of K (v3 = 1, v; = v = v4 = 0) 


Ky = zA sin? 6 EA 


EA | 
rN K34= T sin 6 cos @ 
sing 
© : 


__ fA. 
Ky=—- L sin 8 cos 0 —; x 
Lo 
EA . 
T sing Ky,= - | sin? 


(d) Fourth Column of K (v4 = 1, vj = v = v3 = 0) 


Fig. 3.13 (continued) 
87 
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The axial compressive force Q, in the member caused by the axial deformation 
Ua can be expressed as 


EA EA 
Qa= (+) Ua = (=) coso 


From Fig. 3.13(a), we can see that the stiffness coefficients must be equal to the 
components of the member axial force Qa in the directions of the global X and 
Y axes. Thus, at end b, 


Ki1 = Qa coso = (+) cos? 6 (3.74a) 
: EA ; 
Koi = Qasind = (=) coso sing (3.74b) 
Similarly, at end e, 
K31 = —Qacos@ = — (=) cos? 6 (3.74c) 
: EA f 
Ka = -Q,sino =- (25) coso sino (3.74d) 


in which the negative signs for K 31 and K 4; indicate that these forces act in the 
negative directions of the X and Y axes, respectively. N ote that the member must 
bein equilibrium under the action of the four end forces, K 11, K21, K 31, and K 41. 
Also, note that the expressions for these stiffness coefficients (Eqs. (3.74)) are 
identical to those given in the first column of the K matrix in Eq. (3.73). 

The stiffness coefficients corresponding to the unit values of the remaining 
end displacements v2, v3, and v4 can be evaluated in a similar manner, and are 
given in Figs. 3.13 (b) through (d), respectively. As expected, these stiffness 
coefficients are the same as those previously obtained by transforming the stiff- 
ness relations from the local to the global coordinate system (Eq. (3.73)). 


EXAMPLE 3.6 Solve Example 3.5 by using the member stiffness relationship in the global coordinate 
system, F = Kv. 


SOLUTION Member Stiffness Matrix in the Global Coordinate System: Itwasshownin Example 3.5 
that for member 2, 
EA 


== 500 k/in., cos = 0.6, sind = 0.8 


Thus, from Eq. (3.73): 


180 240 —180 —240 
ee) SND SEN 2 | 
2= | -180 —240 180 240 i 


—240 —320 240 320 
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Member End Forces in the Global Coordinate System: By applying the relationship 
F = Kv as given in Eq. (3.71), we obtain 


Fy 180 240 -180 —240 0.75 345 
F- Fo 2 240 320 —240 -—320 0 = 460 k 

F3 —180 —240 180 240 15 —345 

F4 —240 -320 240 320 —2 —460 


Equilibrium check: See Example 3.5. 


3.7 STRUCTURE STIFFNESS RELATIONS 


Having determined the member force- displacement relationships in the global 
coordinate system, we are now ready to establish the stiffness relations for the 
entire structure. The structure stiffness relations express the external loads P 
acting at the joints of the structure, as functions of the joint displacements d. 
Such relationships can be established as follows: 


1. The joint loads P are first expressed in terms of the member end forces 
in the global coordinate system, F, by applying the equations of 
equilibrium for the joints of the structure. 


2. The joint displacements d are then related to the member end displace- 
ments in the global coordinate system, v, by using the compatibility 
conditions that the displacements of the member ends must be the same 
as the corresponding joint displacements. 


3. Next, the compatibility equations are substituted into the member 
force-displacement relations, F = Kv, to express the member global 
end forces F in terms of the joint displacements d. The F-d relations 
thus obtained are then substituted into the joint equilibrium equations 
to establish the desired structure stiffness relationships between the 
joint loads P and the joint displacements d. 


Consider, for example, an arbitrary plane truss as shown in Fig. 3.14(a). 
The analytical model of the truss is given in Fig. 3.14(b), which indicates 
that the structure has two degrees of freedom, dı and dz. The joint loads cor- 
responding to these degrees of freedom are designated Pı and P3, respec- 
tively. The global end forces F and end displacements v for the three mem- 
bers of the truss are shown in Fig. 3.14(c), in which the superscript (i) 
denotes the member number. Note that for members 1 and 3, the bottom 
joints (i.e., joints 2 and 4, respectively) have been defined as the beginning 
joints; whereas, for member 2, the top joint 1 is the beginning joint. As 
stated previously, our objective is to express the joint loads P as functions of 
the joint displacement d. 
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(a) Truss 


P>, dy 


(b) Analytical Model 


Fig. 3.14 
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FO, vu FO, vy FAM, vg 


| | 


1 1 l 
FY, vy © © F2, v O F,®), v9) 


a 1 
Fi ) ví ) 


Fy), v® 4 FP, v9 
Fig. 3.14 (continued) 


Equilibrium Equations 

To relate the external joint loads P to the internal member end forces F, we 
apply the two equations of equilibrium, X- Fx =0and>° Fy =0,to the free 
body of joint 1 shown in Fig. 3.14(c). This yields the equilibrium equations, 


Ppa Pere + FY (3.75a) 
Po =F 4 FO 4 FY (3.75b) 


Compatibility Equations 

By comparing Figs. 3.14(b) and (c), we observe that since the lower end 2 of 
member 1 is connected to the hinged support 2, which cannot translate in any 
direction, the two displacements of end 2 of the member must be zero. Simi- 
larly, since end 1 of this member is connected to joint 1, the displacements of 
end 1 must be the same as the displacements of joint 1. Thus, the compatibility 
conditions for member 1 are 


Paet Wad Wad (3.76) 
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In a similar manner, the compatibility conditions for members 2 and 3, respec- 
tively, are found to be 


vo = di v = d2 v = vo? = 0 (3.77) 


vO = vo) =0 v®) =) vf) = (3.78) 


Member Stiffness Relations 


Of the two types of relationships established thus far, the equilibrium equations 
(Eqs. (3.75)) express joint loads in terms of member end forces, whereas the 
compatibility equations (Eqs. (3.76) through (3.78)) relate joint displacements 
to member end displacements. N ow, we will link the two types of relationships 
by employing the member stiffness relationship in the global coordinate sys- 
tem derived in the preceding section. 

We can write the member global stiffness relation F = Kv (Eq. (3.71)) in 
expanded form for member 1 as 


Fm K{ P K{ 2 K c K te vf) 

F (1) K{ oi K$ S K (1) K (1) yp 
2 |L 23 24 2 (3.79) 

Fe? Ks P K{ 3 K g Ke v 

Fe Ki o Ki 9 Kj (9 Ke vP 

from which we obtain the expressions for forces at end 1 of the member: 

Fe =K Pal (1) +K 9 vP + K$ D vf) md DP (3.80a) 
D K PA $K D yo 4K Dy 4 K Dy (3.80b) 


In asimilar manner, we write the stiffness relations for member 2 as 


(2) (2) B 2) 2 2) 
Fs Ki Ke Ký Ki vi 
2) (2) 2 (2) 2 (2) 
F K Kk K4 v 
2 — 21 23 2 (3.81) 
(2) (2) (2) 2 2) 
F3 K 31 K 5 o K3 K3 U3 
(2) (2) (2) (2) (2) 
F4 Kay Kay K% K 4 P v4 
from which we obtain the forces at end 1 of the member: 
Fo 2 kf G) vl? +K ® v® + K{ Q) v +K DP (3.82a) 
D gD (2) D, D DI 4 K 2,2) 
Fo” = Koyo + Kas vy” + K53 037 + K 54 vy (3.82b) 
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Similarly, for member 3, the stiffness relations are written as 


F © K 8) KO KO KO vw) 
i. = KS? K 3) Ke K $2 vy (3.83) 
FPL LKR KS KB KD] | op 
FP] Lee xp g gl Lp 
and the forces at end 1 of the member are given by 
FO = K2y D4 Ky D4 K Dy + Rat (3) (3.84a) 
FR = KEP + KP +K DP +k QP (3.84b) 


Note that Eqs. (3.80), (3.82), and (3.84) express the six member end forces that 
appear in the joint equilibrium equations (Eqs. (3.75)), in terms of member end 
displacements. 

To relate the joint displacements d to the member end forces F, we 
substitute the compatibility equations into the foregoing member force- 
displacement relations. Thus, by substituting the compatibility equations for 
member 1 (Eqs. (3.76)) into its force-displacement relations as given by 
Eqs. (3.80), we express the member end forces F® in terms of the joint dis- 
placements d as 


FP = KO + KP (3.85a) 

Fe? = K pdr + K fod (3.85b) 
In asimilar manner, for member 2, by substituting Eqs. (3.77) into Eqs. (3.82), 
we obtain 

ie > +K o (3.86a) 

FO = K Pd + K Pd (3.86b) 
Similarly, for member 3, substitution of Eqs. (3.78) into Eqs. (3.84) yields 

FO = K Pd +K Pd, (3.87a) 

FO = K Od +K Èo (3.87b) 


Structure Stiffness Relations 


Finally, by substituting Eqs. (3.85) through (3.87) into the joint equilibrium 
equations (Eqs. (3.75)), we establish the desired relationships between the joint 
loads P and the joint displacements d of the truss: 


P= (K! a +K + E + (Kae + Kap + Kat) (3.88a) 
Po = (KẸ AKP +K) + (KD HKE +K O) (3.88b) 
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Equations (3.88) can be conveniently expressed in condensed matrix form as 


P = Sd (3.89) 


in which 


KOKE VEKA kOKO KE 
abe z (3.90) 


KOKO Ke KP eke aK? 


The matrix S, which is a square matrix with the number of rows and columns 
equal to the degrees of freedom (NDOF ), is called the structure stiffness 
matrix. The preceding method of determining the structure stiffness relation- 
ships by combining the member stiffness relations is commonly referred to as 
the direct stiffness method [48]. 

Like member stiffness matrices, structure stiffness matrices of linear 
elastic structures are always symmetric. Note that in Eq. (3.90) the two off- 
caer nemeni of S are equal to each other, because K3 -= 
KO = KL, and KÈ = K £; thereby making S a symmetric matik. 


=K 


Physical Interpretation of Structure Stiffness Matrix 


The structure stiffness matrix S can be interpreted in a manner analogous to the 
member stiffness matrix. A structure stiffness coefficient Sij represents the force 
atthe location and in the direction of P ; required, along with other joint forces, 
to cause a unit value of the displacement dj, while all other joint displacements 
are zero. Thus, the jth column of the structure stiffness matrix S consists of the 
joint loads required, at the locations and in the directions of all the degrees of 
freedom of the structure, to cause a unit value of the displacement dj while all 
other displacements are zero. This interpretation of the structure stiffness ma- 
trix indicates that such a matrix can, alternatively, be determined by subjecting 
the structure, separately, to unit values of each of its joint displacements, and 
by evaluating the joint loads required to cause the individual displacements. 

To illustrate this approach, consider again the three-member truss of 
Fig. 3.14. To determine its structure stiffness matrix S, we subject the truss to 
the joint displacements dı = 1 (with d2 = 0), and d2 = 1 (with dı = 0), as 
shown in Figs. 3.15(a) and (b), respectively. As depicted in Fig. 3.15(a), the 
stiffness coefficients $1; and S2; (elements of the first column of S) represent 
the horizontal and vertical forces at joint 1 required to cause a unit displace- 
ment of the joint in the horizontal direction (dı = 1), while holding itin place 
vertically (d2 = 0). The unit horizontal displacement of joint 1 induces unit 
displacements, in the same direction, at the top ends of the three members con- 
nected to the joint. The member stiffness coefficients (or end forces) necessary 
to cause these unit end displacements of the individual members are shown in 
Fig. 3.15(a). Note that these stiffness coefficients are labeled in accordance 
with the notation for member end forces adopted in Section 3.5. (Also, recall 
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Undeformed 
configuration 


Deformed 
/ configuration 


Ky) Ky, 


(a) First Column of S (d; = 1, d, = 0) 


that the explicit expressions for member stiffness coefficients, in terms of E, A, 
L, and 6 of a member, were derived in Section 3.6.) 

From Fig. 3.15(a), we realize that the total horizontal force Sj; at joint 1, 
required to cause the joint displacement dı = 1 (with dz = 0), must be equal to 
the algebraic sum of the horizontal forces at the top ends of the three members 
connected to the joint; that is, 


Su =K +K +K (3.91a) 
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Undeformed 
configuration 


\ Deformed 
\ J nfigin 
\ 
\ 


OT ~ Kia” 
| 


Ka” Ky) 


(b) Second Column of S (d, = 1, d; = 0) 
Fig. 3.15 (continued) 


Similarly, the total vertical force S2; at joint 1 must be equal to the algebraic 
sum of the vertical forces at the top ends of all the members connected to the 
joint. Thus (Fig. 3.15a), 

$1 = KO +K94 KP (3.91b) 


Note that the expressions for S11 and S21, as given in Eqs. 3.91(a) and (b), are 
identical to those listed in the first column of the S matrix in Eq. (3.90). 
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The stiffness coefficients in the second column of the S matrix can be de- 
termined in a similar manner. As depicted in Fig. 3.15(b), the structure stiff- 
ness coefficients S12 and S22 represent the horizontal and vertical forces at 
joint 1 required to cause a unit displacement of the joint in the vertical direc- 
tion (d2), while holding it in place horizontally (dı = 0). The joint displace- 
ment dz = 1 induces unit vertical displacements at the top ends of the three 
members; these, in turn, cause the forces (member stiffness coefficients) to 
develop at the ends of the members. From Fig. 3.15(b), we can see that the 
stiffness coefficient S12 of joint 1, in the horizontal direction, must be equal to 
the algebraic sum of the member stiffness coefficients, in the same direction, 
at the top ends of all the members connected to the joint; that is, 


Sipe Ki KO + Ke (3.91c) 
Similarly, the structure stiffness coefficient S22, in the vertical direction, equals 


the algebraic sum of the vertical member stiffness coefficients at the top ends 
of the three members connected to joint 1. Thus (Fig. 3.15b), 


Sy = KP +4 KO + KP (3.91d) 


Again, the expressions for S32 and S22, as given in Eqs. 3.91(c) and (d), are the 
same as those listed in the second column of the S matrix in Eq. (3.90). 


Assembly of the Structure Stiffness Matrix 
Using Member Code Numbers 


In the preceding paragraphs of this section, we have studied two procedures for 
determining the structure stiffness matrix S. Although a study of the foregoing 
procedures is essential for developing an understanding of the concept of the 
stiffness of multiple-degrees-of-freedom structures, these procedures cannot 
beimplemented easily on computers and, therefore, are seldom used in practice. 

From Eqs. (3.91), we observe that the structure stiffness coefficient of a 
joint in a direction equals the algebraic sum of the member stiffness coeffi- 
cients, in that direction, at all the member ends connected to the joint. This fact 
indicates that the structure stiffness matrix S can be formulated directly by 
adding the elements of the member stiffness matrices into their proper posi- 
tions in the structure matrix. This technique of directly forming a structure 
stiffness matrix by assembling the elements of the member global stiffness ma- 
trices can be programmed conveniently on computers. The technique was in- 
troduced by S. S. Tezcan in 1963 [44], and is sometimes referred to as the code 
number technique. 

To illustrate this technique, consider again the three-member truss of 
Fig. 3.14. The analytical model of the truss is redrawn in Fig. 3.16(a), which 
shows that the structure has two degrees of freedom (numbered 1 and 2), and 
six restrained coordinates (numbered from 3 to 8). The stiffness matrices in 
the global coordinate system for members 1, 2, and 3 of the truss are desig- 
nated Ki, K2, and K3, respectively (Fig. 3.16(c)). Our objective is to form the 
structure stiffness matrix S by assembling the elements of Kı, K2, and K3. 

To determine the positions of the elements of a member matrix K in the 
structure matrix S, we identify the number of the structure's degree of freedom 
or restrained coordinate, at the location and in the direction of each of the 
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Po, dy 


X 
R4 Re Rg 
Two degrees of freedom (1 and 2); 
six restrained coordinates (3 through 8) 
(a) Analytical Model 
FY, vg F,2, v2 F, vg 
al RO A FO O F,®, vð 
Y 
2 3 3 
aas am O ONEI 
O © | | 
Fy) vy? FAY, vg F®, v2?) 


(b) Member End Forces and End Displacements in 
the Global Coordinate System 


Fig. 3.16 
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3 4 1 2 1 2 5 6 7 8 1 2 
K Ky Ki Edi eo “T Ky) KÈ K aT 
nale a a aa ete Ee gee a 
KD KY) Ky) KY KIP i Ky) K KY |5 Ky) Ky) Ky) Kal 
ee piep |e EEL Eo 
1 i % a 2 we a 
Ma. We al 
[e92 KORO 
Ky) + Ky HK Ku + Ky) + Kay |2 
(c) Assembling of Structure Stiffness Matrix S 
a ip i 3 
F® |4 
ws re J? 
R3 (FO) 3 
Ry ro A ak 
Rs ae 5 Fy 2 
R= R FoS s 
Re Fee rA |5 
Ry ro Tri, z 6 
Rg eh 8 ie ~ 


(d) Assembly of Support Reaction Vector R 
Fig. 3.16 (continued) 


member's global end displacements, v. Such structure degrees of freedom and 
restrained coordinate numbers for a member, when arranged in the same order 
as the member's end displacements, are referred to as the member's code num- 
bers. In accordance with the notation for member end displacements adopted 
in Section 3.5, the first two end displacements, vı and v2, are always specified 
inthe X and Y directions, respectively, at the beginning of the member; and the 
last two end displacements, v3 and v4, are always in the X and Y directions, re- 
spectively, at the end of the member. Therefore, the first two code numbers for 
a member are always the numbers of the structure degrees of freedom and/or 
restrained coordinates in the X and Y directions, respectively, at the beginning 
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joint for the member; and the third and fourth member code numbers are al- 
ways the numbers of the structure degrees of freedom and/or restrained coor- 
dinates in the X and Y directions, respectively, at the end joint for the member. 

From Fig. 3.16(a), we can see that for member 1 of the truss, the beginning 
and the end joints are 2 and 1, respectively. At the beginning joint 2, the re- 
strained coordinate numbers are 3 and 4 in the X and Y directions, respectively; 
whereas, at the end joint 1, the structure degree of freedom numbers, in the X 
and Y directions, are 1 and 2, respectively. Thus, the code numbers for member 1 
are 3, 4, 1, 2. Similarly, since the beginning and end joints for member 2 are 
1 and 3, respectively, the code numbers for this member are 1, 2, 5, 6. In a sim- 
ilar manner, the code numbers for member 3 are found to be 7, 8, 1, 2. The code 
numbers for the three members of the truss can be verified by comparing the 
member global end displacements shown in Fig. 3.16(b) with the structure 
degrees of freedom and restrained coordinates given in Fig. 3.16(a). 

The code numbers for a member define the compatibility equations for the 
member. For example, the code numbers 3, 4, 1, 2 imply the following com- 
patibility equations for member 1: 


(1) (1) (1) (1) 
vi = d3 vy” = d4 v = dy v} = 2 


Since the displacements corresponding to the restrained coordinates 3 and 4 
are zero (i.e., d3 = d4 = 0), the compatibility equations for member 1 become 


vf) = vo) =0 of? =d; vP = d2 


which are identical to those given in Eqs. (3.76). 

The member code numbers can also be used to formulate the joint equi- 
librium equations for a structure (such as those given in Eqs. (3.75)). The equi- 
librium equation corresponding to an ith degree of freedom (or restrained 
coordinate) can be obtained by equating the joint load P; (or the reaction Rj) to 
the algebraic sum of the member end forces, with the code number i, of all the 
members of the structure. For example, to obtain the equilibrium equations for 
the truss of Fig. 3.16(a), we write the code numbers for its three members by 
the side of their respective end force vectors, as 


Pale: oak au (ey 
F (1) 4 F (2) 2 F (3) 8 
F, = a F = a F; = a (3.92) 
F® |1 Fø j5 F® |1 
Pee PG F©]J2 


From Eq. (3.92), we can see that the member end forces with the code number 1 
are: F {of member 1, F {” of member 2, and F £ of member 3. Thus, the equi- 
librium equation corresponding to degree of freedom 1 is given by 
Py = FO AFOFO 

which is identical to Eq. 3.75(a). Similarly, the equilibrium equation corre- 
sponding to degree of freedom 2 can be obtained by equating P 2 to the sum of 
the end forces, with code number 2, of the three members. Thus, from Eq. (3.92) 
which is the same as Eq. (3.75(b)). 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 3.7 Structure Stiffness Relations 101 


To establish the structure stiffness matrix S, we write the code numbers of 
each member on the right side and at the top of its stiffness matrix K, as shown 
in Fig. 3.16(c). These code numbers now define the positions of the elements 
of the member stiffness matrices in the structure stiffness matrix S. In other 
words, the code numbers on the right side of a matrix K represent the row num- 
bers of the S matrix, and the code numbers at the top represent the column 
numbers of S. Furthermore, since the number of rows and columns of S equal 
the number of degrees of freedom (NDOF ) of the structure, only those ele- 
ments of aK matrix with both row and column code numbers less than or equal 
to NDOF belong in S. For example, since the truss of Fig. 3.16(a) has two de- 
grees of freedom, only the bottom-right quarters of the member matrices Kı 
and K3, and the top-left quarter of K2, belong in S (see Fig. 3.16(c)). 

The structure stiffness matrix S is established by algebraically adding the 
pertinent elements of the K matrices of all the members, in their proper posi- 
tions, in the S matrix. For example, to assemble S for the truss of Fig. 3.16(a), 
we start by storing the pertinent elements of Kı in S (see Fig. 3.16(c)). Thus, 
the element K $3) is stored in row 1 and column 1 of S, the element K Ẹ is 
stored in row 2 and column 1 of S, the element K £ is stored in row 1 and col- 
umn 2 of S (see Fig. 3.16(c)), and the element KE is stored in row 2 and 
column 2 of S. Note that only those elements of Kı whose row and column 
code numbers are either 1 or 2 are stored in S. The same procedure is then re- 
peated for members 2 and 3. W hen two or more member stiffness coefficients 
are stored in the same position in S, then the coefficients must be algebraically 
added. The completed structure stiffness matrix S for the truss is shown in 
Fig. 3.16(c). Note that this matrix is identical to the one determined previously 
by substituting the member compatibility equations and stiffness relations into 
the joint equilibrium equations (Eq. (3.90)). 

Once S has been determined, the structure stiffness relations, P = Sd 
(Eq. (3.89)), which now represent a system of simultaneous linear algebraic 
equations, can be solved for the unknown joint displacements d. With d 
known, the end displacements v for each member can be obtained by applying 
the compatibility equations defined by its code numbers; then the correspond- 
ing end displacements u and end forces Q and F can be computed by using the 
member's transformation and stiffness relations. Finally, the support reactions 
R can be determined from the member end forces F, by considering the equi- 
librium of the support joints in the directions of the restrained coordinates, as 
discussed in the following paragraphs. 


Assembly of the Support Reaction Vector 
Using Member Code Numbers 


The support reactions R of a structure can be expressed in terms of the mem- 
ber global end forces F, using the equilibrium requirement that the reaction in 
a direction at a joint must be equal to the algebraic sum of all the forces, in that 
direction, at all the member ends connected to the joint. B ecause the code num- 
bers of a member specify the locations and directions of its global end forces 
with respect to the structure’s degrees of freedom and/or restrained coordi- 
nates, the reaction corresponding to a restrained coordinate can be evaluated by 
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algebraically summing those elements of the F vectors of all the members 
whose code numbers are the same as the restrained coordinate. 

As the foregoing discussion suggests, the reaction vector R can be as- 
sembled from the member end force vectors F, using a procedure similar to 
that for forming the structure stiffness matrix. To determine the reactions, 
we write the restrained coordinate numbers (NDOF + 1 through 2(NJ )) on 
the right side of vector R, as shown in Fig. 3.16(d). Next, the code numbers 
of each member are written on the right side of its end force vector F 
(Fig. 3.16(d)). Any member code number that is greater than the number of 
degrees of freedom of the structure (NDOF) now represents the restrained co- 
ordinate number of the row of R in which the corresponding member force is 
to be stored. The reaction vector R is obtained by algebraically adding the 
pertinent elements of the F vectors of all the members in their proper posi- 
tions in R. 

For example, to assemble R for the truss of Fig. 3.16(a), we begin by 
storing the pertinent elements of F; in R. Thus, as shown in Fig. 3.16(d), 
the element F {” with code number 3 is stored in row 1 of R, which has the re- 
strained coordinate number 3 by its side. Similarly, the element F£? (with 
code number 4) is stored in row 2 (with restrained coordinate number 4) of R. 
Note that only those elements of F; whose code numbers are greater than 2 
(= NDOF) are stored in R. The same procedure is then repeated for members 
2 and 3. The completed support reaction vector R for the truss is shown in 
Fig. 3.16(d). 


EXAMPLE 3.7 Determine the structure stiffness matrix for the truss shown in Fig. 3.17(a). 


SOLUTION Analytical Model: The analytical model of the truss is shown in Fig. 3.17(b). The 
structure has three degrees of freedom— the translation in the X direction of joint 1, 
and the translations in the X and Y directions of joint 4. These degrees of freedom are 
identified by numbers 1 through 3; and the five restrained coordinates of the truss are 
identified by numbers 4 through 8, as shown in Fig. 3.17(b). 


Structure Stiffness M atrix: To generate the 3 x 3 structure stiffness matrix S, we will 
determine, for each member, the global stiffness matrix K and store its pertinent ele- 
ments in their proper positions in S by using the member's code numbers. 


Member 1 L =6m,cos@?=1,sing=0 


EA _ 70(10°) (0.0015) 


T 5 = 17,500 kN/m 
The member stiffness matrix in global coordinates can now be evaluated by using 
Eq. (3.73). 


a eee 
17,500 0 17,500 077 

ea) OO ew Ae (1) 
17,500 0 {17,5000 |2 
3 


0 0: O 0 
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EA = constant 
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(b) Analytical Model 


Fig. 3.17 


From Fig. 3.17(b), we observe that joint 3 has been selected as the beginning joint, and 
joint 4 as the end joint, for member 1. Thus, the code numbers for this member are 
7, 8, 2, 3. These numbers are written on the right side and at the top of Kı (see Eq. (1)) 
to indicate the rows and columns, respectively, of the structure stiffness matrix S, 
where the elements of K 1 must be stored. N ote that the elements of K ; that correspond 
to the restrained coordinate numbers 7 and 8 are simply disregarded. Thus, the element 
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in row 3 and column 3 of Kı is stored in row 2 and column 2 of S, as 


1 2 3 
0 0 071 

s-o 17,500 | (2) 
0 0 013 


Member 2 Asshownin Fig. 3.17(b), joint 1 is the beginning joint, and joint 4 is the 
end joint, for member 2. By applying Eqs. (3.62), we determine 


L = V(Xa— XD? + (Ya V1)? = JO — 0) + B— 0 =10m 


X4—X1 6-0 
cosé = T =m 0.6 
TRT Y4— Yı e 8—0 a 
sind = [ = ane 0.8 
6 
EA 2 70(10°) (0.0015) = 10,500 kN/m 
L 10 
By using the expression for K given in Eq. (3.73), we obtain 
il 4 2 3 
i 3,780 | 5,040 | —3,780 —5,040') 1 
5,040 6,720 5,040 6,720 |4 
E —5,040 [3.780 5,040 |2 KN/m (3) 


—5,040 | —6,720 | 5,040 6,72013 


From Fig. 3.17(b), we can see that the code numbers for this member are 1, 4, 2, 3. 
These numbers are used to add the pertinent elements of K2 in their proper positions 
in S, as given in Eq. (2). Thus, S now becomes 


1 2 3 
3,780 —3,780 —5,040]1 
S= | —3,780 17,500+3,780 5,040 |2 (4) 
—5,040 5,040 6,720 | 3 
Member 3 L = 8m,cosd=0,sind=1 
6 
EA _ 70(10°)(0.0015) = 13.125 kN/m 
L 8 
By using Eq. (3.73), 
5 6 2 3 
0 0 0 0 5) 
0 13,125 0 —13,125 |6 
K; = 0 0 (0 D 5 kN/m (5) 
0 -—13,125:0 13,125_)3 


The code numbers for this member are 5, 6, 2, 3. By using these code numbers, the 
pertinent elements of K 3 are added in S (as given in Eq. (4)), yielding 


1 2 3 
3,780 —3,780 —5,040 1 
= [sm 17,500 + 3,780 5,040 l 2 kN/m 
—5,040 5,040 6,720 + 13,125 | 3 
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Since the stiffnesses of all three members of the truss have now been stored in S, the 
structure stiffness matrix for the given truss is 
1 2 3 
3,780 —3,780 -—5,040]1 
Sz [a 21,280 sa 2 kN/m Ans 
—5,040 5,040 19,845 |3 


Note that the structure stiffness matrix S, obtained by assembling the stiffness coeffi- 
cients of the three members, is symmetric. 


3.8 PROCEDURE FOR ANALYSIS 


Based on the discussion presented in the previous sections, the following step- 
by-step procedure can be developed for the analysis of plane trusses subjected 
to joint loads. 


1. Prepare an analytical model of the truss as follows. 

a. Draw a line diagram of the structure, on which each joint and 
member is identified by a number. 

b. Establish aglobal XY coordinate system, with the X and Y axes oriented 
in the horizontal (positive to the right) and vertical (positive upward) 
directions, respectively. It is usually convenient to locate the origin 
of the global coordinate system at a lower left joint of the structure, so 
that the X and Y coordinates of most of the joints are positive. 

c. For each member, establish a local xy coordinate system by 
selecting one of the joints at its ends as the beginning joint and the 
other as the end joint. On the structure’s line diagram, indicate the 
positive direction of the local x axis for each member by drawing an 
arrow along the member pointing toward its end joint. For horizontal 
members, the coordinate transformations can be avoided by selecting 
the joint at the member’s left end as the beginning joint. 

d. Identify the degrees of freedom (or joint displacements) and the 
restrained coordinates of the structure. T hese quantities are specified 
on the line diagram by assigning numbers to the arrows drawn at the 
jointsintheX andY directions. The degrees of freedom are numbered 
first, starting at the lowest-numbered joint and proceeding sequen- 
tially to the highest. In the case of more than one degree of freedom 
at a joint, the X-displacement is numbered first, followed by the 
Y-displacement. A fter all the degrees of freedom have been numbered, 
the restrained coordinates are numbered, beginning with a number 
equal to NDOF +1. Starting at the lowest-numbered joint and 
proceeding sequentially to the highest, all of the restrained coor- 
dinates of the structure are numbered. In the case of more than one 
restrained coordinate at a joint, the X-coordinate is numbered first, 
followed by the Y-coordinate. 


2. Evaluate the structure stiffness matrix S. The number of rows and 
columns of S must be equal to the degrees of freedom (ND OF) of the 
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structure. For each member of the truss, perform the following 

operations. 

a. Calculateits length and direction cosines. (The expressions for cos @ 
and sin 6 are given in Eqs. (3.62).) 

b. Compute the member stiffness matrix in the global coordinate 
system, K, using Eq. (3.73). 

c. Identify its code numbers, and store the pertinent elements of K 
in their proper positions in S, using the procedure described in 
Section 3.7. 


The complete structure stiffness matrix, obtained by assembling the 
stiffness coefficients of all the members of the truss, must be a 
symmetric matrix. 


3. Form theNDOF x 1 joint load vector P. 


4. Determine the joint displacements d. Substitute P and S into the struc- 
ture stiffness relations, P = Sd (Eq. (3.89)), and solve the resulting sys- 
tem of simultaneous equations for the unknown joint displacements d. 
To check that the solution of simultaneous equations has been carried 
out correctly, substitute the numerical values of d back into the structure 
stiffness relations, P = Sd. If the solution is correct, then the stiffness 
relations should be satisfied. N ote that joint displacements are consid- 
ered positive when in the positive directions of the global X and Y axes; 
similarly, the displacements are negative in the negative directions. 


5. Compute member end displacements and end forces, and support reac- 
tions. For each member of the truss, do the following. 

a. Obtain member end displacements in the global coordinate system, v, 
from the joint displacements, d, using the member's code numbers. 

b. Calculate the member's transformation matrix T by using Eq. 
(3.61), and determine member end displacements in the local 
coordinate system, u, using the transformation relationship u = Tv 
(Eq. (3.63)). For horizontal members with local x axis positive to the 
right (i.e., in the same direction as the global X axis), member end 
displacements in the global and local coordinate systems are the 
same; that is, u = v. Member axial deformation, ua, if desired, can 
be obtained from the relationship ua = Uz — u3, in which uy and u3 
are the first and third elements, respectively, of vector u. A positive 
value of ua indicates shortening (or contraction) of the member in 
the axial direction, and a negative value indicates elongation. 

c. Determine the member stiffness matrix in the local coordinate sys- 
tem, k, using Eq. (3.27); then calculate member end forces in the 
local coordinate system by using the stiffness relationship Q = ku 
(Eq. (3.7)). The member axial force, Q a equals the first element, Q1, 
of the vector Q (i.e., Qa = Q1); a positive value of Qa indicates that 
the axial force is compressive, and a negative value indicates that the 
axial force is tensile. 

d. Compute member end forces in the global coordinate system, F, by 
using the transformation relationship F = T'Q (Eq. (3.66)). For hori- 
zontal members with the local x axis positive to the right, the member 
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end forces in the local and global coordinate systems are the same; 
thatis, F = Q. 

e. By using member code numbers, store the pertinent elements of F in 
their proper positions in the support reaction vector R, as discussed 
in Section 3.7. 


6. To check the calculation of member end forces and support reactions, 
apply the three equations of equilibrium (>> Fx = 0, $` Fy = 0, and 
>> M = 0) to the free body of the entire truss. If the calculations have 
been carried out correctly, then the equilibrium equations should be 
satisfied. 


Instead of following steps 5c and d, the member end forces can be deter- 
mined alternatively by first evaluating the global forces F, using the global 
stiffness relationship F = Kv (Eq. (3.71)), and then obtaining the local forces 
Q from the transformation relationship Q = TF (Eq. (3.60)). 


EXAMPLE 3.8 Determine the joint displacements, member axial forces, and support reactions for the 
truss shown in Fig. 3.18(a) by the matrix stiffness method. 


SOLUTION Analytical Model: The analytical model of the truss is shown in Fig. 3.18(b). The 
truss has two degrees of freedom, which are the translations of joint 1 in the X and Y 
directions. These are numbered as 1 and 2, respectively. The six restrained coordinates 
of the truss are identified by numbers 3 through 8. 

Structure Stiffness M atrix: 
Member 1 As shown in Fig. 3.18(b), we have selected joint 2 as the beginning joint, 
and joint 1 as the end joint, for member 1. By applying Eqs. (3.62), we determine 


L = J/(X1— X2? + Y1 —Y2)? = y (12 — 0)2 + (16 — 0)? = 20 ft 


16 ft 


|- 12 ft -|- 12 ft - 
E = 29,000 ksi 
(a) Truss 
Fig. 3.18 
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X 
(b) Analytical Model 
1 2 1 p 
(348 + 0+ 348) (464 + 0 — 464) 1 696 O yi .. 
= = in. 
(464+ O — 464) (618.67 + 906.25 + 618.67) |2 0 2,143.6 |2 


(c) Structure Stiffness Matrix 


300 


a0 
AN 


126.83 2333) 


16.774 126.83 233.23 


7 | oN 
We S 


/ | > 


16.774 126.83 23023 
(d) Member End Forces in Local Coordinate Systems 


16.774 


Fig. 3.18 (continued) 
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—10.064 
—13.419 
0 
126.83 
—139.94 
186.58 


on nun & WwW 


(e) Support Reaction Vector 


10.064 k 139.94 k 
— eS xX 
13.419 k 126.83 k 186.58 k 


(f) Support Reactions 


Fig. 3.18 (continued) 


Xi1-X2 12-0 
cos = T Z 0.6 
wa =i ee 
sing = [ z 0.8 
Using the units of kips and inches, we evaluate the member's global stiffness matrix 
(Eq. (3.73)) as 


0.36 0.48 —0.36 —0.48 
_ (29,000)(8) | 048 0.64 —0.48 —0.64 
~ (20123) | —0.36 —0.48 0.36 0.48 
—0.48 —0.64 0.48 0.64 


or 
3 4 1 2 
348 464 —348 —464 3 
464 618.67 —464 —618.67 |4 ,,; 
A a a ene a () 
—464 —618.67 : 464 618.67 ] 2 
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From Fig. 3.18(b), we observe that the code numbers for member 1 are 3, 4, 1, 2. These 
numbers are written on the right side and at the top of Kı (see Eq. (1)) to indicate the 
rows and columns, respectively, of the structure stiffness matrix S, in which the elements 
of Kı must be stored. Note that the elements of Kı, which correspond to the restrained 
coordinate numbers 3 and 4, are simply ignored. Thus, the element in row 3 and column 
3 of K; is stored in row 1 and column 1 of S, as shown in Fig. 3.18(c); and the element 
in row 4 and column 3 of K; is stored in row 2 and column 1 of S. The remaining ele- 
ments of Kı are stored in S in a similar manner, as shown in Fig. 3.18(c). 


Member 2 From Fig. 3.18(b), we can see that joint 3 is the beginning joint, and 
joint 1 is the end joint, for member 2. Applying Eqs. (3.62), we write 
L = J/(X1 — X3)2 + Y1 — Y3)? = y (12 — 12)? + (16 — 0)? = 16 ft 
Xı— X3 12-12 
= 
Yi:-Y3 16-0 
=-= 


cos = 0 


sing = 1 


Thus, using Eq. (3.73), 
5 6 1 2 
0 0 0 0 5 
0 906.25 0 —906.25 |6 
Kz = 0 0 ro w o 1 k/in. 
0 —906.25; 0 906.25] 2 


From Fig. 3.18(b), we can see that the code numbers for this member are 5, 6, 1, 2. 
These numbers are used to store the pertinent elements of K 2 in their proper positions 
in S, as shown in Fig. 3.18(c). 


Member 3 It can be seen from Fig. 3.18(b) that joint 4 is the beginning joint, and 
joint 1 is the end joint, for member 3. Thus, 


L = /(X1— X4) + (Y1 — Ya)? = y (12 — 24)? + (16 — 0)? = 20 ft 
Xı— X4 = 12-24 _ 


TEG = 0 0.6 
: Yı— Y4 16-0 
sing = Seog 0.8 
Using Eq. (3.73), 
7 8 1 2 
348 —464 —348 464 747 
x, =| 404 618.67 464. 618.67 8 |, 
3= | 348 464 [ 348 —464 |i `” 


464 —618.67 | —464 618.67 |2 


The code numbers for this member are 7, 8, 1, 2. U sing these numbers, the pertinent 
elements of K 3 are stored in S, as shown in Fig. 3.18(c). 

The complete structure stiffness matrix S, obtained by assembling the stiffness 
coefficients of the three members of the truss, is given in Fig. 3.18(c). Note that S is 
symmetric. 
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Joint Load Vector: By comparing Figs. 3.18(a) and (b), we realize that 
Pi = 150k P2 = —300 k 
Thus, the joint load vector is 


150 
te E k a 


Joint Displacements: By substituting P and S into the structure stiffness relationship 
given by Eq. (3.89), we write 
P = Sd 


150] _ | 696 0 dı 
—300 | 0 2,143.6 | | d2 
Solving these equations, we determine the joint displacements: 
dy = 0.21552 in. d2 = —0.13995 in. 


sal) O22] 
= | —0.13995 | '™ Ans 


To check that the solution of equations has been carried out correctly, we substitute 
the numerical values of joint displacements back into the structure stiffness relation- 
ship to obtain 


jee (EE 0 0.21552] f 150 aa 
= Or 2,143.6 || -0.13995 | = 1/300 Re 


which is the same as the load vector P given in Eq. (2), thereby indicating that the cal- 
culated joint displacements do indeed satisfy the structure stiffness relations. 


or 


Member End Displacements and End Forces: 


Member 1 The member end displacements in the global coordinate system can be 
obtained simply by comparing the member's global degree of freedom numbers with 
its code numbers, as follows: 


v1 13 0 0 

n= v2 |4 = 0 = 0 in: (3) 
va l dı 0.21552 
v4 _| 2 d2 —0.13995 


N ote that the code numbers for the member (3, 4, 1, 2) are written on the right side of 
v, as shown in Eq. (3). Because the code numbers corresponding to vı and v2 are the re- 
strained coordinate numbers 3 and 4, this indicates that vı = v2 = 0. Similarly, the 
code numbers 1 and 2 corresponding to v3 and v4, respectively, indicate that v3 = dı 
and v4 = dz. It should be clear that these compatibility equations could have been es- 
tablished alternatively by a simple visual inspection of the line diagram of the structure 
depicted in Fig. 3.18(b). However, as will be shown in Chapter 4, the use of the member 
code numbers enables us to conveniently program this procedure on a computer. 
To determine the member end displacements in the local coordinate system, we 

first evaluate its transformation matrix T as defined in Eq. (3.61): 

06 08 0 0 
—0.8 06 0 0 

0 0 0.6 0.8 

0 0 —08 0.6 


T= 
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The member local end displacements can now be calculated, using the relationship 
u = Tv (Eq. (3.63)), as 


U1 06 08 0 0 0 0 

he U2 | _ —0.8 06 0 0 0 _ 0 T 
U3 0 0 0.6 0.8 0.21552 0.017352 l 
U4 0 0 -0.8 0.6 —0.13995 —0.25639 


Before we can calculate the member end forces in the local coordinate system, 
we need to determine its local stiffness matrix k, using Eq. (3.27): 


966.67 0 -—966.67 0 
0 0 0 0 
—966.67 0 966.67 0 
0 0 0 0 


ki = k/in. 


Now, using Eq. (3.7), we compute the member local end forces as 


Q = ku 
Qi 966.67 0 -—966.67 0 0 —16.774 
Qı = oim 0 0 0 0 0 = 0 k 
=! Q, |=| -966.67 0 96667 o|] 0.017352 |7| 16.774 
Q4 0 0 0 0 —0.25639 0 
The member axial force is equal to the first element of the vector Q1; that is, 
Qa = —16.774 k 
in which the negative sign indicates that the axial force is tensile, or 
Qa = 16.774k (T) Ans 


This member axial force can be verified by visually examining the free-body diagram 
of the member subjected to the local end forces, as shown in Fig. 3.18(d). 

By applying Eq. (3.66), we determine the member end forces in the global coor- 
dinate system: 


F=T'Q 
Fy 06 -08 0 0 7-16.74 —10.0647 3 
r,_|Fef_|08 06 0 0 0 _ | =B419 |4 , 
F3 o 0 06 —08l| 16.774 10.064 | 1 
F4 0 0 08 06 0 13.419 | 2 
(4) 


Next, we write the member code numbers (3, 4, 1, 2) on the right side of Fy (see 
Eq. (4)), and store the pertinent elements of F ı in their proper positions in the reaction 
vector R by matching the code numbers (on the side of F1) to the restrained coordinate 
numbers written on the right side of R (see Fig. 3.18(e)). Thus, the element in row 1 of 
F, (with code number 3) is stored in row 1 of R (with restrained coordinate number 
3); and the element in row 2 of F, (with code number 4) is stored in row 2 of R (with 
restrained coordinate number 4), as shown in Fig. 3.18(e). Note that the elements in 
rows 3 and 4 of Fy, with code numbers corresponding to degrees of freedom 1 and 2 
of the structure, are simply disregarded. 
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Member 2 The member end displacements in the global coordinate system are 


given by 
vı 15 0 0 
E 2 _ 
Hmla la leat me oaa l ae 
v4 | 2 d2 —0.13995 


The member end displacements in the local coordinate system can now be determined 
by using the relationship u = Tv (Eq. (3.63)), with T as defined in Eq. (3.61): 


U1 01 00 0 0 

U2 -1 0 00 0 0 : 
uo = = = In. 

U3 00 01 0.21552 —0.13995 

U4 0 0 -1 0 —0.13995 —0.21552 


Using Eq. (3.7), we compute member end forces in the local coordinate system: 


Q = ku 
Qi 1 0 = 0 0 126.83 
Mee 5 SR E , ; see z “one 
Qa 00 00 —0.21552 0 
from which we obtain the member axial force (see also Fig. 3.18(d)): 
Qaz = 126.83 k (C) Ans 


Using the relationship F = T'Q (Eq. (3.66)), we calculate the member global 
end forces to be 


Fy 0 —1 0 yp 126.83 0 75 

sal lz[t ou x 0 |_| 126.83 |6 , 
F3 0 0 0 —1 || 126.83 o Jı 
F4 0o 01 0 0 —126.83 | 2 


The pertinent elements of Fz are now stored in their proper positions in the reaction 
vector R, by using member code numbers (5, 6, 1, 2), as shown in Fig. 3.18(e). 


Member 3 The member global end displacements are 


v1 1/7 0 0 

H= v2 |8 3 0 a 0 in 
v3 |1 dı 0.21552 : 
v42 d2 —0.13995 


As in the case of members 1 and 2, we can determine the end forces Q3 and F3 for 
member 3 by using the relationships u = Tv, Q = ku, and F = T'Q, in sequence. How- 
ever, such member forces can also be obtained by applying sequentially the global stiffness 
relationship F = Kv (Eq. (3.71)) and the transformation relation Q = TF (Eq. (3.60)). Let 
us apply this alternative approach to determine the end forces for member 3. 
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Applying Eq. (3.71), we compute the member end forces in the global coordinate 


system: 
F = Kv 
Fy 348 —464 -348 464 0 
pa | Fz | _|—464 618.67 464 618.67 0 
I= eee l m e  .A6d 348 —464 0.21552 
Fa 464 —618.67 —464 618.67] | —0.13995 
—139.94 7 7 
_ | 186.58 |8 , 
~ | 139.94 | 1 
—186.58 ] 2 


Using the member code numbers (7, 8, 1, 2), the pertinent elements of F3 are stored in 
the reaction vector R, as shown in Fig. 3.18(e). 

Themember end forces in the local coordinate system can now be obtained by using 
the transformation relationship Q = TF (Eq. (3.60)), with T as defined in Eq. (3.61). 


On 206) 08 0 0 —139.94 233.23 
l| _|=-08 aioe a 0 186.58 | _ 0 
aol co 0 06 08 139.94 | ~ | —233.23 
Oa 0 0 -0.8 —0.6] | —186.58 0 


from which the member axial force is found to be (see also Fig. 3.18(d)) 
Qa = 25)8} 723) | (C) Ans 


Support Reactions: The completed reaction vector R is shown in Fig. 3.18(e), and 
the support reactions are depicted on a line diagram of the truss in Fig. 3.18(f). Ans 


Equilibrium Check: Applying the equations of equilibrium to the free body of the 
entire truss (Fig. 3.18(f)), we obtain 


t= Dry =O 150 — 10.064 — 139.94 = —0.004 ~ 0 Checks 
+4 > Fy =0 —300 — 13.419 + 126.83 + 186.58 = —0.009 ~ 0 Checks 
+O. Mom =0 —10.064(16) + 13.419(12) — 139.94(16) 

+ 186.58(12) = —0.076 k-ft ~ 0 Checks 


EXAMPLE 3.9 Determine the joint displacements, member axial forces, and support reactions for the 
truss shown in Fig. 3.19(a), using the matrix stiffness method. 


SOLUTION Analytical Model: From the analytical model of the truss shown in Fig. 3.19(b), we 
observe that the structure has three degrees of freedom (numbered 1, 2, and 3), and 
five restrained coordinates (numbered 4 through 8). Note that for horizontal member 
2, the left end joint 3 is chosen as the beginning joint, so that the positive directions of 
local axes are the same as the global axes. Thus, no coordinate transformations are 
necessary for this member; that is, the member stiffness relations in the local and 
global coordinate systems are the same. 
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EA = constant 
E=70 GPa 
A = 4,000 mm? 


|- 6m >|< 4m | 


(a) Truss 


(b) Analytical Model 


Fig. 3.19 
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1 2 
35,000 + 8,533 0 
9 = 0 46,667 + 10,080 + 6,260.9 
0 13,440 — 12,522 
1 2 3 
43,533 0 0 1 
= 0 63,008 918 2 kN/m 
0 918 42,963 13 
(c) Structure Stiffness Matrix 
—0.57994 4 —0.57994 4 
321.59 — 0.77325 |5 320.82 5) 
R= —98.008 — 200.38 |6 = | —298.39 6 kN 
78.407 + 400.76 |7 479.17 7 
—599.06 + 98.008 8 —501.05 8 


(d) Support Reaction Vector 


501.05 kN —«——— 


3 


0 1 
13,440 — 12,522 | 2 
17,920 + 25,043 _| 3 


298.39 kN 


0.57994 KN f O 


| 


320.82 kN 
(e) Support Reactions 


Fig. 3.19 (continued) 
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479.17 KN 
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Structure Stiffness M atrix: 
Member 1 Using Eqs. (3.62), we write 
L = V/(X3— X1) + (Y3 — Y1)? = VO — 0)? + (8 — 0)? = 8m 


X3—Xı 0-0 
cos = se o ag 0 
; 3—Yı 8-0 
i= = —— =1 
sin 3 
Using the units of kN and meters, we obtain the member global stiffness matrix 
(Eq. (3.73)): 
4 5 8 1 
0 00 0 0 0 0 0 4 
70(106)(0.004 | 0 1 0 -1 0 35,000 0 -35,000 |5 
= 8 7 0) wlohe om ola jee 
0-10 1 0 —35,000 0 | 35,000) 1 


From Fig. 3.19(b), we observe that the code numbers for member 1 are4, 5, 8, 1. These 
numbers are written on the right side and at the top of Ki, and the pertinent elements 
of Kı are stored in their proper positions in the structure stiffness matrix S, as shown 
in Fig. 3.19(c). 
Member 2 As discussed, no coordinate transformations are needed for this 
horizontal member; that is, T2 = 1, and K2 = kp. Substituting E = 70(10°) kN/m2, 
A = 0.004 m2, and L = 6 m into Eq. (3.27), we obtain 
8 1 2 3 
46,667 0 —46,667 078 
o O 0 0/1 
—46,667:0 46,667 0 |2 
0 10 0 013 


From Fig. 3.19(b), we can see that the code numbers for member 2 are 8, 1, 2, 3. These 
numbers are used to store the appropriate elements of K2 in S, as shown in Fig. 3.19(c). 


Member 3 


K, =k) = kN/m 


L = y (X4 — X1)? + (Y4 — Y1)? = v (6 — 0)? + (8 — 10)? = 10 m 


X4—X1 0 


= 
: _Ya=Ya 8=0_ 
= ee ec eo 
4 5 2 3 


10,080 13,440 —10,080 -—13,4407 4 
z| BO WD O ig 
—10,080 —13,440 į; 10,080 13,440 |2 
—13,440 -17,920: 13,440 17,920 13 
Using the code numbers (4, 5, 2, 3) of member 3, the relevant elements of K3 are 
stored in S, as shown in Fig. 3.19(c). 
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Member 4 
L =/(X3—X2)2 + (Y3 — Y2)? = V(0 — 10)2 + (8 — 0)2 = 12.806 m 
Ma=Mo O=—10 


cosé = [ = 77806 ~ 0.78088 
ina. a= 8=0 _ 
sing = L = 1806 > 0.62471 
6 7 8 1 

13,333 —10,666 —13,333 10,666 7 6 
K= —10,666 8,533 10,666 —8,533 |7 kN/m 
ta —13,333 10,666 13,333 —10,666 |8 

10,666 —8,533 —10,666 | 8,533]1 


The member code numbers are 6, 7, 8, 1. Thus, the element in row 4 and column 4 of 
K4 is stored in row 1 and column 1 of S, as shown in Fig. 3.19(c). 


Member 5 
L = V(X, — X2)? + (Y4 — Y2)? = V(6 — 10)2 + (8 — 0)2 = 8.9443 m 
Ma= Xa B= ile 


cos 0 = 1 = 3.9443 = —0.44721 
A Y4- Y2 8—0 
sing = L = 59443 = 0.89442 
6 7 2 3 


6,260.9 -—12,522  -—6,260.9 12,5227 6 
Zya | TR AUS MD eee T 
—6,260.9 12,522; 6,260.9 —12,522 |2 
12522 -2505 | 2522 25,043 |3 
The code numbers for member 5 are 6, 7, 2, 3. These numbers are used to store the 
pertinent elements of Ks in S. 
The completed structure stiffness matrix S is given in Fig. 3.19(c). 


Joint Load Vector: By comparing Figs. 3.19(a) and (b), we obtain 


—400 
p= 800 | kN 
—400 


Joint Displacements: The structure stiffness relationship (Eq. (3.89)) can now be 
written as 


P = Sd 


—400 43,533 0 07 fd 
800 | = 0 63,008 918 | | dz 
—400 0 918 42,963 | Ld3 
Solving these equations simultaneously, we determine the joint displacements. 
—0.0091884 —9.1884 
d= 0.012837 |m= | 12.837 mm Ans 


—0.0095846 —9.5846 
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To check our solution, the numerical values of d are back-substituted into the structure 
stiffness relation P = Sd to obtain 


43,533 0 0 —0.0091884 —400 
P = Sd = l 0 63,008 g 0.012837 | = ena x g 
0 918 42,963 —0.0095846 —400 
Checks 


M ember End Displacements and End Forces: 


Member 1 The global end displacements of member 1 are obtained by comparing 
its global degree-of-freedom numbers with its code numbers. Thus, 


v1] 4 0 0 

Vic v2 | 5 z 0 A 0 m 
v | 8 0 0 
v4 1 dı —0.0091884 


To determine its local end displacements, we apply the relationship u = Tv 
(Eq. (3.63)), with T as given in Eq. (3.61): 


Ui 01 00 0 0 

m= w ag | ome 0 00 0 = 0 
U3 00 01 0 —0.0091884 
U4 0 0 -1 0 —0.0091884 0 


Next, we compute the end forces in the local coordinate system by using the relation- 
ship Q = ku (Eq. (3.7)), with k as defined in Eq. (3.27). Thus, 


Qi 10-1 0 0 321.59 
_ || @a | _ 00 00 0 2 0 
uio AP o a oli ooa -aaas 
Qa 00 00 0 0 
Therefore, the member axial force, which equals the first element of the vector 
Q,, is 
Qa = 321.59 kN (C) Ans 
The global end forces can now be obtained by using the relationship F = T'Q 
(Eq. (3.66)): 
Fy 0-10 0 321.59 0 4 
|| (| et ee 0 _ | S29 S 
PS Sie om teense = | ie 
F4 0 01 0 0 —321.59 }1 


U sing the code numbers (4, 5, 8, 1), the elements of F ı corresponding to the restrained 
coordinates (4 through 8) are stored in their proper positions in R, as shown in 


Fig. 3.19(d). 
M ember 2 
v8 0 0 
rears v |1 = dı = —0.0091884 
v3 |2 d2 0.012837 
v43 d3 —0.0095846 
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Using the relationship Q = ku (Eq. (3.7)), we determine the member end 


forces: 
it) a) oa a -599.067 8 
0 0 0 0|| —0.0091884 o |i 
NOS Eh ||| Semen |) een 
0 o 0 0} | —0.0095846 os 


from which the member axial force is found. 
Qaz = —599.06 KN = 599.06 KN (T) Ans 


The element in the first row of F- (with code number 8) is stored in the fifth row of R 
(with restrained coordinate number 8), as shown in Fig. 3.19(d). 


Member 3 
0 4 
V3-= 0 z m 
3= | 0.012837 |2 
—0.0095846 | 3 
Using Eq. (3.63), 
u= Tv 
06 08 0 0 0 0 
E oe ee 0 _ | 0 
=l ie 0 0.6 0.8 0.012837 | | 0.00003452 
0 0  —0.8 0.6] L —0.0095846 —0.01602 
Applying Eq. (3.7), 
Q =ku 
io =i 0 0 —0.96656 
00 00 0 0 
V= A0 a o a 0.00003452 | =| 0.96656 | “N 
0 0 0 0] | —0.01602 0 
from which, 
Qa3 = —0.96656 kN = 0.96656 kN (T) Ans 
From Eq. (3.66), we obtain 
F=TQ 
0.6 —0.8 0 0 —0.96656 —0.579947 4 
o a 06 0 0 0 E big 
ao 0 0.6 —0.8 0.96656 | | 0.57994 |2 
0 0 08 06 0 0.77325 | 3 


The pertinent elements of F3 are stored in R, using the member code numbers (4, 5, 2, 3), 
as shown in Fig. 3.19(d). 
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Member 4 
0 6 
V4 = 0 y m 
s= @ 8 
—0.0091884 | 1 
u = Tv 
—0.78088 0.62471 0 0 0 
_ | -0.62471 —0.78088 0 0 0 
zao 0 —0.78088 0.62471 0 
0 0 —0.62471 —0.78088 | | —0.0091884 
0 
0 
—0.0057401 
0.007175 
Q = ku 
n0 = 0 0 125.51 
00 00 0 0 
Q= Ae a o a oll -amosa = ss | 
00 00 0.007175 0 
from which, 
Qa = 125.51 kN (C) Ans 
F=T'Q 
—0.78088 —0.62471 0 0 125.51 
p, | 062471 —0.78088 0 0 0 
e 0 —0.78088 —0.62471 | | —125.51 
0 0 0.62471 —0.78088 0 
—98.008 7 6 
78.407 |7 
aa e 
—78.407 |1 


The relevant elements of F4 are stored in R, as shown in Fig. 3.19(d). 


Member 5 
0 6 
V5 = 0 i m 
5= | 0.012837 |2 
—0.0095846 | 3 
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u=Tv 
—0.44721 0.89442 0 0 0 
ue — | 70-89442 -0.44721 0 0 0 
ele o 0 —0.44721 0.89442 0.012837 
0 0 —0.89442  —0.44721 | | —0.0095846 
0 
0 m 
—0.014313 
—0.0071953 
Q = ku 
L0 =i 0 0 448.07 
00 00 0 0 
Qs = 31.305] 3 o 1 ol] -0.014313 |=] -448.07 | 
0 0 0 0] | —0.0071953 0 
Thus, 
Qas = 448.07 kN (C) Ans 
F=TQ 
—0.44721 —0.89442 0 0 448.07 
i 0.89442 —0.44721 0 0 0 
2G 0 —0.44721 —0.89442 | | —448.07 
0 0 0.89442 —0.44721 0 
—200.387 6 
400.76 |7 
=| 200.38 |2 *N 
—400.76 | 3 


The pertinent elements of F5 are stored in R, as shown in Fig. 3.19(d). 


Support Reactions: The completed reaction vector R is given in Fig. 3.19(d), and the 
support reactions are shown on a line diagram of the structure in Fig. 3.19(e). Ans 


Equilibrium Check: Considering the equilibrium of the entire truss, we write 
(Fig. 3.19(e)), 


+—} Fx=0 —0.57994 — 298.39 — 501.05 + 800 = —0.02 kN ~ 0 


Checks 
+4 >>Fy =0 320.82 + 479.17 — 400 — 400 = —0.01 kN ~ 0 Checks 
+C} Mo=0 479.17(10) + 501.05(8) — 800(8) — 400(6) = 0.1kN :m ~ 0 

Checks 


SUMMARY 


In this chapter, we have studied the basic concepts of the analysis of plane 
trusses based on the matrix stiffness method. A block diagram that summarizes 
the various steps involved in this analysis is presented in Fig. 3.20. 
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Identify degrees of freedom d and 
restrained coordinates of the truss 


For each member: 
Evaluate K 
Store K in S 


Form joint load vector P 


Solve P = Sd ford 


For each member: 
Obtain v from d 
Calculate u = Tv, Q = ku and F = T’7Q 


Store F in R 
Fig. 3.20 
PROBLEMS 
Section 3.2 
3.1 through 3.3 Identify by numbers the degrees of free- 120 kN EA = constant 
dom and restrained coordinates of the trusses shown in | E = 200 GPa 
A soe — 2 
Figs. P3.1-P3.3. Also, form the joint load vector P for the 80 kN ©) A = 2,000 mm 
trusses 
4m 
20k 
; © Z- 
4m 
EA = constant 
E = 10,000 ksi LA (2) m 


ron A=6in2 


|. 4m >|< 4m = 


Fig. P3.2, P3.23 


|- 5ft le 5ft J 


Fig. P3.1, P3.17 
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30k 75k EA = constant 
E = 29,000 ksi 


ae l© ©) A= Sin? 


EA = constant 50k 


Ik G ae 
E = 29,000 ksi 


A=6in? 
20 ft 
A 5 6 N 24 ft 


Yu | m yea \o 


t ©] TN 
30k 
| 15 ft ——} 15 ft ——|—- 15 ft ——, Tt j 18 fi er | 
Fig. P3.3, P3.25 Fig. P3.5, P3.9, P3.15, P3.19 


© 


Section 3.3 EA = constant 
E = 10,000 ksi 


3.4 and 3.5 Determine the local stiffness matrix k for each A= 8 in? 
member of the trusses shown in Figs. P3.4 and P3.5. 


3.6 If end displacements in the local coordinate system for 
member 5 of the truss shown in Fig. P3.6 are 


—0.5 Or 


12 ft 


u5 = a in. @ 
0.75 |- 12 ft -J 12 ft - 
1.25 


Fig. P3.6, P3.10, P3.12 
calculate the axial force in the member. 


3.7 If end displacements in the local coordinate system for 
member 9 of the truss shown in Fig. P3.7 are 


EA = constant 
E = 200 GPa 
A = 5,000 mm? 17.6 
ie 3.2 an 
a= 1.33 
6 
calculate the axial force in the member. 
Section 3.5 
3.8 and 3.9 Determine the transformation matrix T for each 
Fig. P3.4, P3.8, P3.14, P3.18 member of the trusses shown in Figs. P3.8 and P3.9. 
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Section 3.8 


3.16 through 3.25 Determine the joint displacements, 
member axial forces, and support reactions for the trusses 
shown in Figs. P3.16 through P3.25, using the matrix stiff- 
ness method. Check the hand-calculated results by using the 
computer program on the publisher's website for this book 
(www.cengage.com/engineering), or by using any other gen- 
eral purpose structural analysis program available. 


EA = constant 
E = 200 GPa 
A = 5,000 mm? p 4m . 


Gae i 
- Sm 7 3m 
Fig. P3.7, P3.11, P3.13 
3.10 If the end displacements in the global coordinate system EA = constant 
for member 5 of the truss shown in Fig. P3.10 are E=70 GPa 
0.5 t A = 2,000 mm? 
0 |, © 
=| 025| ™ 
1 Fig. P3.16 
calculate the end forces for the member in the global coordinate 
system. Is the member in equilibrium under these forces? © 
3.11 If the end displacements in the global coordinate system SS 80 kN 
for member 9 of the truss shown in Fig. P3.11 are | 
16 
vo=| 22} mm 
a] 30 
—15 


calculate the end forces for the member in the global coordinate 
system. Is the member in equilibrium under these forces? 


5 
(4,000 mm?) 


Section 3.6 


3.12 Solve Problem 3.10, using the member stiffness relation- 
ship in the global coordinate system, F = Kv. 
3.13 Solve Problem 3.11, using the member stiffness relation- | © 


1 


ship in the global coordinate system, F = Kv. (4,000 mm?) 

Section 3.7 -< 5m - 
E = 200 GP 

3.14and 3.15 Determine the structure stiffness matrices S for . 

the trusses shown in Figs. P3.14 and P3.15. Fig. P3.20 
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< 16 ft >| 


- DE m —>75k —— 


> 2 12 ft 


15k — 
24 ft 
EA = constant 
© E = 10,000 ksi — 6ft — 12 ft J 6ft — 
A 7 A=6in2 E = 29,000 ksi 
Fig. P3.22 
Fig. P3.21 


3.26 and 3.27 Using a structural analysis computer program, 
determine the joint displacements, member axial forces, and 
support reactions for the Fink roof truss and the Baltimore 
bridge truss shown in Figs. P3.26 and P3.27, respectively. Ver- 
ify the computer-generated results by manually checking the 16 ft 
equilibrium equations for the entire truss, and for its joints num- 
bered 5,10 and 15. 

3.28 and 3.29 Using a structural analysis computer program, | 
determine the largest value of the load parameter P that can be 
applied to the trusses shown in Figs. P3.28 and P3.29 without 
causing yielding and buckling of any of the members. 


E = 29,000 ksi 


Fig. P3.24 
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}—5 m—}-—5 m—|-—6 m 6m—1—5 m—}—5 m—| 
EA =constant 
E =70GPa 
A = 10,000 mm? 


Fig. P3.26 


120kKN 120kN 120kN 120KN 120KN 120kN 120kN 


8at6m=48m >| 
EA = constant 
E =200 GPa 


A = 20,000 mm? 


Fig. P3.27 


50 t —_—_— 


E, A, I, o= constant l 
E=29,000ksi A= 14.7 in? E = 200 GPa 


A = 14,600 mm? 
Moment of Inertia: J = 400 inf Moment of Inertia: I = 462(10°) mm4 
Yield Stress: ø, = 36 ksi 


Yield Stress: o= 250 MPa 


E, A, I, o, = constant 


Fig. P3.28 Fig. P3.29 
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COMPUTER PROGRAM FOR 
ANALYSIS OF PLANE TRUSSES 


4.1 Data Input 

4.2 Assignment of Structure Coordinate Numbers 

4.3 Generation of the Structure Stiffness Matrix 

4.4 Formation of the Joint Load Vector 

4.5 Solution for Joint Displacements 

4.6 Calculation of Member Forces and Support Reactions 
Summary 
Problems 


"FL 
» 
! a A S 


ee eee 
ECA Ss 


Xe 


ES 
Ea 


Truss Bridge 
(Capricornis Photographic Inc. / Shutterstock) 
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In the previous chapter, we studied the basic principles of the analysis of plane 
trusses by the matrix stiffness method. In this chapter, we consider the com- 
puter implementation of the foregoing method of analysis. Our objective is to 
develop a general computer program that can be used to analyze any statically 
determinate or indeterminate plane truss, of any arbitrary configuration, sub- 
jected to any system of joint loads. 

From a programming viewpoint, it is generally convenient to divide a 
structural analysis program into two parts or modules: (a) input module, and 
(b) analysis module (Fig. 4.1). The input module reads, and stores into the 
computer’s memory, the structural and loading data necessary for the analysis; 
the analysis module uses the input data to perform the analysis, and communi- 
cates the results back to the user via an output device, such as a printer or a 
monitor. The development of a relatively simple input module is presented in 
Section 4.1; in the following five sections (4.2 through 4.6), we consider 
programming of the five analysis steps discussed in Chapter 3 (Fig. 3.20). The 
topics covered in these sections are as follows: assignment of the degree-of- 
freedom and restrained coordinate numbers for plane trusses (Section 4.2); 
generation of the structure stiffness matrix by assembling the elements of the 
member stiffness matrices (Section 4.3); formation of the joint load vector 
(Section 4.4); solution of the structure stiffness equations to obtain joint dis- 
placements (Section 4.5); and, finally, evaluation of the member axial forces 
and support reactions (Section 4.6). 

The entire programming process is described by means of detailed flow- 
charts, so that readers can write this computer program in any programming 
language. It is important to realize that the programming process presented in 
this chapter represents only one of many ways in which the matrix stiffness 
method of analysis can be implemented on computers. Readers are strongly 
encouraged to conceive, and attempt, alternative strategies that can make the 
computer implementation (and/or application of the method) more efficient. 
One such strategy, which takes advantage of the banded form of the structure 
stiffness matrix, will be discussed in Chapter 9. 


Structural Analysis Program 
I 


Input Module Analysis Module 


Fig. 4.1 


4.1 DATA INPUT 


In this section, we focus our attention on the input module of our computer 
program. As stated previously, the input module of a structural analysis pro- 
gram reads the structural and loading data necessary for analysis from a file 
or another type of input device, and stores itin the computer’s memory so that 
it can be processed conveniently by the program for structural analysis. 
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When structural analysis is carried out by hand calculations (e.g., as in 
Chapter 3), the information needed for the analysis is obtained by visually in- 
specting the analytical model of the structure (as represented by the line dia- 
gram). In computerized structural analysis, however, all of the data necessary 
for analysis must be specified in the form of numbers, and must be organized 
in the computer's memory in the form of matrices (arrays), in such a way that 
it can be used for analysis without any reference to a visual image (or line dia- 
gram) of the structure. This data in numerical form must completely and 
uniquely define the analytical model of the structure. In other words, a person 
with no knowledge of the actual structure or its analytical model should be able 
to reconstruct the visual analytical model of the structure, using only the 
numerical data and the knowledge of how this data is organized. 

The input data necessary for the analysis of plane trusses can be divided 
into the following six categories: 


e joint data 

@ support data 

@ material property data 

@ cross-sectional property data 

e member data 

e load data 

In the following, we discuss procedures for inputting data belonging to each of 
the foregoing categories, using the truss of Fig. 4.2(a) as an example. The ana- 
lytical model of this truss is depicted in Fig. 4.2(b). Note that all the informa- 
tion in this figure is given in units of kips and inches. This is because we plan 
to design a computer program that can work with any consistent set of units. 


Thus, all the data must be converted into a consistent set of units before being 
input into the program. 


Aluminum 


(16 in.?) 


~ 3 at 24 ft = 72 ft i 
Estee! = 29,000 ksi 
E Aluminum = 10,000 ksi 
(a) Actual Truss 


Fig. 4.2 
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Steel (8 in.?) © 


: 


X coordinate 


i Y coordinate 


0 0 | m_ Joint 1 

288 0 |~—— Joint 2 

COORD = 576 0 | ~<~—— Joint 3 
864 0 |~<—— Joint 4 

288 216 | <—— Joint 5 

576 216] <——— Joint 6 


NJ x 2 


F 288 in. -| 288 in. J 
Estee] = 29,000 ksi 
E Aluminum = 10,000 ksi 


(b) Analytical Model 


8 |— Cross-section type no. 1 
CP = | 12 |<— Cross-section type no. 2 
16 _|<——Y— Cross-section type no. 3 
NCP x 1 
(£) Cross-sectional Property Vector 


Beginning joint 


End joint 
Material no. 
F Cross-section type no. 


(c) Joint Coordinate Matrix 12 1 ila Member 1 
2 3 1 1 |~—— Member 2 
3 4 2 3 |~——— Member 3 
5 6 1 1 |~«—— Member 4 
Restraint in X direction MPRP = 2 5 1 1 |<—— Member 5 
(0 = free, 1 = restrained) 3 6 1 1 |~—— Member 6 
Restraint in Y direction 1 5 1 2 |<— Member 7 
Joint number (0 = free, 1 = restrained) 2 6 1 2 |<—— Member 8 
| ! 3 5 1 2 |<— Member 9 
4 6 2 3 |<— Member 10 


NM x 4 
(g) Member Data Matrix 


LY 
MSUP =! 3 0 1 
4 0 1 
NS x (NCJT + 1) 


(d) Support Data Matrix ; 
Joint number 
Force in X direction 


Force in Y direction 


2 0 —75 

29000 |~<———— Material no. 1 JP=|5 PJ = | 25 0 

~ {| 10000 |<——— Material no. 2 6 0 —60 
AMES NJL x 1 NJL x NCJT 


(e) Elastic Modulus Vector (h) Load Data Matrices 


Fig. 4.2 (continued) 
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Joint Data 


The joint data consists of: (a) the total number of joints (NJ ) of the truss, and 
(b) the global (X and Y ) coordinates of each joint. The relative positions of the 
joints of the truss are specified by means of the global (X and Y ) coordinates of 
the joints. These joint coordinates are usually stored in the computer’s memory 
in the form of a matrix, so that they can be accessed easily by the computer 
program for analysis. In our program, we store the joint coordinates in a ma- 
trix COORD of the order NJ x 2 (Fig. 4.2(c)). The matrix, which is referred 
to as the joint coordinate matrix, has two columns, and its number of rows 
equals the total number of joints (NJ ) of the structure. The X and Y coordinates 
of ajointi are stored in the first and second columns, respectively, of the ith 
row of the matrix COORD. Thus, for the truss of Fig. 4.2(b) (which has six 
joints), the joint coordinate matrix is a6 x 2 matrix, as shown in Fig. 4.2(c). 
Note that the joint coordinates are stored in the sequential order of joint 
numbers. Thus, by comparing Figs. 4.2(b) and (c), we can see that the X and 
Y coordinates of joint 1 (i.e, 0 and 0) are stored in the first and second 
columns, respectively, of the first row of COORD. Similarly, the X and Y co- 
ordinates of joint 5 (288 and 216) are stored in the first and second columns, 
respectively, of the fifth row of COORD, and so on. 

A flowchart for programming the reading and storing of the joint data for 
plane trusses is given in Fig. 4.3(a). As shown there, the program first reads the 
value of the integer variable NJ , which represents the total number of joints of 
the truss. Then, using a Do Loop command, the X and Y coordinates of each 
joint are read, and stored in the first and second columns, respectively, of the 
matrix COORD. The Do Loop starts with joint number 1 and ends with joint 


Start Part I Start Part II 
Read NJ á Read NS / 
y 


Y 
Dimension COORD(NJ, 2) Dimension MSUP(NS, NCJT + 1) 
Y y 
i=l T=1 
Y 
no no 
I< NI? > I< NS? > 
| J yes y N Y yes y 
Read COORD(/, 1), COORD(/, 2) / Read MSUPU, 1), MSUP(/, 2), ..., MSUPU, NCJT + 1) Sf 
Yy 
~< I=I+1 < I=I+1 


Continue to Part II Continue to Part III ~< 


(a) Flowchart for Reading and Storing Joint Data (b) Flowchart for Reading and Storing Support Data 


Fig. 4.3 
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Start Part IN Start Part V 

A Read NMP y A Read NM J 
Yy y 
Dimension MPRP(NM, 4) 
y 


=i I=1 
= i 
> > 
yes yes 
A 


Read EM() Read MPRP(, 1), MPRP(/, 2), MPRP, 3), MPRPU, 4) / | 


I=I+1 


Dimension EM(NMP) 


] Y 
< I=I+1 


Continue to Part IV Continue to Part VI ~< 
(e) Flowchart for Reading and Storing Member Data 


(c) Flowchart for Reading and 
Storing Material Property Data 


Start Part VI 


Start Part IV 
Read NJL 
f Read NCP y y 
i; Dimension JP(NJL), PJ(NJL, NCJT) 


Dimension CP(NCP) y 
I=1 


y 
I=1 


yes 


Read CP(/) 


T=I+1 
Print All Input Data ~< 
eae eae 
Continue to Part VII 
(d) Flowchart for Reading and Storing 
(f) Flowchart for Reading and Storing Load Data 


Cross-sectional Property Data 


Fig. 4.3 (continued ) 
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number NJ . It should be noted that, depending upon the type of programming 
language and/or compiler being used, some additional statements (such as 
variable type declaration and formatted read/write statements) may be needed 
to implement the foregoing program. (It is assumed herein that the reader has 
a working knowledge of a programming language.) 

The input data to be read by the computer program is either entered interac- 
tively by the user (responding to prompts on the screen), or is supplied in the form 
of a data file. The former approach is used in the computer software which can be 
downloaded from the publisher's website for this book. However, the latter ap- 
proach is recommended for beginning programmers, because it is straightforward 
and requires significantly less programming. As an example, the input data file (in 
free-format) for the truss of Fig. 4.2(b) is given in Fig. 4.4. Note that the first line 


6 l 
0,0 
288, 0 l 
576, 0 SSS SS SSeS Joint data 
864, 0 
288, 216 
_ 576, 216 


SSS = Support data 


29000 SSS Seas Material property data 


l% --------- Cross-sectional property data 


ennn Member data 


OY ON A ON E ON E N 
IN =. ee ee Ne e 
U O B N H o a WRB 


0, -75 
295.0 
6, 0, —60 


je ------ He Joint load data 


PD oe NS ee be Or. GO). o 


Fig. 4.4 An Example of an Input Data File 
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of this data file contains the total number of joints of the truss (i.e., 6); the next six 
lines contain the X and Y coordinates of joints 1 through 6, respectively. 


Support Data 


The support data consists of (a) the number of joints that are attached to sup- 
ports (NS); and (b) the joint number, and the directions of restraints, for each 
support joint. Since there can be at most two restrained coordinates at a joint of 
a plane truss (i.e., NCJ T = 2), the restraints at a support joint of such a struc- 
ture can be conveniently specified by using a two-digit code in which each digit 
is either a 0 or a 1. The first digit of the code represents the restraint condition 
at the joint in the global X direction; itis 0 if the joint is free to translate in the 
X direction, or it is 1 if the joint is restrained in the X direction. Similarly, 
the second digit of the code represents the restraint condition at the joint in the 
global Y direction; a 0 indicates that the joint is unrestrained in the Y direction, 
and a 1 indicates that it is restrained. The restraint codes for the various types 
of supports for plane trusses are given in Fig. 4.5. (The special case of inclined 
roller supports will be considered in Chapter 9.) 

Considering again the example truss of Fig. 4.2(b), we can see that joint 1 
is attached to a hinged support that prevents it from translating in any direction. 


Type of Support Restraint Code 
Free joint 
(no support) 0,0 
Roller with 
horizontal Ry 1,0 
reaction 


Roller with = 


vertical 


reaction | 0, 1 
. Ry ov 
Hinge 


Fig. 4.5 Restraint Codes for Plane Trusses 
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Thus, the restraint code for joint 1 is 1,1 indicating that this joint is restrained 
from translating in both the X and Y directions. Similarly, the restraint codes for 
joints 3 and 4, which are attached to roller supports, are 0,1 because these 
joints are free to translate in the horizontal (X) direction, but are restrained by 
the rollers from translating in the vertical (Y ) direction. The restraint codes of 
the remaining joints of the truss, which are free to translate in any direction, 
can be considered to be 0,0. However, it is not necessary to input codes for free 
joints, because the computer program considers every joint to be free, unless it 
is identified as a support joint. 

The support data can be stored in the computer's memory in the form of 
an integer matrix MSUP of order NS x (NCJ) T + 1) (Fig. 4.2(d)). For plane 
trusses, because NC] T = 2, the support data matrix MSUP consists of three 
columns, with the number of rows equal to the number of support joints (NS). 
In each row of MSUP, the support joint number is stored in the first column, 
and the first and second digits of the corresponding restraint code are stored in 
the second and third columns, respectively. Thus, for the truss of Fig. 4.2(b), 
which has three support joints, the support data matrix is a 3 x 3 matrix, as 
shown in Fig. 4.2(d). Note that in the first row of MSUP the support joint 
number 1 is stored in the first column, and the first and second digits of the re- 
straint code for this joint (i.e, 1 and 1) are stored in the second and third 
columns, respectively. Similarly, the second row of MSUP consists of the 
support joint number 3 in the first column, and the two digits of the corre- 
sponding restraint code (i.e., 0 and 1) in the second and third columns, re- 
spectively, and so on. 

A flowchart for programming the reading and storing of the support data is 
given in Fig. 4.3(b), in which, as noted previously, the integer variable NCJ T 
denotes the number of structure coordinates per joint. Like this flowchart, many 
parts of the computer program presented in this chapter are given in a general 
form in terms of the variable NCJ T, so that they can be conveniently incorpo- 
rated into computer programs for analyzing other types of framed structures 
(e.g., beams and plane frames), which are considered in subsequent chapters. 
For example, as discussed in this section, by setting NCJ] T = 2, the flowchart 
of Fig. 4.3(b) can be used to input support data for plane trusses; whereas, as 
discussed subsequently in Chapter 6, the same flowchart can be used to input 
support data for plane frames, provided NCJ T is set equal to three. 

An example of how the support data for a plane truss may appear in an 
input data file is given in Fig. 4.4. 


Material Property Data 


The material property data involves (a) the number of materials used in 
the structure (NM P ), and (b) the modulus of elasticity (E ) of each material. The 
elastic moduli are stored by the program in an elastic modulus vector EM. The 
number of rows of EM equals the number of materials (NMP), with the elastic 
modulus of material i stored in the ith row of the vector (Fig. 4.2(e)). 
Consider, for example, the truss of Fig. 4.2(b). The truss is composed of 
two materials; namely, steel and aluminum. We arbitrarily select the steel 
(E = 29,000 ksi) to be material number 1, and the aluminum (E = 10,000 ksi) 
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to be material number 2. Thus, the elastic modulus vector, EM, of the truss 
consists of two rows, as shown in Fig. 4.2(e); the elastic modulus of material 
number 1 (i.e., 29,000) is stored in the first row of EM, and the elastic modu- 
lus of material number 2 (i.¢., 10,000) is stored in the second row. 

Figure 4.3(c) shows a flowchart for programming the reading and storing 
of the material property data; Fig. 4.4 illustrates how this type of data may ap- 
pear in an input data file. 


Cross-Sectional Property Data 


The cross-sectional property data consists of (a) the number of different cross- 
section types used for the truss members (NCP); and (b) the cross-sectional 
area (A) for each cross-section type. The cross-sectional areas are stored by the 
program in a cross-sectional property vector CP. The number of rows of CP 
equals the number of cross-section types (NCP), with the area of cross-section 
i stored in the ith row of the vector (Fig. 4.2(f)). 

For example, three types of member cross-sections are used for the truss 
of Fig. 4.2(b). We arbitrarily assign the numbers 1, 2, and 3 to the cross- 
sections with areas of 8, 12, and 16 in.?, respectively. Thus, the cross-sectional 
property vector, CP, consists of three rows; areas of cross-section types 1, 2, 
and 3 are stored in rows 1, 2, and 3, respectively, as shown in Fig. 4.2(f). 

A flowchart for reading and storing the cross-sectional property data into 
computer memory is given in Fig. 4.3(d); Fig. 4.4 shows an example of an 
input data file containing this type of data. 


Member Data 


The member data consists of (a) the total number of members (NM ) of the 
truss; and (b) for each member, the beginning joint number, the end joint num- 
ber, the material number, and the cross-section type number. 

The member data can be stored in computer memory in the form of an 
integer member data matrix, MPRP, of order NM x 4 (Fig. 4.2(g)). The in- 
formation corresponding to a member i is stored in the ith row of MPRP, its 
beginning and end joint numbers are stored in the first and second columns, re- 
spectively, and the material and cross-section numbers are stored in the third 
and fourth columns, respectively. 

For example, since the truss of Fig. 4.2(b) has 10 members, its member 
data matrix isa 10 x 4 matrix, as shown in Fig. 4.2(g). From Fig. 4.2(b), we 
can see that the beginning and end joints for member 1 are 1 and 2, respec- 
tively; the material and cross-section numbers for this member are 1 and 1, 
respectively. Thus, the numbers 1, 2, 1, and 1 are stored in columns 1 
through 4, respectively, of the first row of MPRP, as shown in Fig. 4.2(g). 
Similarly, we see from Fig. 4.2(b) that the beginning joint, end joint, mater- 
ial, and cross-section numbers for member 3 are 3, 4, 2, and 3, respectively, 
and they are stored, respectively, in columns 1 through 4 of row 3 of MPRP, 
and so on. 

Figure 4.3(e) shows a flowchart for programming the reading and storing 
of the member data. An example of how member data may appear in an input 
data file is given in Fig. 4.4. 
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Load Data 


The load data involves (a) the number of joints that are subjected to external 
loads (NJ L); and (b) the joint number, and the magnitudes of the force compo- 
nents in the global X and Y directions, for each loaded joint. The numbers of 
the loaded joints are stored in an integer vector J P of order NJ L x 1; the cor- 
responding load components in the X and Y directions are stored in the first and 
second columns, respectively, of a real matrix PJ of order NJL x NCJT, with 
NCJT = 2 for plane trusses (see Fig. 4.2(h)). Thus, for the example truss of 
Fig. 4.2(a), which has three joints (2, 5, and 6) that are subjected to loads, the 
load data matrices, J P and PJ, are of orders 3 x 1 and 3 x 2, respectively, as 
shown in Fig. 4.2(h). The first row of J P contains joint number 2; the loads in 
the X and Y directions at this joint (i.e, 0 and —75 k) are stored in the first and 
second columns, respectively, of the same row of PJ. The information about 
joints 5 and 6 is then stored in a similar manner in the second and third rows, 
respectively, of J P and PJ, as shown in the figure. 

A flowchart for programming the reading and storing of the load data is 
given in Fig. 4.3(f), in which NCJ T must be set equal to 2 for plane trusses. 
Figure 4.4 shows the load data for the example truss in an input file. 

It is important to recognize that the numerical data stored in the various 
matrices in Figs. 4.2(c) through (h) completely and uniquely defines the ana- 
lytical model of the example truss, without any need to refer to the line diagram 
of the structure (Fig. 4.2(b)). 

After all the input data has been read and stored in computer memory, it is 
considered a good practice to print this data directly from the matrices in the 
computer memory (or view it on the screen), so that its validity can be verified 
(Fig. 4.3(f)). An example of such a printout, showing the input data for the ex- 
ample truss of Fig. 4.2, is given in Fig. 4.6. 


KARKKKKKKKKKK KKK KKK RK K KKK ARK KKK KEKE 


j Computer Software : 
j for x 
* MATRIX ANALYSIS OF STRUCTURES * 
n Second Edition x 
Aslam Kassi mal i : 
KKKKKKKKKKKKKKKKKKKKKKKKKKAKK KKK KKK 


Project Title: Figure 4-2 

Structure Type : Plane Truss 

Number of Joints : 6 

Number of Members : 10 

Number of Material Property Sets (E) : 2 
Number of Cross-Sectional Property Sets : 3 


Fig. 4.6 A Sample Printout of Input Data 
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Joint Coordinates 
Joint No. X Coordinate Y Coordinate 
1 0.0000E+00 0.0000E+00 
2 2. 8800E+02 0.0000E+00 
3 5. 7600E+02 0.0000E+00 
4 8. 6400E+02 0.0000E+00 
5 2. 8800E+02 2.1600E+02 
6 5. 7600E+02 2.1600E+02 
Joint No. Y Restraint 
1 Yes 
3 Yes 
4 Yes 
Material Modulus of Co- efficient of 
No. Elasticity (E) Thermal Expansion 
1 2. 9000E+04 0.0000E+00 
2 1. O0O00E+04 0.0000E+00 
sess a 
1 8.0000E+00 
2 1. 2000E+01 
3 1. 6000E+01 
Member Beginning End Cross-Sectiona 
| ee Joint Joint Property No. 
i) 1 2 1 
2 2 3 1 
3 3 4 3 
4 5 6 1 
5 2 5 1 
6 3 6 1 
7 1 5 2 
8 2 6 2 
9 3 5 2 
10 4 6 3 
Joint No. = X Force — Y Force 
2 0.0000E+00 -7.5000E+01 
5 2. 5000E+01 0.0000E+00 
6 0.0000E+00 -6.0000E+01 


KRKKKKKAKKKKK 


End of Input 


Fig. 4.6 (continued) 


Data ****RRRKKKKKS 
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4.2 ASSIGNMENT OF STRUCTURE 
COORDINATE NUMBERS 


Having completed the input module, we are now ready to develop the analysis 
module of our computer program. The analysis module of a structural analysis 
program uses the input data stored in computer memory to calculate the de- 
sired response characteristics of the structure, and communicates these results 
to the user through an output device, such as a printer or a monitor. 

As discussed in Section 3.8, the first step of the analysis involves specifi- 
cation of the structure’s degrees of freedom and restrained coordinates, which 
are collectively referred to as, simply, the structure coordinates. Recall that 
when the analysis was carried out by hand calculations (in Chapter 3), the 
structure coordinate numbers were written next to the arrows, in the global 
X and Y directions, drawn at the joints. In computerized analysis, however, 
these numbers must be organized in computer memory in the form of a matrix 
or a vector. In our program, the structure coordinate numbers are stored in an 
integer vector NSC, with the number of rows equal to the number of structure 
coordinates per joint (NCJ T ) times the number of joints of the structure (NJ ). 
For plane trusses, because NCJ T = 2, the number of rows of NSC equals twice 
the number of joints of the truss (i.e., 2NJ ). The structure coordinate numbers 
are arranged in NSC in the sequential order of joint numbers, with the number 
for the X coordinate at a joint followed by the number for its Y coordinate. In 
other words, the numbers for the X and Y structure coordinates at a joint i are 
stored in rows (i — 1)2 + 1 and (i — 1)2 + 2, respectively, of NSC. For exam- 
ple, the line diagram of the truss of Fig. 4.2(a) is depicted in Fig. 4.7(a) with its 
degrees of freedom and restrained coordinates indicated, and the correspond- 
ing 12 x 1 NSC vector is given in Fig. 4.7(b). 

The procedure for assigning the structure coordinate (i.e., degrees of free- 
dom and restrained coordinate) numbers was discussed in detail in Section 3.2. 


(a) Line Diagram Showing Degrees of Freedom 
and Restrained Coordinates 


Fig. 4.7 
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Structure coordinate 
number 
9 |I~——_ X ; 

| Joint 1 

10 |}~~«———_- Y 
x | Joint 2 

2 ~«—— Y 
3 |\x———__ Xx 
NsC=|_U.*_ Y 
4 xX 


| Joint 3 


12 Y | Joint 4 


5 xX N 
Y | Joint 5 


TX | . 
Joint 6 
8: pY 


NCJT(NJ) x 1 


(b) Structure Coordinate Number Vector 


Load magnitudes 


Structure coordinate 
numbers 


- 


N 
n 
eCNDMA FWN 


—60 
NDOF x 1 


(c) Joint Load Vector 


Fig. 4.7 (continued) 


This procedure can be conveniently programmed using the flowcharts given 
in Fig. 4.8 on the next page. Figure 4.8(a) describes a program for determining 
the number of degrees of freedom and the number of restrained coordinates of 
the structure. (Note again that NC] T = 2 for plane trusses.) The program first 
determines the number of restrained coordinates (NR) by simply counting the 
number of 1s in the second and third columns of the support data matrix MSUP. 
Recall from our discussion of restraint codes in Section 4.1 that each 1 in the 
second or third column of MSUP represents a restraint (in either the X or Y 
direction) at a joint of the structure. With NR known, the number of degrees of 
freedom (ND OF) is evaluated from the following relationship (Eq. (3.3)). 


NDOF = 2(NJ) —NR 


For example, since the MSUP matrix for the example truss, given in 
Fig. 4.2(d), contains four 1s in its second and third columns, the number of 
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Start Part VIII 


Dimension NSC(NCJT*NJ) 


I= 1,J = 0, K= NDOF 


no 


— or I=]+1!1 I< NDIN 


yes 
— : 
Start Part VII ICOUNT=0, 1 = 1 


= = no 
NR=0,1=1 I < NS? n=n+1 
À 
no yes 
< 1< NS? > 
no 
MSUP(/1, 1) = 1? 
yes 
n=2 yes 
ICOUNT = 1,12=1 A 
no yes 
5 
pent > B= I — D*NCJT + 12 no l 
I2 < NCJT? 
| yes 
z i A i - 
| MSUP(/, /1) = 1? — I3 = (I — 1)*NCJT + 12 
yes | y 12=1241 > 
NR=NR+1 | 
< nN=1+1 < 
< I=I1+1 < 
y 
NDOF = NCJT*NJ — NR < < 2=12+1 < 
( Continue to Part VIII ‘| Continue to Part IX 
(a) Flowchart for Determining Number (b) Flowchart for Generating Structure 
of Degrees of Freedom Coordinate Numbers 
Fig. 4.8 


restrained coordinates of the truss is four. Furthermore, since the truss has six 
joints (Fig. 4.2(c)), its number of degrees of freedom equals 


NDOF = 2(6) -4=8 


Once the number of degrees of freedom (ND OF ) has been determined, the 
program generates the structure coordinate number vector NSC, as shown by 
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the flowchart in Fig. 4.8(b). Again, NCJ T should be set equal to 2 for plane 
trusses. As this flowchart indicates, the program uses two integer counters, 
J and K, to keep track of the degrees-of-freedom and restrained coordinate 
numbers, respectively. The initial value of J is set equal to 0, whereas the ini- 
tial value of K is set equal to NDOF. 

The structure coordinates are numbered, one joint at a time, starting at 
joint 1 and proceeding sequentially to the joint number NJ . First, the number of 
the joint under consideration, |, is compared with the numbers in the first 
column of the support matrix MSUP to determine whether or not! is a support 
joint. If a match is found between | and one of the numbers in the first column 
of MSUP, then the counter ICOUNT is set equal to 1; otherwise, the value of 
ICOUNT remains 0 as initially assigned. 

If joint | is not a support joint (i.e., COUNT = 0), then the number for its 
degree of freedom in the X direction is obtained by increasing the degrees-of- 
freedom counter J by 1 (i.e, ) =] + 1), and this value of | is stored in row 
number (1 — 1)2 + 1 of the NSC vector. N ext, the value of J is again increased 
by 1 (i.e, ) =J + 1) to obtain the number for the degree of freedom of joint | 
in the Y direction, and the new value of J is stored in row (1 — 1)2 + 2 of the 
NSC vector. 

If joint | is found to be a support joint (i.e., |COUNT = 1), then the second 
column of the corresponding row of MSUP is checked to determine whether 
joint! is restrained in the X direction. If the jointis restrained in the X direction, 
then the number for its X-restrained coordinate is obtained by increasing the re- 
strained coordinate counter K by 1 (i.e, K = K + 1), and this value of K is 
stored in row (1 — 1)2 + 1 of the NSC vector. However, if the joint is not re- 
strained in the X direction, then the degrees-of-freedom counter J is increased 
by 1, and its value (instead of that of K ) is stored in row (1 — 1)2 + 1 of the 
NSC vector. Next, the restraint condition in the Y direction at joint | is deter- 
mined by checking the third column of the corresponding row of MSUP. If the 
joint is found to be restrained, then the counter K is increased by 1; otherwise, 
the counter | is increased by the same amount. The new value of either K or J 
is then stored in row (| — 1)2 + 2 of the NSC vector. 

The computer program repeats the foregoing procedure for each joint of 
the structure to complete the structure coordinate number vector, NSC. As 
shown in Fig. 4.8(b), this part of the program (for generating structure coordi- 
nate numbers) can be conveniently coded using Do Loop or For-Next types of 
programming statements. 


4.3 GENERATION OF THE STRUCTURE 
STIFFNESS MATRIX 
The structure coordinate number vector NSC, defined in the preceding section, 


can be used to conveniently determine the member code numbers needed to es- 
tablish the structure stiffness matrix S, without any reference to the visual 
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image of the structure (e.g., the line diagram). The code numbers at the beginning 
of a member of a general framed structure are stored in the following rows of 
the NSC vector: 


NSC row for the first code number = (JB — 1)NCJT +1 
NSC row for the second code number = (JB — 1)NCJT +2 
; : (4.1a) 


NSC row for the NCJ T th code number = (JB — 1)NCJT + NCJT 


in which J B is the beginning joint of the member. Similarly, the code numbers 
at the end of the member, connected to joint J E, can be obtained from the fol- 
lowing rows of the NSC: 


NSC row for the first code number =(JE — 1)NCJT +1 


NSC row for the second code number = (JE — 1)NCJT +2 
; (4.1b) 


NSC row for the NCJ T th code number = (JE — 1)NCJT + NCJT 


Suppose, for example, that we wish to determine the code numbers for 
member 9 of the truss of Fig. 4.2(b). First, from the member data matrix 
MPRP of this truss (Fig. 4.2(g)), we obtain the beginning and end joints for 
this member as 3 and 5, respectively. (This information is obtained from row 9, 
columns 1 and 2, respectively, of MPRP.) Next, we determine the row num- 
bers of the NSC vector in which the structure coordinate numbers for joints 3 
and 5 are stored. Thus, at the beginning of the member (Eq. (4.1a) with 
NCJT = 2), 


NSC row for the first code number =(3—1)24+1=5 
NSC row for the second code number = (3 — 1)2 +2 = 6 


Similarly, at the end of the member (Eq. (4.1b)), 


NSC row for the first code number =(5—1)24+1=9 
NSC row for the second code number = (5 — 1)2 + 2 = 10 


The foregoing calculations indicate that the code numbers for member 9 are 
stored in rows 5, 6, 9, and 10 of the NSC vector. Thus, from the appropriate 
rows of the NSC vector of the truss given in Fig. 4.7(b), we obtain the mem- 
ber’s code numbers to be 3, 11, 5, 6. A visual check of the truss’s line diagram 
in Fig. 4.7(a) indicates that these code numbers are indeed correct. 

The procedure for forming the structure stiffness matrix Sby assembling 
the elements of the member global stiffness matrices K was discussed in detail 
in Sections 3.7 and 3.8. A flowchart for programming this procedure is pre- 
sented in Fig. 4.9, in which NCJT should be set equal to 2 for plane trusses. 
As indicated by the flowchart, this part of our computer program begins by ini- 
tializing all the elements of the S matrix to 0. The assembly of the structure 
stiffness matrix is then carried out using a Do Loop, in which the following op- 
erations are performed for each member of the structure. 
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Start Part IX 


Dimension S(NDOF, NDOF), GK(2*NCJT, 2*NCJT) 


yes 


JB = MPRPUM, 1), JE = MPRPUM, 2) 
I= MPRPUM, 3), E = EM() 
I = MPRPUM, 4), A = CP(/) 
XB = COORD(JB, 1), YB = COORDWB, 2) 
XE = COORDVJE, 1), YE = COORDVE, 2) 
A | BL= SQR((XE — XB)’2 + (YE — YB)‘2) 
CX = (XE — XB)/BL, CY = (YE — YB)/BL 


Call Subroutine MSTIFFG 


Call Subroutine STORES 


< IM=IM+1 


Continue to Part X 


Fig. 4.9 Flowchart for Generating Structure Stiffness 
M atrix for Plane Trusses 


L Evaluation of member properties. For the member under consider- 
ation, IM, the program reads the beginning joint number, J B, and the end joint 
number, J E, from the first and second columns, respectively, of the member 
data matrix MPRP. N ext, the material property number is read from the third 
column of MPRP, and the corresponding value of the modulus of elasticity, E, 
is obtained from the elastic modulus vector EM. The program then reads the 
number of the member cross-section type from the fourth column of MPRP, 
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( Start Subroutine MSTIFFG ) 


Arguments: E, A, BL, CX, CY, GK 


Z= E*A/BL, Z1 = Z*(CX2) 
Z2 = Z*(CY%2), Z3 = Z*CX*CY 
GK(1, 1)= Z1, GK, 1)= Z3 
GK(3, 1) = —Z1, GK(4, 1) = —Z3 
GK(1, 2)= Z3,  GK(2, 2) = Z2 
GK(3, 2) = —Z3, GK(4, 2) = —Z2 
GK(, 3) = —Z1, GK(Q, 3) = —Z3 
GK(3, 3) = Z1, GK(4,3) = Z3 
GK(1, 4) = —Z3, GK(2, 4) = —Z2 
GK(3, 4) = 73, GK(4, 4) = 22 


End Subroutine MSTIF FG 
Return to calling program 


Fig. 4.10 Flowchart of Subroutine MSTIFFG 
for Determining M ember Global Stiffness 
M atrix for Plane Trusses 


and obtains the corresponding value of the cross-sectional area, A, from the 
cross-sectional property vector CP. Finally, the X and Y coordinates of the 
beginning joint) B and the end joint) E are obtained from the joint coordinate 
matrix COORD, and the member’s length, BL, and its direction cosines, CX 
(= cos 6) and CY (= sin 6), are calculated using Eqs. (3.62). 


2. Determination of member global stiffness matrix GK (= K) by 
subroutine MSTIFFG. After the necessary properties of the member under 
consideration, IM, have been evaluated, the program calls on the subroutine 
MSTIFFG to form the member stiffness matrix in the global coordinate 
system. (A flowchart of this subroutine is shown in Fig. 4.10.) Note that in the 
computer program, the member global stiffness matrix is named GK (instead 
of K) to indicate that it is a real (not an integer) matrix. As the flowchart in 
Fig. 4.10 indicates, the subroutine simply calculates the values of the various 
stiffness coefficients, and stores them into appropriate elements of the GK ma- 
trix, in accordance with Eq. (3.73). 


3. Storage of the elements of member global stiffness matrix GK into 
structure stiffness matrix S by subroutine STORES. Once the matrix GK 
has been determined for the member under consideration, IM, the program 
(Fig. 4.9) calls the subroutine STORES to store the pertinent elements of 
GK in their proper positions in the structure stiffness matrix S A flowchart 
of this subroutine, which essentially consists of two nested Do Loops, is 
given in Fig. 4.11. As this flowchart indicates, the outer Do Loop performs 
the following operations sequentially for each row of the GK matrix, 
starting with row 1 and ending with row 2(NCJT): (a) the member code 
number N1 corresponding to the row under consideration, |, is obtained 
from the NSC vector using the procedure discussed previously in this 
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( Start Subroutine STORES } 


Arguments: JB, JE, NCJT, NDOF, NSC, GK, S 


no 
no 
y 
Il = (JB — 1)*NCJT+ I Il = (JE — 1)*NCJT + (I — NCJT) 
y Y 
>— Nl = NSC(1) ~~~ 
no 
I=I+1 < NI < soo 
yes 
J=1 
no 
< J< 2*NCJT? < 
yes 
es no 
J < NCJT? 
y Y N y 
Il = (JB — D*NCJT+ J Il = (JE — 1)*NCJT + (J — NCJT) 
y y 
»>— N2 = NSC(/1) | — 
no 
N2 < NDOF? > J=J+1 
yes Å 
S(N1, N2) = S(N1, N2) + GK(, J) 


End Subroutine STORES m 
Return to calling program 


Fig. 4.11 Flowchart of Subroutine STORES for Storing M ember Global Stiffness M atrix 
in Structure Stiffness M atrix 
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section; (b) if N1 is less than or equal to NDOF, then the inner Do Loop is 
activated; otherwise, the inner loop is skipped; and (c) the row number | is 
increased by 1, and steps (a) through (c) are repeated. The inner loop, activated 
from the outer loop, performs the following operations sequentially for each 
column of the GK matrix, starting with column 1 and ending with column 
2(NCJ T ): (a) the member code number N2 corresponding to the column under 
consideration, J , is obtained from the NSC vector; (b) if N2 is less than or equal 
to ND OF, then the value of the element in the Ith row and J th column of GK is 
added to the value of the element in the N1th row and N2th column of S; 
otherwise, no action is taken; and (c) the column number J is increased by 1, 
and steps (a) through (c) are repeated. The inner loop ends when its steps (a) 
and (b) have been applied to all the columns of GK; the program control is then 
returned to step (c) of the outer loop. The subroutine STORES ends when steps 
(a) and (b) of the outer loop have been applied to all the rows of the GK matrix, 
thereby storing all the pertinent elements of the global stiffness matrix of the 
member under consideration, IM, in their proper positions in the structure 
stiffness matrix S. 


Refocusing our attention on Fig. 4.9, we can see that formation of the 
structure stiffness matrix is complete when the three operations, described 
in the foregoing paragraphs, have been performed for each member of the 
structure. 


4.4 FORMATION OF THE JOINT LOAD VECTOR 


In this section, we consider the programming of the next analysis step, which 
involves formation of the joint load vector P. A flowchart for programming this 
process is shown in Fig. 4.12. Again, when analyzing plane trusses, the value 
of NCJ T should be set equal to 2 in the program. It is seen from the figure that 
this part of our computer program begins by initializing each element of P to 0. 
The program then generates the load vector P by performing the following 
operations for each row of the load data vector JP, starting with row 1 and 
proceeding sequentially to row NJL: 


L For the row under consideration, |, the number of the loaded joint |1 is 
read from the J P vector. 


2. The number of the X structure coordinate, N, at joint 11 is obtained 
from row 12 = (11 — 1)2 + 1 of the NSC vector. If N < NDOF, then the value 
of the element in the Ith row and the first column of the load data matrix PJ 
(i.e., the X load component) is added to the Nth row of the load vector P; oth- 
erwise, no action is taken. 


3. The NSC row number | 2 is increased by 1 (i.e., 12 =12 + 1), and the 
structure coordinate number, N, of the Y coordinate is read from the NSC. If 
N < NDOF, then the value of the element in the Ith row and the second column 
of PJ (i.e., the Y load component) is added to the Nth row of P; otherwise, no 
action is taken. 
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Start Part X 


Dimension P(NDOF) 


[> 


yes 


l= JP() 
R= (I1 — 1)*NCJT 


J=1 


no Y 
I=I+1 J< NCJT? 


yes 


I2=12+4+1 
N = NSC(12) 


> 


no 
N < NDOF? J=s+1 | 


A 
yes 


P(N) = P(N) + PJ J) 
Continue to Part XI 


Fig. 4.12 Flowchart for Forming J oint Load Vector 


The foregoing operations are repeated for each loaded joint of the struc- 
ture to complete the joint load vector P. 

To illustrate this procedure, let us form the joint load vector P for the ex- 
ample truss of Fig. 4.2(a) without referring to its visual image or line diagram 
(i.e, using only the input data matrices and the NSC vector). Recall that in 
Section 4.2, using the MSUP matrix, we determined that the number of de- 


grees of freedom of this structure equals 8. Thus, the joint load vector Pfor the 
truss must be of order 8 x 1. 
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We begin generating P by focusing our attention on row 1 (i.e., | = 1) of 
the load data vector J P (Fig. 4.2(h)), from which we determine the number of 
the first loaded joint, 11, to be 2. We then determine the row of the NSC in 
which the number of the X structure coordinate at joint 2 is stored, using the 
following relationship: 


[I2=(2-124+1=3 


From row 3 of the NSC vector given in Fig. 4.7(b), we read the number of the 
structure coordinate under consideration as 1 (i.e., N = 1). This indicates that 
the force component in the first row and first column of the load data matrix PJ 
(i.e., the X component of the load acting at joint 2) must be stored in the first 
row of P; that is, P(1) = 0. Next, we increase 12 by 1 (i.e., 12 = 4) and, from 
row 4 of the NSC, we find the number of the Y structure coordinate at the joint 
to be 2 (i.e, N = 2). This indicates that the load component in the first row 
and second column of PJ is to be stored in the second row of P; that is, 


P(2) = —75. 
Having stored the loads acting at joint 2 in the load vector P, we now focus 
our attention on the second row of JP (i.e. | = 2), and read the number of the 


next loaded joint, 11, as 5. We then determine the NSC row where the number 
of the X structure coordinate at joint 5 is stored as 


I2=(5-12+1=9 


From row 9 of the NSC (Fig. 4.7(b)), we find the number of the structure co- 
ordinate under consideration to be 5 (i.e, N = 5). Thus, the force component 
in row 2 and column 1 of PJ must be stored in row 5 of P; or P(5) = 25. Next, 
we increase | 2 by 1 to 10, and from row 10 of the NSC read the structure co- 
ordinate number, N, as 6. Thus, the load component in the second row and sec- 
ond column of PJ is stored in the sixth row of P; or P(6) = 0. 

Finally, by repeating the foregoing procedure for row 3 of J P, we store the 
X and Y force components at joint 6 in rows 7 and 8, respectively, of P. The 
completed joint load vector P thus obtained is shown in Fig. 4.7(c). 


4.5 SOLUTION FOR JOINT DISPLACEMENTS 


Having programmed the generation of the structure stiffness matrix Sand the 
joint load vector P, we now proceed to the next part of our computer program, 
which calculates the joint displacements, d, by solving the structure stiffness 
relationship, Sd = P (Eq. (3.89)). A flowchart for programming this analysis 
step is depicted in Fig. 4.13. The program solves the system of simultaneous 
equations, representing the stiffness relationship, Sd = P, using the Gauss- 
Jordan elimination method discussed in Section 2.4. 

It should be recognized that the program for the calculation of joint dis- 
placements, as presented in Fig. 4.13, involves essentially the same operations 
as the program for the solution of simultaneous equations given in Fig. 2.2. 
However, in the previous program (Fig. 2.2), the elementary operations were 
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Start Part XI 


f=] 


> 1< NDOF? >= > 


yes 


Z1 =S(, 1) 


Jd 


no 
J < NDOF? 


yes 
J=J+1 49 SI, J) = SM, J)/Z1 


~€ 


PU) = PU/)/Z1 |< 


K=1 


T=I+1 <= K < NDOF? >~ 


yes A y 


K=N > K=K+1 


M < NDOF? P(K) = P(K) — P(D*Z 


yes 
M=M+I1/* S(K,M)=S(K, M) — SU, M)*Z 


2 Print Joint Displacements P < 


Continue to Part XII 


Fig. 4.13 Flowchart for Calculation of Joint Displacements by 
Gauss-] ordan Method 
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applied to an augmented matrix; in the present program (Fig. 4.13), to save 
Space in computer memory, no augmented matrix is formed, and the elemen- 
tary operations are applied directly to the structure stiffness matrix S and the 
joint load vector P. Thus, at the end of the Gauss-] ordan elimination process, 
the S matrix is reduced to a unit matrix, and the P vector contains values of the 
joint displacements. In the rest of our computer program, therefore, P (instead 
of d) is considered to be the joint displacement vector. The joint displacements 
thus obtained can be communicated to the user through a printout or on the 
screen. 


4.6 CALCULATION OF MEMBER FORCES 
AND SUPPORT REACTIONS 


In this section, we consider programming of the final analysis step, which in- 
volves calculation of the member forces and support reactions. A flowchart for 
programming this analysis step is presented in Fig. 4.14, with NC) T = 2 for 
plane trusses. As shown there, this part of our computer program begins by ini- 
tializing each element of the reaction vector, R, to 0. The member forces and 
support reactions are then determined by performing the following operations 
for each member of the structure, via a Do Loop. 


L Evaluation of member properties. For the member under consid- 
eration, IM, the program reads the beginning joint number J B, the end joint 
number J E, the modulus of elasticity E, the cross-sectional area A, and the X 
and Y coordinates of the beginning and end joints. It then calculates the 
member length, BL, and direction cosines, CX (= cos 6) and CY (= sin 6), 
using Eqs. (3.62). 

2. Evaluation of member global end displacements V (= v) by subrou- 
tine MDISPG. After the properties of the member under consideration, 
IM, have been calculated, the computer program calls subroutine MDISPG, 
to obtain the member end displacements in the global coordinate system. A 
flowchart of this subroutine is given in Fig. 4.15. As this flowchart indicates, 
after initializing V to 0, the subroutine reads, in order, for each of the mem- 
ber end displacements, V, the number of the corresponding structure coordi- 
nate, N, at joint JB or JE, from the NSC vector. If the structure coordinate 
number N, corresponding to an end displacement V), is found to be less than 
or equal to NDOF, then the value of the element in the Nth row of the joint- 
displacement vector P (=d) is stored in the Ith row of the member 
displacement vector V. 


3. Determination of member transformation matrix T by subroutine 
MTRANS. After the global end-displacement vector V for the member under 
consideration, IM, has been evaluated, the main program (Fig. 4.14) calls on 
the subroutine MTRANS to form the member transformation matrix T. A flow- 
chart of this subroutine is shown in Fig. 4.16. As this figure indicates, the sub- 
routine first initializes T to 0, and then simply stores the values of the direction 
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Start Part XII 


Dimension BK(2*NCJT, 2*NCJT), T(2*NCJT, 2*NCJT), V(2*NCJT), 
U(2*NCIT), Q(2*NCIT), F(2*NCJT), RNR) 


I=1 
no 

I< NR? 

Á 

yes 
y 

I=1+1 |] RD=0 

IM =1 


yes 


JB = MPRP(IM, 1), JE = MPRP(IM, 2) 
I = MPRP(IM, 3), E = EM() 
I= MPRPUM, 4), A = CP() 

XB = COORDVB, 1), YB = COORD(JB, 2) 
XE = COORDVE, 1), YE = COORDVE, 2) 
BL = SQR((XE — XB)™2 + (YE — YB)™) 
CX = (XE — XB)/BL, CY = (YE — YB)/BL 


| Call Subroutine MDISPG 


| Call Subroutine MTRANS 


| Call Subroutine MDISPL 


| Call Subroutine MSTIFFL 


Call Subroutine MFORCEL 


Call Subroutine MFORCEG 


| Call Subroutine STORER 


< IM=IM+ 1 
Print Support Reactions R 
End of Program 


Fig. 4.14 Flowchart for Determination of Member Forces and Support 
Reactions for Plane Trusses 
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( Start Subroutine MDISPG ) 


Pa Arguments: JB, JE, NCJT, NDOF, NSC, P, V 


T=1 


V(D =0 


J= (JB — 1)* NCJT 


I=1 
no 
yes 
J=J+1 
A N = NSCU) 
( Start Subroutine MTRANS } 
no y 
T=I+1 Arguments: CX, CY, NCIT,T_ 
yes I=1 
< V) = P(N) 
J = (JE — 1) * NCJT 


I=NCJT+1 


A f=141 
y 
yes 
[Ta n=0 þH7=7+1 
I=I+1 T1, 1) = CX, TQ, 1) = -CY 
TO, 2) = CY, T2, 2) = CX 
h yes T(3, 3) = CX, T(4,3) = -CY 
T(3, 4) = CY, T(4, 4) = CX 


V(I) = P(N) 


[ End Subroutine MDISPG 


l End Subroutine MTRANS | 


Return to calling program Return to calling program 


Fig. 4.15 Flowchart of Subroutine MDISPG Fig. 4.16 Flowchart of Subroutine MTRANS for 
for Determining M ember Global Displacement Determining M ember Transformation M atrix for 
Vector Plane Trusses 
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cosines CX and CY, with appropriate plus or minus signs, into various elements 
of T in accordance with Eq. (3.61). 


4. Calculation of member local end displacements U (= u) by subroutine 
MDISPL. Next, as shown in Fig. 4.14, the program calls subroutine MDISPL 
to obtain the local end displacements of the member under consideration, IM. 
From the flowchart given in Fig. 4.17, we can see that after initializing U to 0, 
this subroutine calculates the member local end-displacement vector by apply- 
ing the relationship U = TV (Eq. (3.63)). The procedure for multiplying ma- 
trices was discussed in Section 2.3, and subroutine MDISPL (Fig. 4.17) uses 
essentially the same operations as the program for matrix multiplication given 
in Fig. 2.1. 


5. Determination of member local stiffness matrix BK (= k) by sub- 
routine MSTIFFL. After the local end displacements of the member under 


( Start Subroutine MDISPL ) 


J Arguments: NCJT, V, T, U 
I=1 
Eo 
A yes 
I=1+1 — Un =0 y 
T=l ~< 
<i ne a > 
A yes 
J=1 
no 
I=I+1 J < 2*NCJT? y 
A 
yes 
[ Um =U + TU) * VD) jH vast 


End Subroutine MDISPL 
Return to calling program 


Fig. 4.17 Flowchart of Subroutine MDISPL for Determining 
Member Local Displacement Vector 
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consideration, IM, have been evaluated, the program calls subroutine 
MSTIFFL to form the member stiffness matrix in the local coordinate 
system. A flowchart of this subroutine is shown in Fig. 4.18, in which the 
member local stiffness matrix is identified by the name BK (instead of k) to 
indicate that itis a real matrix. As this figure indicates, the subroutine, after 
initializing BK to 0, simply calculates the values of the various stiffness 
coefficients and stores them in appropriate elements of BK, in accordance 
with Eq. (3.27). 


6. Evaluation of member local end forces Q by subroutine MFORCEL. 
As shown in Fig. 4.14, the program then calls subroutine MFORCEL to ob- 
tain the local end forces of the member under consideration, IM. From the 
flowchart depicted in Fig. 4.19, we can see that, after initializing Q to 0, this 


( Start Subroutine MFORCEL ) 


Arguments: NCJT, BK, U, Q 
[7=1 
( Start Subroutine MSTIFFL ) 
no 
I< 2*NCJT? 
Arguments: E, A, BL, NCJT, BK S A 
yes 
; Yy 
IA I=1I+1 ~< QM =0 


no 
I< 2*NCJT? - 
A 
yes 
[s=1 
Teisi Le J < 2*NCJT? y 
=I+ <2* ? 
BK, J) =0 >H J=7+1 A 
yes 
Z= E*A/BL QU) = QU) + BKG, J)*UV) > J=J+1 
BK(1,1)=Z, BK@, 1) = -Z < 
BK(1, 3) = —Z, BKB, 3) = Z Print Member Forces Q /— 
End Subroutine MSTIFFL End Subroutine MFORCEL 
Return to calling program Return to calling program 


Fig. 4.18 Flowchart of Subroutine MSTIFFL for Determining Fig. 4.19 Flowchart of Subroutine MFORCEL for 
Member Local Stiffness M atrix for Plane Trusses Determining Member Local Force Vector 
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{ Start Subroutine MFORCEG ) 


Arguments: NCJT, T, Q, F 


l= 1 
— > | < 2*NCJT? = > 
À yes 
J=1 
no 
l=1+1 J < NCT? D> 
A 
yes 
F(l) = Fl) +T) 1)*QU) eH J =) +1 
Y 


Print M ember Forces F 4 


End Subroutine MFORCEG 
Return to calling program 


Fig. 4.20 Flowchart of Subroutine MFORCEG for Determining 
Member Global Force Vector 


subroutine calculates the member local end forces using the relationship 
Q = BK U (Eq. (3.7)). The Q vector thus obtained is then printed or displayed 
on the screen. 


7. Calculation of member global end forces F by subroutine MFORCEG. 
After the local end forces of the member under consideration, IM, have been 
evaluated, the computer program calls subroutine MFORCEG to calculate 
the member end forces in the global coordinate system. A flowchart of this 
subroutine is given in Fig. 4.20. From the figure, we can see that after initializ- 
ing F to 0, the subroutine calculates the global end forces by applying the rela- 
tionship F = T'Q (Eq. (3.66)); these forces are then communicated to the user 
through a printer or on the screen. 
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( Start Subroutine STORER ) 
J Arguments: JB, JE, NCJT, NDOF, NSC, F, R 
I=1 
> I< 2*NCJT? > 
yes 
yes no 
I< NCJT? 
Yy y 
Il = (JB — 1)*NCJT + I Il = (JE — 1)*NCJT + (I — NCJT) 
A 
Yy y 
>— N=NSC(/1) }-< y 
no 
I=1+1 —— N> soon > 
A yes 
< R(N — NDOF) = R(N — NDOF) + FU) 


Í End Subroutine STORER 


Return to calling program J 


Fig. 4.21 Flowchart of Subroutine STORER for Storing M ember Global Forces in 
Support Reaction Vector 


8. Storage of the elements of member global force vector F in reaction 
vector R by subroutine STORER. Once the global force vector F has been 
determined for the member under consideration, IM , the program (Fig. 4.14) 
calls subroutine STORER to store the pertinent elements of F in their proper 
positions in the support reaction vector R. A flowchart of this subroutine, 
which essentially consists of a Do Loop, is given in Fig. 4.21. As shown in this 
flowchart, the subroutine reads, in order, for each of the member's forces, F}, 
the number of the corresponding structure coordinate, N, from the NSC vector. 
If N > NDOF, then the value of F; is added to the (N — NDOF )th row of the 
reaction vector R. 


Returning our attention to Fig. 4.14, we can see that the formation of the 
reaction vector R is completed when the foregoing eight operations have been 
performed for each member of the structure. The support reactions thus 
obtained can then be communicated to the user via a printer or on the screen. 
A sample printout is given in Fig. 4.22, showing the results of the analysis for 
the example truss of Fig. 4.2. 
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KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK 
k Results of Analysis x 
KKKEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK 


Joint No. X Translation Y Translation 
1 0.0000E+00 0.0000E+00 
2 7. 4568E- 02 -2.0253E-01 
3 1.1362E-01 0.0000E+00 
4 1.0487E- 01 0.0000E+00 
5 5. 7823E-02 1.5268E- 01 
6 2.8344E-02 7.9235E-02 


Member Axial Force ( 


% 


1 6.0069E+01 ( 
3.1459E+01 ( 
4.8629E+00 ( 
2.37471E+01 ( 
5.3543E+01 ( 
8.5105E+01 ( 
4 ( 
3 ( 
4 ( 
6 ( 


1OOm 


.3836E+01 
.5762E+01 
5402E+01 
.0787E+00 


a Sap Se a 


oo woOoyAD wo &S Ww Pe 


1O 


Joint No. X Force Y Force 


1 -2.5000E+01 2. 6301E+01 
3 0. 0000E+00 1.1235E+02 
4 0. 0000E+00 -3.6472E+00 


KAKKKKKKKKKKKKKEKK End of Analysis KAEKKKKKKKKKKKKKKK 


Fig. 4.22 A Sample Printout of Analysis Results 


SUMMARY 


In this chapter, we have developed a general computer program for the analy- 
sis of plane trusses subjected to joint loads. The general program consists of a 
main program, which is subdivided into twelve parts, and nine subroutines. 
Brief descriptions of the various parts of the main program, and the subrou- 
tines, are provided in Table 4.1 for quick reference. 
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Table 4.1 Computer Program for Analysis of Plane Trusses 


Main 

program 

part Description 

| Reads and stores joint data (Fig. 4.3(a)) 

II Reads and stores support data (Fig. 4.3(b)) 

II Reads and stores material properties (Fig. 4.3(c)) 

IV Reads and stores cross-sectional properties (Fig. 4.3(d)) 

V Reads and stores member data (Fig. 4.3(e)) 

VI Reads and stores joint loads (Fig. 4.3(f)) 

VII Determines the number of degrees of freedom NDOF of the 
structure (Fig. 4.8(a)) 

VIH Forms the structure coordinate number vector NSC 
(Fig. 4.8(b)) 

IX Generates the structure stiffness matrix S(Fig. 4.9); subroutines 
called: MSTIFFG and STORES 

X Forms the joint load vector P (Fig. 4.12) 

XI Calculates the structure's joint displacements by solving the 
stiffness relationship, Sd = P, using the Gauss-] ordan elimina- 
tion method. The vector P now contains joint displacements 
(Fig. 4.13). 

XII Determines the member end force vectors Q and F, and the 
support reaction vector R (Fig. 4.14); subroutines called: 
MDISPG, MTRANS, MDISPL, MSTIFFL, MFORCEL, 
MFORCEG, and STORER 

Subroutine Description 

MDISPG Determines the member global displacement vector V from the 
joint displacement vector P (Fig. 4.15) 

MDISPL Calculates the member local displacement vector U = TV 
(Fig. 4.17) 

MFORCEG Determines the member global force vector F = T'Q 
(Fig. 4.20) 

MFORCEL Evaluates the member local force vector Q = BK U 
(Fig. 4.19) 

MSTIFFG Forms the member global stiffness matrix GK (Fig. 4.10) 

MSTIFFL Forms the member local stiffness matrix BK (Fig. 4.18) 

MTRANS Forms the member transformation matrix T (Fig. 4.16) 

STORER Stores the pertinent elements of the member global force vector 
F in the reaction vector R (Fig. 4.21) 

STORES Stores the pertinent elements of the member global stiffness 


matrix GK in the structure stiffness matrix S(Fig. 4.11) 
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Problems 161 


The objective of the following problems is to develop, incre- 
mentally, a computer program for the analysis of plane trusses; 
while testing each program increment for correctness, as it is 
being developed. The reader is strongly encouraged to manually 
solve as many of the problems (3.16 through 3.25) as possible, 
so that these hand-calculation results can be used to check the 
correctness of the various parts of the computer program. 


Section 4.1 


41 Develop an input module of a computer program for 
the analysis of plane trusses, which can perform the following 
operations: 


a. read from a data file, or computer screen, all the necessary 
input data; 

b. store the input data in computer memory in the form of 
scalars, vectors, and/or matrices, as appropriate; and 

c. print the input data from computer memory. 


Check the program for correctness by inputting data for the 
trusses of Problems 3.16 through 3.25, and by carefully exam- 
ining the printouts of the input data to ensure that all data have 
been correctly read and stored. 


Section 4.2 


42 Extend the program developed in Problem 4.1, so that it 
can perform the following additional operations: 


a. determining the number of degrees of freedom (NDOF ) of 
the structure; 

b. forming the structure coordinate number vector NSC; and 

c. printing out the NDOF and NSC. 


To check the program for correctness, use it to determine the 
NDOF and NSC for the trusses of Problems 3.16 through 3.25, 
and compare the computer-generated results to those obtained 
by hand calculations. 


Section 4.3 


43 Extend the program of Problem 4.2 to generate, and print, 
the structure stiffness matrix S. Use the program to generate the 
structure stiffness matrices for the trusses of Problems 3.16 
through 3.25, and compare the computer-generated S matrices 
to those obtained by hand calculations. 


Section 4.4 


44 Extend the program developed in Problem 4.3 to form, 
and print, the joint load vector P. Apply the program to 
the trusses of Problems 3.16 through 3.25, and compare the 
computer-generated P vectors to those obtained by hand 
calculations. 


Section 4.5 


4.5 Extend the program of Problem 4.4 so that it can: (a) cal- 
culate the structure's joint displacements by solving the stiff- 
ness relationship, Sd = P, using the Gauss-] ordan elimination 
method; and (b) print the joint displacements. Using the 
program, determine the joint displacements for the trusses of 
Problems 3.16 through 3.25, and compare the computer- 
generated results to those obtained by hand calculations. 


Section 4.6 


46 Extend the program developed in Problem 4.5 so that it 
can determine and print: (a) the local end forces, Q, for each 
member of the truss; and (b) the support reaction vector R. Use 
the program to analyze the trusses of Problems 3.16 through 
3.25, and compare the computer-generated results to those 
obtained by hand calculations. 
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A Continuous Beam Bridge 
(Photo courtesy of Bethlehem Steel Corporation) 
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The term “beam” is used herein to refer to a long straight structure, which is 
supported and loaded in such a way that all the external forces and couples 
(including reactions) acting onitliein a plane of symmetry of its cross-section, 
with all the forces perpendicular to its centroidal axis. Under the action of ex- 
ternal loads, beams are subjected only to bending moments and shear forces 
(but no axial forces). 

In this chapter, we study the basic concepts of the analysis of beams by 
the matrix stiffness method, and develop a computer program for the analysis 
of beams based on the matrix stiffness formulation. As we proceed through 
the chapter, the reader will notice that, although the member stiffness relations 
for beams differ from those for plane trusses, the overall format of the method 
of analysis remains essentially the same—and many of the analysis steps de- 
veloped in Chapter 3 for the case of plane trusses can be directly applied to 
beams. Therefore, the computer program developed in Chapter 4 for the 
analysis of plane trusses can be modified with relative ease for the analysis of 
beams. 

We begin by discussing the preparation of analytical models of beams in 
Section 5.1, where the global and local coordinate systems and the degrees of 
freedom of beams are defined. Next, we derive the member stiffness relations 
in the local coordinate system in Section 5.2; and present the finite-element 
formulation of the member stiffness matrix, via the principle of virtual work, in 
Section 5.3. The derivation of the member fixed-end forces, due to external 
loads applied to members, is considered in Section 5.4; and the formation of 
the stiffness relations for the entire beam, by combining the member stiffness 
relations, is discussed in Section 5.5. The procedure for forming the structure 
fixed-joint force vectors, and the concept of equivalent joint loads, are intro- 
duced in Section 5.6; and a step-by-step procedure for the analysis of beams is 
presented in Section 5.7. Finally, a computer program for the analysis of beams 
is developed in Section 5.8. 


5.1 ANALYTICAL MODEL 


For analysis by the matrix stiffness method, the continuous beam is modeled as 
a series of straight prismatic members connected at their ends to joints, so that 
the unknown external reactions act only at the joints. Consider, for example, 
the two-span continuous beam shown in Fig. 5.1(a). Although the structure ac- 
tually consists of a single continuous beam between the two fixed supports at 
the ends, for the purpose of analysis it is considered to be composed of three 
members (1, 2, and 3), rigidly connected at four joints (1 through 4), as shown 
in Fig. 5.1(b). Note that joint 2 has been introduced in the analytical model so 
that the vertical reaction at the roller support acts on a joint (instead of on a 
member), and joint 3 is used to subdivide the right span of the beam into two 
members, each with constant flexural rigidity (El) along its length. This divi- 
sion of the beam into members and joints is necessary because the formulation 
of the stiffness method requires that the unknown external reactions act only at 
the joints (i.e., all the member loads be known in advance of analysis), and the 
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member stiffness relationships used in the analysis (to be derived in the fol- 
lowing sections) are valid for prismatic members only. 

It is important to realize that because joints 1 through 4 (Fig. 5.1(b)) are 
modeled as rigid joints (i.e., the corresponding ends of the adjacent members 
are rigidly connected to the joints), they satisfy the continuity and restraint 
conditions of the actual structure (Fig. 5.1(a)). In other words, since the left end 
of member 1 and the right end of member 3 of the analytical model are rigidly 


10 ft i 10 ft > 10 ft | 


E = 4,000 ksi 
I= 13,824 in. 


(a) Actual Beam 


1] @ 


10 ft 10 ft LL 10 ft 


© 
H 
© 


I I 21 


(b) Analytical Model Showing Global and Local Coordinate Systems 


Deformed 
configuration 


=e 


= 


Undeformed 
configuration 


(c) Degrees of Freedom 


Fig. 5.1 
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(d) Structure Coordinate Numbers 


I 7] P3, d3 _ 5] 
{Xeo © o) 


R4 Re Ry 
(e) Degrees of Freedom, Joint Loads, and Support Reactions 


Fig. 5.1 (continued) 


connected to joints 1 and 4, respectively, which are in turn attached to the fixed 
supports, the displacements and rotations at the exterior ends of the members 
are 0; thereby satisfying the restraint conditions of the actual beam at the two 
ends. Similarly, as the right end of member 1 and the left end of member 2 
(Fig. 5.1(b)) are connected to the rigid joint 2, which is attached to a roller sup- 
port, the displacements at the foregoing ends of members 1 and 2 are 0, and the 
rotations at the two ends are equal. This indicates that the analytical model sat- 
isfies the restraint and continuity conditions of the actual beam at the location 
of joint 2. Finally, the right end of member 2 and the left end of member 3 
(Fig. 5.1(b)) are rigidly connected to joint 3, to ensure that the continuity of 
both the displacement and the rotation is maintained at the location of joint 3 
in the analytical model. 


Global and Local Coordinate Systems 


As discussed in Chapter 3, the overall geometry, as well as the loads and dis- 
placements (including rotations) at the joints of a structure are described with 
reference to a Cartesian global (XYZ) coordinate system. The particular orien- 
tation of the global coordinate system, used in this chapter, is as follows. 
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The global coordinate system used for the analysis of beams is a 
right-handed XYZ coordinate system, with the X axis oriented in the 
horizontal (positive to the right) direction, and coinciding with the 
centroidal axis of the beam in the undeformed state. The Y axis is ori- 
ented in the vertical (positive upward) direction, with all the external 
loads and reactions of the beam lying in the XY plane. 


Although not necessary, it is usually convenient to locate the origin of the 
global XY coordinate system at the leftmost joint of the beam, as shown in 
Fig. 5.1(b), so that the X coordinates of all the joints are positive. As will be- 
come apparent in Section 5.8, this definition of the global coordinate system 
simplifies the computer programming of beam analysis, because only one (X) 
coordinate is needed to specify the location of each joint of the structure. 

As in the case of plane trusses (Chapter 3), a local (right-handed, XYZ) co- 
ordinate system is defined for each member of the beam, to establish the rela- 
tionships between member end forces and end displacements, in terms of 
member loads. Note that the terms forces (or loads) and displacements are 
used in this text in the general sense to include moments and rotations, respec- 
tively. The local coordinate system is defined as follows. 


The origin of the local xyz coordinate system for a member is located 
at the left end (beginning) of the member in its undeformed state, with 
the x axis directed along its centroidal axis in the undeformed state, 
and the y axis oriented in the vertical (positive upward) direction. 


The local coordinate systems for the three members of the example continuous 
beam are depicted in Fig. 5.1(b). As this figure indicates, the local coordinate 
system of each member is oriented so that the positive directions of the local 
X and y axes are the same as the positive directions of the global X and Y axes, 
respectively. 

The selection of the global and local coordinate systems, as specified in this 
section, considerably simplifies the analysis of continuous beams by eliminating 
the need for transformation of member end forces, end displacements, and stiff- 
nesses, from the local to the global coordinate system and vice-versa. 


Degrees of Freedom 


The degrees of freedom (or free coordinates) of a beam are simply its unknown 
joint displacements (translations and rotations). Since the axial deformations 
of the beam are neglected, the translations of its joints in the global X direction 
are 0. Therefore, a joint of a beam can have up to two degrees of freedom, 
namely, a translation in the global Y direction (i.e., in the direction perpendicu- 
lar to the beam’s centroidal axis) and a rotation (about the global Z axis). Thus, 
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the number of structure coordinates (1.e., free and/or restrained coordinates) at 
a joint of a beam equals 2, or NC] T = 2. 

Let us consider the analytical model of the continuous beam as given in 
Fig. 5.1(b). The deformed shape of the beam, due to an arbitrary loading, is de- 
picted in Fig. 5.1(c) using an exaggerated scale. From this figure, we can see 
that joint 1, which is attached to the fixed support, can neither translate nor 
rotate; therefore, it does not have any degrees of freedom. Since joint 2 of 
the beam is attached to the roller support, it can rotate, but not translate. Thus, 
joint 2 has only one degree of freedom, which is designated d; in the figure. As 
joint 3 is not attached to a support, two displacements—the translation dz in the 
Y direction, and the rotation d3 about the Z axis—are needed to completely 
specify its deformed position 3’. Thus, joint 3 has two degrees of freedom. 
Finally, joint 4, which is attached to the fixed support, can neither translate nor 
rotate; therefore, it does not have any degrees of freedom. Thus, the entire 
beam has a total of three degrees of freedom. 

As indicated in Fig. 5.1(c), joint translations are considered positive when 
vertically upward, and joint rotations are considered positive when counter- 
clockwise. All the joint displacements in Fig. 5.1(c) are shown in the positive 
sense. The NDOF x 1 joint displacement vector d for the beam is written as 


dı 
d=] d 
ds 


Since the number of structure coordinates per joint equals 2 (i.e., 
NC] T = 2), the number of degrees of freedom, NDOF, of a beam can be 
obtained from Eq. (3.2) as 


NCJT=2 


eer er for beams (5.1) 


in which, as in the case of plane trusses, NJ represents the number of joints of 
the beam, and NR denotes the number of joint displacements restrained by sup- 
ports (or the number of restrained coordinates). Let us apply Eq. (5.1) to the 
analytical model of the beam in Fig. 5.1(b). The beam has four joints (i.e., 
NJ = 4); two joints, 1 and 4, are attached to the fixed supports that together re- 
strain four joint displacements (namely, the translations in the Y direction and 
the rotations of joints 1 and 4). Furthermore, the roller support at joint 2 re- 
strains one joint displacement, which is the translation of joint 2 in the Y direc- 
tion. Thus, the total number of joint displacements that are restrained by all 
supports of the beam is 5 (i.e., NR = 5). Substitution of the numerical values 
of NJ and NR into Eq. (5.1) yields 


NDOF = 2(4)-5=3 


which is the same as the number of degrees of freedom of the beam obtained 
previously. As in the case of plane trusses, the free and restrained coordinates 
of a beam are collectively referred to simply as the structure coordinates. 
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When analyzing a beam, it is not necessary to draw its deformed shape, as 
shown in Fig. 5.1(c), to identify the degrees of freedom. Instead, all the struc- 
ture coordinates (i.e., degrees of freedom and restrained coordinates) are usu- 
ally directly specified on the beam’s line diagram by assigning numbers to the 
arrows drawn at the joints in the directions of the joint displacements, as shown 
in Fig. 5.1(d). In this figure, a slash (/) has been added to the arrows corre- 
sponding to the restrained coordinates to distinguish them from those repre- 
senting the degrees of freedom. 

The procedure for assigning numbers to the structure coordinates of 
beams is similar to that for the case of plane trusses, discussed in detail in 
Section 3.2. The degrees of freedom are numbered first, starting at the lowest- 
numbered joint, that has a degree of freedom, and proceeding sequentially to 
the highest-numbered joint. If a joint has two degrees of freedom, then the 
translation in the Y direction is numbered first, followed by the rotation. The 
first degree of freedom is assigned the number 1, and the last degree of freedom 
is assigned a number equal to NDOF. 

After all the degrees of freedom of the beam have been numbered, its re- 
strained coordinates are numbered beginning with a number equal to 
NDOF + 1. Starting at the lowest-numbered joint that is attached to a sup- 
port, and proceeding sequentially to the highest-numbered joint, all of the 
restrained coordinates of the beam are numbered. If a joint has two restrained 
coordinates, then the coordinate in the Y direction (corresponding to the 
reaction force) is numbered first, followed by the rotation coordinate (corre- 
sponding to the reaction couple). The number assigned to the last restrained 
coordinate of the beam is always 2(NJ ). The structure coordinate numbers for 
the example beam, obtained by applying the foregoing procedure, are given in 
Fig. 5.1(d). 


Joint Load and Reaction Vectors 


Unlike plane trusses, which are subjected only to joint loads, the external loads 
on beams may be applied at the joints as well as on the members. The external 
loads (i.e., forces and couples or moments) applied at the joints of a structure 
are referred to as the joint loads, whereas the external loads acting between the 
ends of the members of the structure are termed the member loads. In this sec- 
tion, we focus our attention only on the joint loads, with the member loads con- 
sidered in subsequent sections. As discussed in Section 3.2, an external joint 
load can, in general, be applied to the beam at the location and in the direction 
of each of its degrees of freedom. For example, the beam of Fig. 5.1(b), with 
three degrees of freedom, can be subjected to a maximum of three joint loads, 
P ı through P 3, as shown in Fig. 5.1(e). As indicated there, a load correspond- 
ing to a degree of freedom dj is denoted symbolically by Pj. The 3 x 1 joint 
load vector P for the beam is written in the form 


Pi 
P=| P 
P3 
NDOF x1 
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As for the support reactions, when a beam is subjected to external joint 
and/or member loads, a reaction (force or moment) can develop at the location 
and in the direction of each of its restrained coordinates. For example, the 
beam of Fig. 5.1(b), which has five restrained coordinates, can develop up to 
five reactions, as shown in Fig. 5.1(e). As indicated in this figure, the reaction 
corresponding to the ith restrained coordinate is denoted symbolically by Ri. 
The 5 x 1 reaction vector R for the beam is expressed as 


EXAMPLE 5.1 Identify by numbers the degrees of freedom and restrained coordinates of the con- 
tinuous beam with a cantilever overhang shown in Fig. 5.2(a). Also, form the beam’s 
joint load vector P. 


SOLUTION The beam has four degrees of freedom, which are identified by numbers 1 through 4 
in Fig. 5.2(b). The four restrained coordinates of the beam are identified by numbers 
5 through 8 in the same figure. Ans 
By comparing Figs. 5.2(a) and (b), we can see that P; = —50 k-ft; P2 = 0; 
P3 = —20 k; and P 4 = 0. The negative signs assigned to the magnitudes of P; and 
P3 indicate that these loads act in the clockwise and downward directions, respec- 
tively. Thus, the joint load vector can be expressed in the units of kips and feet, as 


Alternative Approach: The analysis of beams with cantilever overhangs can be con- 
siderably expedited by realizing that the cantilever portions are statically determinate 
(in the sense that the shear and moment at a cantilever’s end can be evaluated directly 
by applying the equilibrium equations to the free-body of the cantilever portion). 
Therefore, the cantilever portions can be removed from the beam, and only the 
remaining indeterminate part needs to be analyzed by the stiffness method. However, 
the end moments and the end forces exerted by the cantilevers on the remaining inde- 
terminate part of the structure must be included in the stiffness analysis, as illustrated 
in the following paragraphs. 

Since the beam of Fig. 5.2(a) has a cantilever member CD, we separate this stati- 
cally determinate member from the rest of the beam, as shown in Fig. 5.2(c). The 
force Scp and the moment Mcp at end C of the cantilever are then calculated by 
applying the equilibrium equations, as follows. 


FIR = Scp —20=0 Scp = 20k t 
+C} Mc =0 Mcp —20(10) = 0 Mcp = 200 k-ft ) 


Next, the moment M cp is applied as a joint load, in the clockwise (opposite) direction, 
at joint C of the indeterminate part AC of the beam, as shown in Fig. 5.2(c). Note that 
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the end force Scp (= 20 k) need not be considered in the analysis of the indeterminate 
part because its only effect is to increase the reaction at support C by 20 k. 

The analytical model of the indeterminate part of the beam is drawn in Fig. 5.2(d). 
Note that the number of degrees of freedom has now been reduced to only two, identi- 
fied by numbers 1 and 2 in the figure. The number of restrained coordinates remains at 
four, and these coordinates are identified by numbers 3 through 6 in Fig. 5.2(d). By 
comparing the indeterminate part of the beam in Fig. 5.2(c) to its analytical model in 
Fig. 5.2(d), we obtain the joint load vector as 


—50 
P= E k-ft Ans 


Once the analytical model of Fig. 5.2(d) has been analyzed by the stiffness method, 
the reaction force Re must be adjusted (i.e., increased by 20 k) to account for the end 
force Scp being exerted by the cantilever CD on support C. 


5.2 MEMBER STIFFNESS RELATIONS 


When a beam is subjected to external loads, internal moments and shears gen- 
erally develop at the ends of its individual members. The equations expressing 
the forces (including moments) at the end of a member as functions of the dis- 
placements (including rotations) of its ends, in terms of the external loads ap- 
plied to the member, are referred to as the member stiffness relations. Such 
member stiffness relations are necessary for establishing the stiffness relations 
for the entire beam, as discussed in Section 5.5. In this section, we derive the 
stiffness relations for the members of beams. 

To develop the member stiffness relations, we focus our attention on an 
arbitrary prismatic member M of the continuous beam shown in Fig. 5.3(a). 
When the beam is subjected to external loads, member m deforms and internal 
shear forces and moments are induced at its ends. The initial and displaced po- 
sitions of m are depicted in Fig. 5.3(b), in which L, E, and | denote the length, 
Young’s modulus of elasticity, and moment of inertia, respectively, of the mem- 
ber. It can be seen from this figure that two displacements—translation in the 
y direction and rotation about the Z axis—are necessary to completely specify 


© 


(a) Beam 


Fig. 5.3 
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Fig. 5.3 (continued ) 
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the displaced position of each end of the member. Thus, the member has a total 
of four end displacements or degrees of freedom. As Fig. 5.3(b) indicates, the 
member end displacements (including rotations) are denoted by u; through U4, 
and the corresponding end forces (including moments) are denoted by Qı 
through Q 4. Note that the member end translations and forces are considered 
positive when vertically upward (i.e., in the positive direction of the local y axis), 
and the end rotations and moments are considered positive when counterclock- 
wise. The numbering scheme used for identifying the member end displace- 
ments and forces is similar to that used previously for plane trusses in Chapter 3. 
As indicated in Fig. 5.3(b), the member end displacements and forces are num- 
bered by beginning at the left end b of the member, which is the origin of the local 
coordinate system, with the vertical translation and force numbered first, fol- 
lowed by the rotation and moment. The displacements and forces at the opposite 
end e of the member are then numbered in the same sequential order. 

The relationships between member end forces and end displacements can 
be conveniently established by subjecting the member, separately, to each of 
the four end displacements and external loads, as shown in Figs. 5.3(c) through 
(g); and by expressing the total member end forces as the algebraic sums of the 
end forces required to cause the individual end displacements and the forces 
caused by the external loads acting on the member with no end displacements. 
Thus, from Figs. 5.3(b) through (g), we can see that 


Qi = ky Uy + kyl +ky33 + Ki4U4 + Qf (5.2a) 
Q2 = koUy + K22U2 + ky3U3 + K24U4 + Q f2 (5.2b) 
Q3 = K31U1 + K32U2 + K33U3 + K34U4 + Q f3 (5.2c) 
Q4 = k41U 1 + kyl. + Ka3U3 + Kygu4 + Q ta (5.2d) 


in which, as defined in Chapter 3, a stiffness coefficient kij represents the force 
atthe location and in the direction of Q; required, along with other end forces, 
to cause a unit value of displacement uj, while all other end displacements are 
0, and the member is not subjected to any external loading between its ends. 
The last terms, Q f; (with i = 1 to 4), on the right sides of Eqs. (5.2), represent 
the forces that would develop at the member ends, due to external loads, if 
both ends of the member were fixed against translations and rotations (see 
Fig. 5.3(g)). These forces are commonly referred to as the member fixed-end 
forces due to external loads. Equations (5.2) can be written in matrix form as 


Qi Kir Kio ki K4 Uy Qt 
Qo} _ Koy ka Ko3 Koa Ud Qio 
Q3 | | kar Ks2 k33 Kg U3 = Q f3 pa 
Q4 Kay Kaz kas ka U4 Q f4 


or, symbolically, as 


Q=ku+Q; (5.4) 
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in which Q and U represent the member end force and member end displace- 
ment vectors, respectively, in the local coordinate system; K is the member 
stiffness matrix in the local coordinate system; and Q; is called the member 
fixed-end force vector in the local coordinate system. 

In the rest of this and the following section, we focus our attention on the 
derivation of the member stiffness matrix K. The fixed-end force vector Q; is 
considered in detail in Section 5.4. 


Derivation of Member Stiffness Matrix k 


Various classical methods of structural analysis, such as the method of consis- 
tent deformations and the slope-deflection equations, can be used to determine 
the expressions for the stiffness coefficients Kij in terms of member length and 
its flexural rigidity, El. In the following, however, we derive such stiffness ex- 
pressions by directly integrating the differential equation for beam deflection. 
This direct integration approach is not only relatively simple and straightfor- 
ward, but it also yields member shape functions as a part of the solution. The 
shape functions are often used to establish the member mass matrices for the 
dynamic analysis of beams [34]; they also provide insight into the finite- 
element formulation of beam analysis (considered in the next section). 

It may be recalled from a previous course on mechanics of materials that 
the differential equation for small-deflection bending of a beam, composed of 
linearly elastic homogenous material and loaded in a plane of symmetry of its 
cross-section, can be expressed as 


20 
d’dy _ M (5.5) 
dx? El 


in which Uy represents the deflection of the beam’s centroidal axis (which co- 
incides with the neutral axis) in the y direction, at a distance X from the origin 
of the xy coordinate system as shown in Fig. 5.3(b); and M denotes the bend- 
ing moment at the beam section at the same location, X. It is important to real- 
ize that the bending moment M is considered positive in accordance with the 
beam sign convention, which can be stated as follows (see Fig. 5.4). 


The bending moment ata section of a beamis considered positive when 
the external force or couple tends to bend the beam concave upward 
(in the positivey direction), causing compression in the fibers above 
(inthe positive y direction), and tension in the fibers below (inthe 
negative y direction), the neutral axis of the beam at the section. 


To obtain the expressions for the coefficients kj, (| = 1 through 4) in the 
first column of the member stiffness matrix k (Eq. (5.3)), we subject the 
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x 


Positive bending moment 


Fig. 5.4 Beam Sign Convention 


member to a unit value of the end displacement u; at end b, as shown in 
Fig. 5.3(c). Note that all other end displacements of the member are 0 (i.e., 
U2 = U3 = U4 = 0), and the member is in equilibrium under the action of two 
end moments ky; and k4;, and two end shears kı; and kzı. To determine the 
equation for bending moment for the member, we pass a section at a distance 
X from end b, as shown in Fig. 5.3(c). Considering the free body to the left of 
this section, we obtain the bending moment M at the section as 


M = —ky + kx (5.6) 


Note that the bending moment due to the couple k2; is negative, in accordance 

with the beam sign convention, because of its tendency to bend the member 

concave downward, causing tension in the fibers above and compression in the 

fibers below the neutral axis. The bending moment kX due to the end shear kj; 

is positive, however, in accordance with the beam sign convention. 
Substitution of Eq. (5.6) into Eq. (5.5) yields 


207 
d*uy 


1 
ae gr (oka t+ kx) (5.7) 


in which the flexural rigidity E| of the member is constant because the member 
is assumed to be prismatic. The equation for the slope 6 of the member can be 
determined by integrating Eq. (5.7) as 

dd 1 x? 

dx = ( nxn) +) (5.8) 
in which C; denotes a constant of integration. By integrating Eq. (5.8), we 
obtain the equation for deflection as 


ip (so ee ee (5.9) 
ane a az tug +EIX +o " 


in which C3 is another constant of integration. The four unknowns in Eqs. (5.8) 
and (5.9)—that is, two constants of integration C; and C3, and two stiffness 
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coefficients kı; and k;— can now be evaluated by applying the following four 
boundary conditions. 


At end b, x =0, 6=0 
At end e, Kok, 0=0 
X= L; Uy =0 


By applying the first boundary condition—that is, by setting X = 0 and 6 = 0 
in Eq. (5.8)—we obtain C; =0. Next, by using the second boundary 
condition—that is, by setting X = 0 and Uy = 1 in Eq. (5.9)—we obtain 
C2 = 1. Thus, the equations for the slope and deflection of the member become 


TEE ees (5.10) 
fe Wee 

_ 1 x? x 

Uy = ay (5 +t) +1 (5.11) 


We now apply the third boundary condition—that is, we set X = L and 8 = 0 
in Eq. (5.10)—to obtain 


1 L> 
0= ET (-ka! +k) 


from which 
L 
Ko = kiz (5.12) 


Next, we use the last boundary condition—that is, we set X = L and Uy = 0 in 
Eq. (5.11)—to obtain 


js eee a 1 
=F] az tug jt 


from which 


2E | L 

ka = —- + ku = 5.13 

21 [2 + Ki 3 ( ) 

By substituting Eq. (5.12) into Eq. (5.13), we determine the expression for the 
stiffness coefficient k11: 


12E | 
ku = 5 (5.14) 
and the substitution of Eq. (5.14) into Eq. (5.12) yields 
6E | 
ka = (5.15) 
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The remaining two stiffness coefficients, k3; and k41, can now be deter- 
mined by applying the equations of equilibrium to the free body of the mem- 
ber shown in Fig. 5.3(c). Thus, 


++ >oFy =0 “Le + kzı = 


12E | 
ksi = -- (5.16) 
6El 12E| 
Mea? eg taso 
6E | 
ka = > (5.17) 


To determine the deflected shape of the member, we substitute the expressions 
for ky; (Eq. (5.14)) and k21 (Eq. (5.15)) into Eq. (5.11). This yields 


2 3 
pais (7) +2(t) (5.18) 


Since the foregoing equation describes the variation of Uy (i.e., the y displace- 
ment) along the member’s length due to a unit value of the end displacement 
Ui, while all other end displacements are zero, it represents the member shape 
function N 4; that is, 


ae ce 
amare sa 


The expressions for coefficients Kiz (| = 1 through 4) in the second column 
of the member stiffness matrix k (Eq. (5.3)) can be evaluated in a similar man- 
ner. We subject the member to a unit value of the end displacement u; at end b, 
as shown in Fig. 5.3(d). Note that all other member end displacements are 0 
(i.e., Uy = U3 = U4 = 0), and the member is in equilibrium under the action of 
two end moments Ky and k42, and two end shears kız and k32. The equation for 
bending moment at a distance X from end b of the member can be written as 


M = —ko + kı2X (5.20) 


By substituting Eq. (5.20) into the differential equation for beam deflection 
(Eq. (5.5)), we obtain 

1 
mm ET (—ka2 + k12X) (5.21) 
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By integrating Eq. (5.21) twice, we obtain the equations for the slope and de- 
flection of the member as 


dd 1 x? 
0 = T. = El (kx + kn) + Cy (5.22) 
1 x? x3 
üy =F] ( katy tkn) +Cix + Ca (5.23) 


The four unknowns, C1, C2, kj and Ka», in Eqs. (5.22) and (5.23) can now be 
evaluated by applying the boundary conditions, as follows. 


At end b, x =0, 0=1 
x = 0, Uy =0 
At end e, XSL, 0=0 
x= L, Uy =0 


Application of the first boundary condition (i.e., 0 = 1 at x = 0) yields C; = 1; 
using the second boundary condition (i.e., Uy = 0 at x = 0), we obtain C,=0. 
By applying the third boundary condition (i.e., 9 = 0 at X = L), we obtain 


E | 5 2 2 
from which 


E | L 
kz = T + k25 (5.24) 


and application of the last boundary condition (i.e., Uy = 0 at X = L) yields 


1 L? L3 
0= 7 ( koa +k) +l 


from which 


2E | L 

Koy = —— + kp = 5.25 

22 L + Kiz 3 ( ) 

By substituting Eq. (5.24) into Eq. (5.25), we obtain the expression for the 
stiffness coefficient k12: 


iA (5.26) 


and by substituting Eq. (5.26) into either Eq. (5.24) or Eq. (5.25), we obtain 


4E | 
kn = (5.27) 
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To determine the two remaining stiffness coefficients, k3. and k42, we 
apply the equilibrium equations to the free body of the member shown in 


Fig. 5.3(d): 
+t DiFy =0 EL tks =0 
ko = (5.28) 
Haeo FE Fy tka <0 
ko = (5.29) 


The shape function (i.e., deflected shape) of the member, due to a unit end 
displacement U2, can now be obtained by substituting the expressions for 
Kio (Eq. (5.26)) and kz (Eq. (5.27)) into Eq. (5.23), with Cı = 1 and C, = 0. 
Thus, 


2 
No=x(1- *) (5.30) 


Next, we subject the member to a unit value of the end displacement ug at 
end @, as shown in Fig. 5.3(e), to determine the coefficients Kis (i = 1 through 4) 
in the third column of the member stiffness matrix k. The bending moment at 
a distance X from end b of the member is given by 


M = —kz + kı3X (5.31) 
Substitution of Eq. (5.31) into the beam deflection differential equation 
(Eq. (5.5)) yields 

day 


1 
Jx? = ET (—kz3 + ki3X) (5.32) 


By integrating Eq. (5.32) twice, we obtain 


dū 1 x2 
ob (x + ny) +O, (5.33) 
1 x? x3 
a= er ( kay thi) +Cix + Co (5.34) 
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The four unknowns, C1, C2, k;3 and k23, in Eqs. (5.33) and (5.34) are evaluated 
using the boundary conditions, as follows. 


At end b, x =0, 0=0 
X= 0, Uy =0 
At end e, X= Le 0=0 


Using the first two boundary conditions, we obtain Cı = C> = 0. Application 
of the third boundary condition yields 


1 L? 
0= ET (-kot + kn) 


from which 
B 
kz = kiaz (5.35) 


and, using the last boundary condition, we obtain 


1 L? L3 
1 ( Ko3 — + kj3 ) 


~ EI 2 6 


from which 


2E | L 

— +k 5.36 
[2 + ky3 3 ( ) 

By substituting Eq. (5.35) into Eq. (5.36), we determine the stiffness coeffi- 

cient kı; to be 


kz = — 


ko (5.37) 


and the substitution of Eq. (5.37) into Eq. (5.35) yields 


6E l 
ks = -Tr (5.38) 


The two remaining stiffness coefficients, k33 and k43, are determined by con- 
sidering the equilibrium of the free body of the member (Fig. 5.3(e)): 


12E | 


+12 Fy=0 — [a7 + ka = 0 


12E | 
ka = (5.39) 
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6El  12E1 


(L) +k, = 0 


E | 


5 (5.40) 


ka = — 


and the shape function N3 for the member is obtained by substituting 
Eqs. (5.37) and (5.38) into Eq. (5.34) with Cı = C3 = 0. Thus, 


x\? x 
W=3(2)-2(%) a 


To determine the stiffness coefficients kj4 (i = 1 through 4) in the last 
(fourth) column of k, we subject the member to a unit value of the end dis- 
placement U4 at end e, as shown in Fig. 5.3(f). The bending moment in the 
member is given by 


M = —kz4 + ky4x (5.42) 
Substitution of Eq. (5.42) into Eq. (5.5) yields 

Go, 4 

te ET (—Koa + K14X) (5.43) 
By integrating Eq. (5.43) twice, we obtain 

du 1 X? 

0 = ae =F (~k + T +C: (5.44) 

tsd [i ee l (5.45) 

Uy =F] ma tg +UiX+U2 1 


To evaluate the four unknowns, C1, C2, Ki4 and kz4, in Eqs. (5.44) and 
(5.45), we use the boundary conditions, as follows. 


Atend b, x =0, 0=0 
X=0, Uy =0 
At end e, X=L, 0=1 


X=L, Uy =0 


Application of the first two boundary conditions yields Cı = C2 = 0. Using 
the third boundary condition, we obtain 


1 L2 
l= ET (k + kus) 


or 


E | L 
Ko4 = =T + kuz (5.46) 
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and the use of the fourth boundary condition yields 


1 L? L3 
0 ( K>4 tku) 


EI 2 
from which 
L 
koq = kiaz (5.47) 
By substituting Eq. (5.47) into Eq. (5.46), we obtain the stiffness coefficient 
Kia! 
6E | 
kis = > (5.48) 


and by substituting Eq. (5.48) into Eq. (5.47), we obtain 


2E | 
koa = (5.49) 


Next, we determine the remaining stiffness coefficients by considering the 
equilibrium of the free body of the member (Fig. 5.3(f)): 


6E | 
+t >OFy =0 Tar tks =0 
6E | 
ksa = —T (5.50) 
2El  6E| 
ku = E (5.51) 


To obtain the shape function N4 of the beam, we substitute Eqs. (5.48) and 
(5.49) into Eq. (5.45), yielding 


x? X 
2 52 


Finally, by substituting the expressions for the stiffness coefficients 
(Eqs. (5.14-5.17), (5.26-5.29), (5.37-5.40), and (5.48—5.51)), into the matrix 
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form of k given in Eq. (5.3), we obtain the following local stiffness matrix for 
the members of beams. 


12 6L <i 6L 
El 6L 4L? —6L 2L? 
~ B | —12 —6L 12 —6L 
6L 2L? —6L 4L? 


k (5.53) 


Note that the stiffness matrix K is symmetric; that is, Kij = kji. 


EXAMPLE 5.2 Determine the stiffness matrices for the members of the beam shown in Fig. 5.5. 
Y 


20 ft 


2l 
E = 29,000 ksi 
| = 875 in.4 


Fig. 5.5 
SOLUTION Member1 E = 29,000 ksi, | = 875 in., L = 15 ft = 180 in. 
El _ 29,000 (875) 
L3 (180 
Substitution in Eq. (5.53) yields 


52.212 4,699.1 —52.212 4,699.1 
k | 4699.1 563,889 —4,699.1 281,944 s 
1 | 152.212 —4,699.1 52.212 —4,699.1 dis 


4,699.1 281,944 —4,699.1 563,889 


= 4.351 k/in. 


Member 2 E = 29,000 ksi, | = 1,750 in.*, L = 20 ft = 240 in. 


El _ 29,000 (1,750) 


= = 3.6712 k/in. 
Le (240)? 


Thus, from Eq. (5.53) 


44.054 5,286.5 —44.054 5,286.5 
k = | 52865 845,833 5,286.5 422,917 n 
2 = | 44.054 —5,286.5 44.054 —5,286.5 z: 


5,286.5 422,917 —5,286.5 845,833 
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5.3 FINITE-ELEMENT FORMULATION USING 
VIRTUAL WORK* 


The member stiffness matrix k, as given by Eq. (5.53), is usually derived 
in the finite-element method by applying the principle of virtual work. The 
formulation involves essentially the same general steps that were outlined in 
Section 3.4 for the case of the members of plane trusses. 


Displacement Function 


Consider a prismatic member of a beam, subjected to end displacements U; 
through U4, as shown in Fig. 5.6. Since the member displaces only in the y di- 
rection, only one displacement function Uy needs to be defined. In Fig. 5.6, the 
displacement function Uy is depicted as the displacement of an arbitrary point 
G located on the member’s centroidal axis (which coincides with the neutral 
axis) at a distance X from the end b. 

As discussed in Section 3.4, in the finite-element method, a displacement 
function is usually assumed in the form of a complete polynomial of such a de- 
gree that all of its coefficients can be evaluated from the available boundary 
conditions of the member. From Fig. 5.6, we realize that the boundary condi- 
tions for the member under consideration are as follows. 


At end b, x =0, Uy =u, (5.54a) 
du 
xX =0, 0 = a = Uy (5.54b) 
Displaced 


position ©) 


f 


% 
/ 
I 
I 
l 
I 
I 
, 
\ 


uz 


uy 


— 
© 
©) 


Initial 
position 


L 


EI = constant 


Fig. 5.6 


*This section can be omitted without loss of continuity. 
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At end e, X=L, Uy = U3 (5.54c) 

X= L, 6=—=Uy (5.54d) 

Since there are four boundary conditions, we can use a cubic polynomial (with 
four coefficients) for the displacement function Uy, as 

Uy = ao +a1X + 82X? + a3X? (5.55) 


in which ao through a3 are the constants to be determined by applying the four 
boundary conditions specified in Eqs. (5.54). By differentiating Eq. (5.55) with 
respect to X, we obtain the equation for the slope of the member as 


d 
0 = z = a, +2a2X + 383X? (5.56) 


Now, we apply the first boundary condition (Eq. (5.54a)) by setting X = 0 and 
Uy =U, in Eq. (5.55). This yields 


ag = Uy (5.57) 


Similarly, using the second boundary condition—that is, by setting X = 0 and 
0 = Up in Eq. (5.56)—we obtain 


a; =U (5.58) 


Next, we apply the third boundary condition, setting X = L and Uy = U3 in 
Eq. (5.55). This yields 


U3 = ao tayL +alL?+a3L° (5.59) 
By substituting a9 = U; (Eq. (5.57)) and a; = U2 (Eq. (5.58)) into Eq. (5.59), 
we obtain 
1 
a3 = pg (—U: — ul + u3 — a2L°) (5.60) 


To apply the fourth boundary condition (Eq. (5.54d)), we set X = L and 0 = Uy 
in Eq. (5.56). This yields 


u4 =a, +2a2L + 3a3L? (5.61) 


By substituting Eqs. (5.57), (5.58), and (5.60) into Eq. (5.61), and solving the 
resulting equation for a2, we obtain 


a2 = Py 3u: — 2u2L + 3u3 — U4L) (5.62) 
and the backsubstitution of Eq. (5.62) into Eq. (5.60) yields 

a3 = Py Qu: +uL — 2u3 +u4L) (5.63) 

Finally, by substituting Eqs. (5.57), (5.58), (5.62), and (5.63) into 


Eq. (5.55), we obtain the following expression for the displacement function 
Uy, in terms of the end displacements u; through U4. 
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Shape Functions 
The displacement function Uy, as given by Eq. (5.64), can alternatively be 


written as 
Uy = Niu + Nous + N3u3 + N4U4 (5.65) 
with 
x \? x\3 
Wat) (2) sen 
x\2 
No= ( — x) (5.66b) 
x \? x\3 
N; = (7) : 2(*) (5.66c) 
i a (5.66d) 
=T F L A 


in which N; (i = 1 through 4) are the member shape functions. A comparison 
of Eqs. (5.66a) through (5.66d) with Eqs. (5.19), (5.30), (5.41), and (5.52), re- 
spectively, indicates that the shape functions determined herein by assuming a 
cubic displacement function are identical to those obtained in Section 5.2 by 
exactly solving the differential equation for bending of beams. This is because 
a cubic polynomial represents the actual (or exact) solution of the governing 
differential equation (Eq. (5.5)), provided that the member is prismatic and it is 
not subjected to any external loading. 
Equation (5.65) can be written in matrix form as 


Uy 
- u 
Uy =[Ni No N3 Nal i (5.67) 
U4 
or, symbolically, as 
Uy =Nu (5.68) 


in which N is the member shape-function matrix. 
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Strain-Displacement Relationship 
We recall from mechanics of materials that the normal (longitudinal) strain £ in 
a fiber of a member, located at a distance y above the neutral axis, can be 
expressed in terms of the displacement Uy of the member’s neutral axis, by the 
relationship 
iy d*uy 

dx? 
in which the minus sign indicates that the tensile strain is considered positive. 
By substituting Eq. (5.68) into Eq. (5.69), we write 

2 


d 
¿= Ya (Nu) (5.70) 


E€ = 


(5.69) 


Since the end-displacement vector U is not a function of X, it can be treated 
as a constant for the purpose of differentiation. Thus, Eq. (5.70) can be ex- 
pressed as 


d?N 
p= (v5 )"= Bu (5.71) 


To determine the member strain-displacement matrix B, we write 


PE. a.. pe d?N> d’N3 | 


==) = (5.72) 
dx? dx? dx? dx? dx? 

By differentiating twice the equations for the shape functions as given by 

Eqs. (5.66), and substituting the resulting expressions into Eq. (5.72), we 

obtain 


=- feļ-1+2% ee a 9 143% 
B= Z [6( 1+2*) 21 ( 243%) o(1 2%) at ( 1430) (5.73) 


Stress—Displacement Relationship 


To establish the relationship between the member normal stress and the end 
displacements, we substitute Eq. (5.71) into the stress-strain relation o = Ee. 
This yields 


o = E Bu (5.74) 


Member Stiffness Matrix, k 


With both the member strain and stress expressed in terms of end displace- 
ments, we can now establish the member stiffness matrix k by applying the 
principle of virtual work for deformable bodies. Consider an arbitrary member 
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of a beam in equilibrium under the action of end forces Q; through Q4, as 
shown in Fig. 5.7. Note that the member is not subjected to any external load- 
ing between its ends; therefore, the fixed-end forces Q; are 0. 

Now, assume that the member is given small virtual end displacements du, 
through ôU4, as shown in Fig. 5.7. The virtual external work done by the real 
member end forces Q ; through Q 4 as they move through the corresponding vir- 
tual end displacements ôu; through dU, is 


We = Q dU; + QodU2 + Q38U3 + Q 4ôU4 
which can be written in matrix form as 
We = du'Q (5.75) 


Substitution of Eq. (5.75) into the expression for the principle of virtual work 
for deformable bodies as given in Eq. (3.28) in Section 3.4, yields 


su'Q = I belo dV (5.76) 
V 


in which the right-hand side represents the virtual strain energy stored in the 
member. By substituting Eqs. (5.71) and (5.74) into Eq. (5.76), we obtain 


ôu' Q =] (B ŝu) EB dV u 
V 
Since (B ŝu)! = ôu! BT, the foregoing equation becomes 


sul Q = aut f B'EBdV u 
V 


sul — | B'EBdV )=0 
u' (Q Í u 


or 


Virtual displaced 
y position 


Q> [© Le © 


iti 
Qi p positon Q3 


EI = constant 
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As ôu! may be arbitrarily chosen and is not 0, the quantity in the parentheses 
must be 0; thus, 


a=(/ BTEB dV ) u = ku (5.77) 
V 


with 


k= f B'EB dV (5.78) 
V 


Note that the foregoing general form of k for beam members is the same as that 
obtained in Section 3.4 for the members of plane trusses (Eq. (3.55)). To 
explicitly determine the member stiffness matrix k, we substitute Eq. (5.73) for 
B into Eq. (5.78). This yields 


By substituting dV = (dA) dx into Eq. (5.79), and realizing that f, y? dA = |, 


we obtain 
L 
=i | 
[eee 12L (-2437)(-1424) -36(-1 any 12L (-1+32) (-1 o| 
12L (-2+37) (-1+2") al? (-24+37) 12L (-24372) (1-25) 4L?(-24+34) (-1+32) 
* -36 (-1+2Ž 7 12L (-2+37) (1-24) 36(-1 +22 T 12L (-1+35) (1-27) = 
121 (-1 35) ( 1425) aL? (-2+35)( 1+35) 12L (-1 +37) (1-25) al? (-1+37) 
(5.80) 
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which, upon integration, becomes 


12 6L —12 6L 

El 6L 4L? —6L 2L? 
aes a ee =6l 12 —6L 
6L 2L? -6L 4L? 


Note that the foregoing expression for K is identical to that derived in Section 5.2 
(Eq. (5.53)) by directly integrating the differential equation for beam deflection 
and applying the equilibrium equations. 


5.4 MEMBER FIXED-END FORCES DUE TO LOADS 


It was shown in Section 5.2 that the stiffness relationships for a member of a 
beam can be written in matrix form (see Eq. (5.4)) as 


Q=ku+Q; 


As the foregoing relationship indicates, the total forces Q that can develop at 
the ends of a member can be expressed as the sum of the forces ku due to the 
end displacements U, and the fixed-end forces Q; that would develop at the 
member ends due to external loads if both member ends were fixed against 
translations and rotations. 

In this section, we consider the derivation of the expressions for fixed-end 
forces due to external loads applied to the members of beams. To illustrate the 
procedure, consider a fixed member subjected to a concentrated load W, as 
shown in Fig. 5.8(a). As indicated in this figure, the fixed-end moments at the 
member ends b and e are denoted by F My and F Mg, respectively, whereas F Sp 
and F Se denote the fixed-end shears at member ends b and e, respectively. Our 
objective is to determine expressions for the fixed-end moments and shears in 
terms of the magnitude and location of the load W; we will use the direct in- 
tegration approach, along with the equations of equilibrium, for this purpose. 

As the concentrated load W acts at point A of the member (Fig. 5.8(a)), the 
bending moment M cannot be expressed as a single continuous function of X 
over the entire length of the member. Therefore, we divide the member into 
two segments, bA and Ae; and we determine the following equations for bend- 
ing moment in segments bA and Ae, respectively: 


0<x<l, M =—F Mp +F Spx (5.81) 
1<x<lL M =—F My +F Spx —W(x —1,) (5.82) 


By substituting Eqs. (5.81) and (5.82) into the differential equation for beam 
deflection (Eq. (5.5)), we obtain, respectively, 


hoo ee 5,83 

0<x <I, qe = Ep CFM» +F Spx) (5.83) 
d?ūy 1 

l <x<L qe ~ grl Me +F Spx — Wo —1)] (5.84) 
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y 
wW 
FM, 
£ © | A © ) 
== == x 
FM, ia ee ee 
FS, FS, 
| h s b > 
E E >| 
(a) Fixed Member 
w 
WL LF Wiis 
E < © | © X L 
wis Wi 
SF Gh +1) arth + 3L) 
|a l >|+ lL, >| 
< L > 


(b) Fixed-End Forces 


Fig. 5.8 


By integrating Eq. (5.83) twice, we obtain the equations for the slope and de- 
flection in segment bA of the member: 


1 x? 
0<x <li, o= Sta pr (FM + FS) +e (5.85) 


2 1 x? x? 
0<x<il Uy = — =Ma + F Spe +Cix+Co (5.86) 


Similarly, by integrating Eq. (5.84) twice, we obtain the equations for the slope 
and deflection in the segment Ae: 


7 
liæxsl gat. oP Mee L +C3 (5.87) 
E | 2 2 
B 1 x? xX Wx? 
hiex y= er | FM p> + FSp— 6 (x ah) | + Cox +C. (5.88) 
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Equations (5.85) through (5.88) indicate that the equations for the slope 
and deflection of the member contain a total of six unknowns; that is, four con- 
stants of integration, Cı through C4, and two fixed-end forces, F M p and F Sp. 
These six unknowns can be evaluated by applying four boundary conditions 
(i.e., the slopes and deflections at the two fixed ends, b and e, must be 0), and 
two continuity conditions requiring that the slope and the deflection of the 
members elastic curve be continuous at point A. By applying the two bound- 
ary conditions for the fixed end b (i.e., at X = 0,0 = Uy = 0) to Egs. (5.85) and 
(5.86), we obtain 


C,;=C.=0 (5.89) 


Next, to evaluate the constant C3, we use the condition that the slope must be 
continuous at point A. This condition requires that the two slope equations 
(Eqs. (5.85) and (5.87)) yield the same slope 6, at X = lı. By setting x = |, in 
Eqs. (5.85) and (5.87), and equating the resulting expressions, we obtain 


1 | 1 I? wI? 
ET (- FM oli + FS) = E (- FM pli + F Sp > + st) +e 


By solving for C3, we determine that 


wl? 
C3;=-— 5.90 
Saal a (5.90) 
In a similar manner, we evaluate the constant C 4 by applying the condition of 
continuity of deflection at point A. By setting X = |, in the two deflection equa- 
tions (Eqs. (5.86) and (5.88)), and equating the resulting expressions, we obtain 


1 (_em HFS í 
EI į o 


1 |2 B wI wI? 
= FM,t+FS5,2 1 1 
= ( bg hig =) mer + SA 
from which 
wis 
Ca = SET (5.91) 


With the four constants of integration known, we can now evaluate the two 
remaining unknowns, F Sp and F M p, by applying the boundary conditions that 
the slope and deflection at the fixed end e must be 0 (i.e., atX = L, 0 = Uy = 0). 
By setting X = L in Eqs. (5.87) and (5.88), with 6 = 0 in Eq. (5.87) and Uy = 0 
in Eq. (5.88), we obtain 


1 L? WL Wit 

ET E isp =a U= JE] =0 (5.92) 

1 L? WL? WI?L wl} 

a|- FM- + Fp oar (L -3| - JE] +T =? 
(5.93) 
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To solve Eqs. (5.92) and (5.93) for F Sp and F M p, we rewrite Eq. (5.92) to ex- 
press F My in terms of F Sp as 
L W wI? 
FMi =FSy>= — (L =2 p= 94 
b hig gt = (5.94) 
By substituting Eq. (5.94) into Eq. (5.93), and solving the resulting equation 
for F Sp, we obtain 


ye 


ra (L° — 31L +213) 


Substitution of L = lı + |, into the numerator of the foregoing equation yields 
the expression for the fixed-end shear F Sp as 


2 
FS = SE Gli +12) (5.95) 


By back substituting Eq. (5.95) into Eq. (5.94), we obtain the expression for 
the fixed-end moment as 


2 
Wh? 


FMp [2 


(5.96) 


Finally, the fixed-end forces, F Se and F Me, at the member end e, can be de- 
termined by applying the equations of equilibrium to the free body of the mem- 
ber (Fig. 5.8(a)). Thus, 

w12 
+t DL Fy=0 5 6l +l)-W +FSe=0 


By substituting L = lı + l2 into the numerator and solving for F Se, we obtain 


w12 
and 
Wil? WI2 
+ (ÈM. = a a Gli + hayL + W + FMe=0 
WII 
FMe=— a (5.98) 


in which the negative answer for F M e indicates that its actual sense is clock- 
wise for the loading condition under consideration. Figure 5.8(b) depicts the 
four fixed-end forces that develop in a member of a beam subjected to a single 
concentrated load. 

The expressions for fixed-end forces due to other types of loading condi- 
tions can be derived by using the direct integration approach as illustrated here, 
or by employing another classical method, such as the method of consistent de- 
formations. The expressions for fixed-end forces due to some common types of 
member loads are given inside the front cover of this book for convenient 
reference. 
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Member Fixed-End Force Vector Q; 


Once the fixed-end forces for a member have been evaluated, its fixed-end 
force vector Q; can be generated by storing the fixed-end forces in their proper 
positions in a 4 x 1 vector. In accordance with the scheme for numbering 
member end forces adopted in Section 5.2, the fixed-end shear F Sp and the 
fixed-end moment F M p, at the left end b of the member, must be stored in the 
first and second rows, respectively, of the Qr vector; the fixed-end shear F Se 
and the fixed-end moment F M e, at the opposite member end ẹ, are stored in the 
third and fourth rows, respectively, of the Qr vector. Thus, the fixed-end force 
vector for a member of a beam (Fig 5.8(a)) is expressed as 


Qi F Sp 

— | Qf |_| FM» 
Qi = Ol es. (5.99) 

Q f4 FMe 


When storing numerical values or fixed-end force expressions in Q;, the 
appropriate sign convention for member end forces must be followed. In ac- 
cordance with the sign convention adopted in Section 5.2, the fixed-end shears 
are considered positive when upward (i.e., in the positive direction of the local 
y axis); the fixed-end moments are considered positive when counterclock- 
wise. For example, the fixed-end force vector for the beam member shown in 
Fig. 5.8(b) is given by 

2 
LEYT +l2) 
Wil? 

L2 


wI? 
Tat + 3l2) 


WII 
Ea 


Q: 


EXAMPLE 5.3 Determine the fixed-end force vectors for the members of the two-span continuous 
beam shown in Fig. 5.9. Use the fixed-end force equations given inside the front 
cover. 


SOLUTION Member1 By substituting w = 2 k/ft, L = 30 ft, and lı = l2 = 0 into the fixed-end 
force expressions given for loading type 3, we obtain 


p 
FSp = FSe = © = 30k 
2(30)2 
FMp = i = 150 k-ft 
pa 
a- Ue a Aai 
12 
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18 k 
2 k/ft | 
|. 30 ft +—10 ft; 20 ft 


EI = constant 


(a) Two-Span Continuous Beam 


is 30 ft 5 
(b) Analytical Model 


Fig. 5.9 


By substituting these values of fixed-end forces into Eq. (5.99), we obtain the fixed- 
end force vector for member 1: 


30 
150 
Qi = 30 Ans 


—150 


Member 2 From Fig. 5.9(a), we can see that this member is subjected to two differ- 
ent loadings—a concentrated load W = 18k with |, = 10 ft, l2 = 20 ft, and L = 30 ft 
(load type 1), and a uniformly distributed load w = 2k/ft with], = l2 = OandL = 30ft 
(load type 3). The fixed-end forces for such a member, due to the combined effect of 
several loads, can be conveniently determined by superimposing (algebraically 
adding) the fixed-end forces due to each of the loads acting individually on the mem- 
ber. By using superposition, we determine the fixed-end forces for member 2 to be 


_ 18(20)? 20) _ 
F Sp = Bot ODIs ae e222 
2 2 
FM, = 180) CO? | 220)" _ 930 kft 
(30)? 12 
_ 1810}? 280) | 
Pao pr O 
180020 280? _ 
FMe= Boz Bo = Le 
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Thus, the fixed-end force vector for member 2 is 


43.333 
230 
Qi = | 34667 Ans 


—190 


5.5 STRUCTURE STIFFNESS RELATIONS 


The procedure for establishing the structure stiffness relations for beams is es- 
sentially the same as that for plane trusses discussed in Section 3.7. The proce- 
dure, called the direct stiffness method, involves: (a) expressing the joint loads 
P in terms of the member end forces Q by applying the joint equilibrium equa- 
tions; (b) relating the joint displacements d to the member end displacements 
u by using the compatibility conditions that the member end displacements and 
rotations must be the same as the corresponding joint displacements and rota- 
tions; and (c) linking the joint displacements d to the joint loads P by means of 
the member force-displacement relations Q = ku + Q+. 

Consider, for example, an arbitrary beam subjected to joint and member 
loads, as depicted in Fig. 5.10(a). The structure has three degrees of freedom, 
dı through d3, as shown in Fig. 5.10(b). Our objective is to establish the struc- 
ture stiffness relationships, which express the external loads as functions of the 
joint displacements d. The member end forces Q and end displacements u for 
the three members of the beam are given in Fig. 5.10(c), in which the super- 
script (i) denotes the member number. 

By applying the equations of equilibrium }` Fy = 0 and `M = 0 to the 
free body of joint 2, and the equilibrium equation $` M = 0 to the free body of 
joint 3, we obtain the following relationships between the external joint loads 
P and the internal member end forces Q. 


P= 0P0P (5.100a) 
Pra +P (5.100b) 
P= 09 +0P (5.100c) 


Next, we determine compatibility conditions for the three members of 
the beam. Since the left end 1 of member 1 is connected to fixed support 1 
(Fig. 5.10(b)), which can neither translate nor rotate, the displacements u® 
and u of end | of the member (Fig. 5.10(c)) must be 0. Similarly, since end 2 
of this member is connected to joint 2, the displacements ue” and i? of end 
2 must be the same as the displacements dı and do, respectively, of joint 2. 


Thus, the compatibility equations for member 1 are: 


u =u? =0 uP = dy uP = d2 (5.101) 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


198 Chapter5 Beams 
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Fig. 5.10 


In a similar manner, the compatibility equations for members 2 and 3, respec- 
tively, are given by 


u® =d; i =d u® = u® = = d; (5.102) 
u = 0 Tag = d3 u® = u® =0 (5.103) 


The link between the joint equilibrium equations (Eqs. (5.100)) and the 
compatibility conditions (Eqs. (5.101) through (5.103)) is provided by the 
member stiffness relationship Q = ku + Qr (Eq. (5.4)). To express the six 
member end forces that appear in Eqs. (5.100) in terms of the member end 
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displacements, we will use the expanded form of the member stiffness rela- 
tionship given in Eqs. (5.2). Thus, the end forces Q and Q Th of member 1, 
can be expressed in terms of the member end displacements as 


1 1 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1 1 


Similarly, the end forces Q E ,Q a , and Q a: of member 2, are written as 


2 D 2) 0) 4 pe D 2 
OP KGP HEUP HEUP AKUP OR NB 
OP EUP HEUP EUP HEPR NB) 
(2) (2),, (2) (2),,@) (2),, 2) (2),,@) (2) 
a = kaur +kyus +k Ug +k ug + QF, (5.105c) 


and the end force Q O) ,of member 3, is expressed as 


3 3),,3 3 3 3 3 3 3 3 
QP = KRUP KUP +U + Duy + 02 (5.106) 


Next, we relate the joint displacements d to the member end forces Q by 
substituting the compatibility equations, Eqs. (5.101), (5.102), and (5.103), 
into the member force-displacement relations given by Eqs. (5.104), (5.105), 
and (5.106), respectively. Thus, 


Ga kU tkd p (5.107a) 

P = kid, +k d, + Q fh (5.107b) 
QO a kd, + kOd, +k +Ê (5.107c) 
GP = kd, +k Od, +kPds +0? (5.107d) 
Q? =k d, + kd, +k2d5 4.0% (5.107e) 
Qe _ kd, +Q G) (5.107f) 


Finally, by substituting Eqs. (5.107) into the joint equilibrium equations 
(Eqs. (5.100)), we establish the desired structure stiffness relationships as 


Pi = (K +i?) di + (KR + Ki) do + kids + (Qf +H) (5.108a) 


Po = (kis) + ks) di + (ki? +k) do + kids + (Qf? +O) (5.108b) 


Ps = Kdi + kids + (Kip +k) ds + (O27 + 073) (5.108c) 
Equations (5.108) can be conveniently expressed in matrix form as 
P = Sd +P; 
or 
P— P; = Sd (5.109) 
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in which 
ek? Ko ke ko 
S=| kK +KP KPAG K (5.110) 
Ke ke k? + KO 
is the NDOF x NDOF structure stiffness matrix for the beam of Fig. 5.10(b), 
and 
Qt a) + Qe (2) 
P; = Qi +0% (5.111) 
OF (2) ee OF (3) 


is the NDOF x 1 structure fixed-joint force vector. The structure fixed-joint 
force vectors are further discussed in the following section. In the rest of this 
section, we focus our attention on the structure stiffness matrices. 

By examining Eq. (5.110), we realize that the structure stiffness matrix S 
of the beam of Fig. 5.10(b) is symmetric, because of the symmetric nature of 
the member stiffness matrices (i.e., kij = kji). (The structure stiffness matrices 
ofall linear elastic structures are always symmetric.) As discussed in Chapter 3, 
a structure stiffness coefficient Sij represents the force at the location and in the 
direction of Pj required, along with other joint forces, to cause a unit value of 
the displacement dj, while all other joint displacements are 0, and the structure 
is not subjected to any external loads. We can use this definition to verify the 
S matrix (Eq. (5.110)) for the beam of Fig. 5.10. 

In Figs. 5.11(a) through (c), the beam is subjected to the unit values of the 
three joint displacements d; through dz, respectively. As depicted in Fig. 5.11(a), 


oe u =1 sn (2) 
ky) oo p u®=1 sa kai 
23 p 43 1 ` 
(— ® =<) © 
O al @ k? |@ 2] © © BI © 
kf? kf) ky k ® 


(a) First Column of S (d; = 1, dy = d3 = 0) 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 5.5 Structure Stiffness Relations 201 


eee p 8 fe ; > 


® tH ©® 2 f 


(c) Third Column of S (d; = 1, d; = d) = 0) 


Fig. 5.11 (continued) 


the joint displacement dı = 1 (with d2 = d3 = 0) induces unit displacements 
u a = | at the right end of member 1 and u P = | at the left end of member 2, 
while member 3 is not subjected to any displacements. The member stiffness 
coefficients (or end forces) necessary to cause the foregoing end displacements 
of the individual members are also shown in Fig. 5.11(a). (Recall that we de- 
rived the explicit expressions for member stiffness coefficients, in terms of E, 
|, and L of the member, in Section 5.2.) From the figure, we can see that the 
total vertical joint force S4; at joint 2, required to cause the joint displacement 


dı = 1 (with dz = d3 = 0), must be equal to the algebraic sum of the vertical 
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forces at the two member ends connected to this joint; that is, 
Si = kK +k (5.112a) 


Similarly, the total joint moment S2; at joint 2 must be equal to the algebraic 
sum of the moments at the ends of members 1 and 2 connected to joint 2. Thus, 
(Fig. 5.11(a)), 


Sor = kD +k (5.112b) 


and the total joint moment S3; at joint 3 must equal the algebraic sum of the 
moments at the two member ends connected to the joint; that is, 


Sz = ki? (5.112c) 


Note that the foregoing expressions for Sj; (| = 1 through 3) are identical to 
those listed in the first column of S in Eq. (5.110). 

The second column of S can be verified in a similar manner. From 
Fig. 5.11(b), we can see that the joint rotation d = 1 (with dj = d3 = 0) in- 
duces unit rotations uP = | atthe right end of member 1, and uP = ] atthe 
left end of member 2. The member stiffness coefficients associated with these 
end displacements are also shown in the figure. By comparing the joint forces 
with the member end forces, we obtain the expressions for the structure stiff- 
ness coefficients as 


S =k} +k (5.112d) 
Soo = ky +K (5.112e) 
Sy = ki (5.112) 


which are the same as those in the second column of S in Eq. (5.110). 
Similarly, by subjecting the beam to a unit rotation d3 = 1 (with 
dı = dz = 0), as shown in Fig. 5.11(c), we obtain 


S3 =k? (5.112g) 
Sz = ky? (5.112h) 
S33 = K? +k (5.112i) 


The foregoing structure stiffness coefficients are identical to those listed in the 
third column of S in Eq. (5.110). 


Assembly of the Structure Stiffness Matrix 
Using Member Code Numbers 


Although the procedures discussed thus far for formulating S provide clearer 
insight into the basic concept of the structure stiffness matrix, it is more con- 
venient from a computer programming viewpoint to directly form the structure 
stiffness matrix S by assembling the elements of the member stiffness matrices K. 
This technique, which is sometimes referred to as the code number technique, 
was described in detail in Section 3.7 for the case of plane trusses. The 
technique essentially involves storing the pertinent elements of the stiffness 
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matrix k for each member of the beam, in the structure stiffness matrix S, 
by using the member code numbers. The code numbers for a member are 
simply the structure coordinate numbers at the location and in the direction 
of each of the member end displacements U, arranged in the order of the end 
displacements. 

To illustrate this technique, consider again the three-member beam of 
Fig. 5.10. The analytical model of the beam is redrawn in Fig. 5.12(a), which 
shows its three degrees of freedom (numbered from | to 3) and five restrained 
coordinates (numbered from 4 to 8). In accordance with the notation for mem- 
ber end displacements adopted in Section 5.2, the first two end displacements 
of a member, U; and Up, are always the vertical translation and rotation, respec- 
tively, at the left end (or beginning) of the member, whereas the last two end 
displacements, U3 and U4, are always the vertical translation and rotation, re- 
spectively, at the right end (or end) of the member. Thus, the first two 
code numbers for a member are always the structure coordinate numbers 


Y 


R, Rs R, 
Three degrees of freedom (1 through 3); 
five restrained coordinates (4 through 8) 
(a) Analytical Model 
4 5 1 2 1 2 6 3 6 3 7 8 
a, a) ,q) CO 12)! OO 6) 1,6) 1,6) ,@) 
ki ki kg kg | 4 kiiy ki? ' ky3 kia 1 ki ko k3 Aig’ | 6 
ad) p ,0) pO eN p! ge 1,@) 6) 1,8): @ 0) 
k ki ka k ka 5 k Kay kaa’) k3 ikg |2 k ky ikoz | k3 ka 
i= pei p= [--t-4--22s S L = (eee 
(1) Aisa ga) 2)i p) 2) (2) (3) G) 7G) (3) 
ksy kzz! kaz s k4 |1 Fer ika k33 kg 6 kai kya) k kg 
O gD O 0 DLO OO @ 16)! 10) 0) 
ka kyz! ka kas 2 ky I kaz i k43 j Kags 3 ka kaz t ky Kay 
i Ko 3 nog K 
S ET 4 ` ; 
oN ip Qh 0 Q) i (2) / 
kaz stk, ką t ko n ki 1 / 
=| Ma 2@/ 7M 7,@ + ,@ ” 
S= | k3 + ky ky +k hog ole 2 
2 2 “2 “By - 
DO g D 
(b) Assembling of Structure Stiffness Matrix S 
Fig. 5.12 
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corresponding to the vertical translation and rotation, respectively, of the be- 
ginning joint; and the third and fourth member code numbers are always the 
structure coordinate numbers corresponding to the vertical translation and ro- 
tation, respectively, of the end joint. 

From Fig. 5.12(a) we can see that, for member 1 of the beam, the begin- 
ning joint is | with restrained coordinates 4 and 5, and the end joint is 2 with 
degrees of freedom 1 and 2. Thus, the code numbers for member 1 are 4, 5, 1, 2. 
Similarly, the code numbers for member 2, for which the beginning and end 
joints are 2 and 3, respectively, are 1, 2, 6, 3. In a similar manner, the code 
numbers for member 3 are found to be 6, 3, 7, 8. 

To establish the structure stiffness matrix S, we write the code numbers of 
each member on the right side and at the top of its stiffness matrix kj (i = 1, 2, 
or 3), as shown in Fig. 5.12(b). These code numbers now define the positions of 
the elements of the member stiffness matrices in the structure stiffness matrix 
S. In other words, the code numbers on the right side of a k matrix represent the 
row numbers of S; and the code numbers at the top represent the column num- 
bers of S. Furthermore, since the number of rows and columns of S equal the 
number of degrees of freedom (ND OF ) of the beam, only those elements of a 
k matrix for which both the row and the column code numbers are less than or 
equal to ND OF belong in the structure stiffness matrix S. The structure stiffness 
matrix S is obtained by algebraically adding the pertinent elements of the K ma- 
trices of all the members in their proper positions in the S matrix. 

To assemble the S matrix for the beam of Fig. 5.12(a), we start by storing 
the pertinent elements of the stiffness matrix of member 1, K4, in the S matrix 
(see Fig. 5.12(b)). Thus, the element is stored in row 1 and column 1 of S, 
the element ery is stored in row 2 and column 1 of S, the element ko is stored 
in row 1 and column 2 of S, and the element an is stored in row 2 and column 
2 of S. It should be noted that since the beam has three degrees of freedom, 
only those elements of kı whose row and column code numbers both are less 
than or equal to 3 are stored in S. The same procedure is then used to store the 
pertinent elements of kz and k3, of members 2 and 3, respectively, in the S ma- 
trix. Note that when two or more member stiffness coefficients are stored in the 
same element of S, then the coefficients must be algebraically added. The com- 
pleted structure stiffness matrix S for the beam is shown in Fig. 5.12(b), and is 
identical to the one derived previously (Eq. (5.110)) by substituting the mem- 
ber compatibility and stiffness relations into the joint equilibrium equations. 


EXAMPLE 5.4 Determine the structure stiffness matrix for the three-span continuous beam shown 
in Fig. 5.13(a). 


SOLUTION Analytical Model: The analytical model of the structure is shown in Fig. 5.13(b). The 
beam has two degrees of freedom—the rotations of joints 2 and 3—which are 
identified by the structure coordinate numbers 1 and 2 in the figure. 


Structure Stiffness M atrix: To generate the 2 x 2 structure stiffness matrix S, we will 
determine, for each member, the stiffness matrix k and store its pertinent elements in 
their proper positions in S by using the member code numbers. 
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100 kN 
15 KN/m | 
F 16m -|- 6m i! 6m J- 8m | 


El = constant 


(a) Three-Span Continuous Beam 


8 
x 
(b) Analytical Model 
Fig. 5.13 
Member 1 By substituting L = 16 m into Eq. (5.53), we obtain 
3 4 5 1 
0.0029297 0.023438 —0.0029297 0.023438] 3 
k, <El 0.023438 0.25 —0.023438 0.125 4 
i —0.0029297 —0.023438 0.0029297 —0.023438 |5 (1) 
0.023438 0.125 —0.023438 ' 0.25 1 


From Fig. 5.13(b), we observe that the code numbers for this member are 3, 4, 5, 1. 
These numbers are written on the right side and at the top of kı in Eq. (1), to indicate 
the rows and columns, respectively, of the structure stiffness matrix S, where the ele- 
ments of k; are to be stored. Thus, the element in row 4 and column 4 of k; is stored 
in row 1 and column 1 of S, as 


i 2 
0.25 0i 
s=, T (2) 


Note that the elements of k; corresponding to the restrained coordinate numbers 3, 4, 
and 5 are disregarded. 
Member 2 L = 12 m. By using Eq. (5.53), 
5 1 6 2 
0.0069444 0.041667 —0.0069444 0.041667 ] 5 
0.041667 10.33333 | —0.041667 í 0.16667 |1 3) 
—0.0069444 —0.041667  0.0069444 —0.041667 | 6 
0.041667 10.16667 | —0.041667 | 0.33333 J 2 
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From Fig. 5.13(b), we can see that the code numbers for this member are 5, 1, 6, 2. 
These numbers are used to add the pertinent elements of K, in their proper positions 
in the structure stiffness matrix S given in Eq. (2), which now becomes 


1 2 


0.25 + 0.33333 0.16667 |1 
=el | 0.16667 y (4) 
Member 3 L = 8 m. Thus, 
6 2 7 8 
0.023438 0.09375 —0.023438 0.093757 6 
bee; | 0.09875 05) a O25 12 A 
è —0.023438 —0.09375 0.023438 —0.09375 |7 
0.09375 0.25 —0.09375 0.5 8 


The code numbers for this member are 6, 2, 7, 8. Thus, the element in row 2 and 
column 2 of k; is added in row 2 and column 2 of S in Eq. (4), as 


1 2 
S=E| 0.25 + 0.33333 0.16667 1 
0.16667 0.33333 + 0.5 |2 


Since the stiffnesses of all three members of the beam have now been stored in S, the 
structure stiffness matrix for the given beam is 


1 2 
S-El 0.58333 0.16667]1 
a 0.16667 0.83333 |2 


Note that the structure stiffness matrix is symmetric. 


5.6 STRUCTURE FIXED-JOINT FORCES AND 
EQUIVALENT JOINT LOADS 


As discussed in the preceding section, the force—displacement relationships for 
an entire structure can be expressed in matrix form (see Eq. (5.109)) as 


P—P; =Sd 


in which P; represents the structure fixed-joint force vector. It was also shown 
in the preceding section that by using the basic equations of equilibrium, com- 
patibility, and member stiffness, the structure fixed-joint forces P; can be ex- 
pressed in terms of the member fixed-end forces Q; (see Eq. (5.111)). In this 
section, we consider the physical interpretation of the structure fixed-joint 
forces; and discuss the formation of the P; vector, by assembling the elements 
of the member Q; vectors, using the member code numbers. 

The concept of the structure fixed-joint forces P is analogous to that of the 
member fixed-end forces Q¢. The structure fixed-joint forces represent the re- 
action forces (and/or moments) that would develop at the locations and in the 
directions of the structure's degrees of freedom, due to the external member 
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loads, if all the joints of the structure were fixed against translations and 
rotations. 

To develop some insight into the concept of structure fixed-joint forces, let 
us reconsider the beam of Fig. 5.10. The beam, subjected only to the member 
loads, is redrawn in Fig. 5.14(a), with its analytical model depicted in 
Fig. 5.14(b). Now, assume that joint 2, which is free to translate and rotate, is 
restrained against these displacements by an imaginary restraint (or clamp) 
applied to it, as shown in Fig. 5.14(c). Similarly, joint 3, which is free to rotate, 
is also restrained against rotation by means of an imaginary restraint (or 
clamp). When external loads are applied to the members of this hypothetical 


w] | w3 
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(e) Assembly of Structure Fixed-Joint Force Vector P, 


Fig. 5.14 (continued) 


completely fixed structure, reaction forces and moments develop at each of its 
joints. Note that, in Fig. 5.14(c), the reactions due to the imaginary restraints 
are denoted symbolically by Pti (i = 1 through 3), whereas the reactions at the 
actual supports are denoted by Rj (i = 4 through 8). The imaginary reactions 
Pti, Pe2, and P¢3, which are at the locations and in the directions of the struc- 
ture’s three degrees of freedom 1, 2, and 3, respectively, are considered the 
structure fixed-joint forces due to member loads. Thus, the structure fixed-joint 
force vector, P;, for the beam, can be written as 


Pry 
P; = | Pro (5.113) 
Pr3 
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To relate the structure fixed-joint forces P; to the member fixed-end 
forces Q;, we draw the free-body diagrams of the members and the interior 
joints of the hypothetical fixed beam, as shown in Fig. 5.14(d). In this figure, 
the superscript (i) denotes the member number. Note that, because all the 
joints of the beam are completely restrained, the member ends, which are 
rigidly connected to the joints, are also fixed against any displacements. 
Therefore, only the fixed-end forces due to member loads, Q;, can develop at 
the ends of the three members of the beam. By applying the equations of 
equilibrium ` Fy =0 and $M =0 to the free body of joint 2, and the 
equilibrium equation }* M = 0 to the free body of joint 3, we obtain the fol- 
lowing relationships between the structure fixed-joint forces and the member 
fixed-end forces. 


(1) (2) 
Pep =Q734+Q 5; 
1 2 
P=08 +08 
(2) 3) 
P f3 = Q F i 


which can be expressed in vector form as 


ad 2 

Pri Q3 + QF; 

Pr=| Pr |=| Q+ 
P f3 OOF 


Note that the foregoing P¥ vector is identical to that determined for the exam- 
ple beam in the preceding section (Eq. (5.111)). 


Assembly of Structure Fixed-Joint Force Vector 
Using Member Code Numbers 


The structure fixed-joint force vector P; can be conveniently assembled from 
the member fixed-end force vectors Q;, using the member code number tech- 
nique. The technique is similar to that for forming the structure stiffness matrix 
S, described in the preceding section. Essentially, the procedure involves stor- 
ing the pertinent elements of the fixed-end force vector Q; for each member of 
the beam in their proper positions in the structure fixed-joint force vector Pr, 
using the member code numbers. 

The foregoing procedure is illustrated for the example beam in Fig. 5.14(e). 
As shown there, the code numbers of each member are written on the right side 
of its fixed-end force vector Q;. Any member code number that is less than or 
equal to the number of degrees of freedom of the structure (ND OF ), now iden- 
tifies the row of P; in which the corresponding member force is to be stored. 
Thus, as shown in Fig. 5.14(e), the third and fourth elements of Qf, with code 
numbers 1 and 2, respectively, are stored in the first and second rows of P;. The 
same procedure is then repeated for members 2 and 3. Note that the completed 
P; vector for the beam is identical to that obtained previously (Eq. (5.111)). 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


210 Chapter5 Beams 


Equivalent Joint Loads 


The negatives of the structure fixed-joint forces (i.e., —P) are commonly 
known as the equivalent joint loads. This is because the structure fixed-joint 
forces, when applied to a structure with their directions reversed, cause the 
same joint displacements as the actual member loads. 

The validity of the foregoing interpretation can be shown easily using 
the principle of superposition (Section 1.7), as illustrated in Fig. 5.15. Fig- 
ure 5.15(a) shows a continuous beam subjected to arbitrary member loads. 
(This beam was considered previously, and its analytical model is given in 
Fig. 5.14(b).) In Fig. 5.15(b), joints 2 and 3 of the beam are fixed by imaginary 
restraints so that the translation and rotation of joint 2, and the rotation of joint 
3, are 0. This hypothetical completely fixed beam is then subjected to member 
loads, causing the structure fixed-joint forces P+), P2, and P f3 to develop at the 
imaginary restraints, as shown in Fig. 5.15(b). Lastly, as shown in Fig. 5.15(c), 


Lı L 
D LST + T 7 
(a) Actual Beam Subjected to Member Loads 


Pry Ə 


L 
I 


(b) Fixed Beam Subjected to Member Loads 


(c) Actual Beam Subjected to Equivalent Joint Loads 


Fig. 5.15 
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the actual beam is subjected to external loads at its joints, which are equal in 
magnitude to P51, P f2, and P f3, but are reversed in direction. 

By comparing Figs. 5.15(a), (b), and (c), we realize that the actual loading 
applied to the beam in Fig. 5.15(a) equals the algebraic sum of the loadings 
given in Figs. 5.15(b) and (c), because the reactive forces P51, P2, and P¢3 in 
Fig. 5.15(b) cancel the corresponding applied loads in Fig. 5.15(c). Thus, ac- 
cording to the principle of superposition, any joint displacement of the actual 
beam due to the member loads (Fig. 5.15(a)) must equal the algebraic sum of 
the corresponding joint displacement of the fixed beam due to the member 
loads (Fig. 5.15(b)), and the corresponding joint displacement of the actual 
beam subjected to no member loads, but to the fixed-joint forces with their di- 
rections reversed. However, the joint displacements of the fixed beam (Fig. 
5.15(b)) are 0. Therefore, the joint displacements of the beam due to the mem- 
ber loads (Fig. 5.15(a)) must be equal to the corresponding joint displacements 
of the beam due to the negatives of the fixed-joint forces (Fig. 5.15(c)). In other 
words, the negatives of the structure fixed-joint forces do indeed cause the 
same joint displacements of the beam as the actual member loads; and in that 
sense, such forces can be considered to be the equivalent joint loads. It is im- 
portant to realize that this equivalency between the negative fixed-joint forces 
and the member loads is valid only for joint displacements, and cannot be gen- 
eralized to member end forces and reactions, because such forces are generally 
not 0 in fixed structures subjected to member loads. 

Based on the foregoing discussion of equivalent joint loads, we can define 
the equivalent joint load vector Pe for a structure as simply the negative of its 
fixed-joint force vector Ps; that is, 


P. = P; (5.114) 


An alternative form of the structure stiffness relations, in terms of the equiv- 
alent joint loads, can now be obtained by substituting Eq. (5.114) into 
Eq. (5.109). This yields 


P +P, = Sd (5.115) 


Once S, P; (or Pe), and P have been evaluated, the structure stiffness rela- 
tions (Eq. (5.109) or Eq. (5.115)), which now represent a system of simultane- 
ous linear equations, can be solved for the unknown joint displacements d. 
With d known, the end displacements u for each member can be determined by 
applying the compatibility equations defined by its code numbers; then the cor- 
responding end forces Q can be computed by applying the member stiffness re- 
lations. Finally, the support reactions R are determined from the member 
end forces Q, by considering the equilibrium of the support joints in the direc- 
tions of the restrained coordinates via member code numbers, as discussed in 
Chapter 3 for the case of plane trusses. 
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EXAMPLE 5.5 Determine the fixed-joint force vector and the equivalent joint load vector for the 
propped-cantilever beam shown in Fig. 5.16(a). 


SOLUTION Analytical Model: See Fig. 5.16(b). 


Structure Fixed-] oint Force Vector: To generate the 3 x 1 structure fixed-joint force 
vector Pf, we will, for each member: (a) determine the fixed-end force vector Q f, 
using the fixed-end force equations given inside the front cover; and (b) store the per- 
tinent elements of Q ç in their proper positions in Ps, using the member code numbers. 


Member 1 By substituting w = 30 kN/m, L = 9 m, and |, = l2 = 0 into the fixed- 
end force expressions for loading type 3, we obtain 


FSp = FSe = P = 135 KN 


2 
My 2 = 202.5kN-m 
12 
30(9)2 
FMe=— OF -PIN m 
12 
30 kN/m 


E = constant 
(a) Beam 


de ©) @ 


(b) Analytical Model (NDOF = 3) 


240 kN 


122.5 kNem 


© 


(c) Equivalent Joint Loads 


Fig. 5.16 
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Thus, the fixed-end force vector for member 1 is given by 


135 4 
202.5 |5 

Qi 13514 (1) 
—202.5 | 2 


From Fig. 5.16(b), we can see that the code numbers for member 1 are 4, 5, 1, 2. These 
numbers are written on the right side of Q;, in Eq. (1) to indicate the rows of the struc- 
ture fixed-joint vector P;, where the elements of Q;; are to be stored. Thus, the elements 
in the third and fourth rows of Q f1 are stored in rows 1 and 2, respectively, of P;, as 


135 J1 
P; = | —202.5 |2 (2) 
o J3 


Note that the elements of Q fı corresponding to the restrained coordinate numbers 4 
and 5 are disregarded. 


Member 2 By substituting w = 30 kN/m, L = 7 m, and lı = l2 = 0 into the fixed- 
end force expressions for loading type 3, we obtain 


7 
FSp = FSe = D = 105 KN 


307)? 
e po EN 
7 B 
i = oe E a 
12 
Thus, 
105 71 
_ |..122:5 | 2 (3) 
Qin= ie lb 
—122.5 | 3 


From Fig. 5.16(b), we observe that the code numbers for this member are 1, 2, 6, 3. 
These numbers are used to add the pertinent elements of Q 2 in their proper positions 
in Py given in Eq. (2), which now becomes 


135+105 J1 
P; = | —202.5 + 122.5 |2 
—122.5 3 


Since the fixed-end forces for both members of the beam have now been stored in Py, 
the structure fixed-joint force vector for the given beam is 


240 1 
P; = —80 2 Ans 
—122.5 |3 


Equivalent J oint Load Vector: By using Eq. (5.114), we obtain 


—240 1 
P. = —P; = 80 2 Ans 
12275) 3 
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These equivalent joint loads, when applied to the beam as shown in Fig. 5.16(c), cause 
the same joint displacements as the actual 30 kN/m uniformly distributed load given 
in Fig. 5.16(a). 


5.7 PROCEDURE FOR ANALYSIS 


Based on the concepts presented in the previous sections, we can develop the 
following step-by-step procedure for the analysis of beams by the matrix stiff- 
ness method. The reader should note that the overall format of this procedure 
is essentially the same as the procedure for analysis of plane trusses presented 
in Chapter 3. 


1, Prepare an analytical model of the beam, as follows. 


a. Draw a line diagram of the beam, and identify each joint and mem- 
ber by a number. The origin of the global XY coordinate system is 
usually located at the farthest left joint, with the X and Y axes ori- 
ented in the horizontal (positive to the right) and vertical (positive 
upward) directions, respectively. For each member, establish a local 
Xy coordinate system, with the origin at the left end (beginning) of 
the member, and the X and y axes oriented in the horizontal (positive 
to the right) and vertical (positive upward) directions, respectively. 


b. Number the degrees of freedom and restrained coordinates of the 
beam, as discussed in Section 5.1. 


N 


Evaluate the structure stiffness matrix S and fixed-joint force vector Py. 
The number of rows and columns of S must be equal to the number of 
degrees of freedom (NDOF ) of the beam; the number of rows of P; 
must equal NDOF . For each member of the structure, perform the fol- 
lowing operations. 


a. Compute the member stiffness matrix k (Eq. (5.53)). 


b. If the member is subjected to external loads, then evaluate its fixed- 
end force vector Q ç, using the expressions for fixed-end forces given 
inside the front cover. 


c. Identify the member code numbers and store the pertinent elements 
of k and Q; in their proper positions in the structure stiffness matrix 
S, and the fixed-joint force vector Pt, respectively. The complete 
structure stiffness matrix $, obtained by assembling the stiffness 
coefficients of all the members of the beam, must be symmetric. 


w 


If the beam is subjected to joint loads, then form the NDOF x 1 joint 
load vector P. 


P 


Determine the joint displacements d. Substitute P, Pf, and S into 
the structure stiffness relations, P — P; = Sd (Eq. (5.109)), and solve 
the resulting system of simultaneous equations for the unknown 
joint displacements d. To check that the simultaneous equations have 
been solved correctly, substitute the numerical values of the joint dis- 
placements d back into the structure stiffness relations, P — P; = Sd. 
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If the solution is correct, then the stiffness relations should be satisfied. 
It should be noted that joint translations are considered positive when in 
the positive direction of the Y axis, and joint rotations are considered 
positive when counterclockwise. 


5. Compute member end displacements and end forces, and support 
reactions. For each member of the beam, do the following. 


a. Obtain member end displacements U from the joint displacements 
d, using the member code numbers. 


b. Compute member end forces, using the relationship Q = ku + Q; 
(Eq. (5.4)). 

c. Using the member code numbers, store the pertinent elements of Q 
in their proper positions in the support reaction vector R (as dis- 
cussed in Chapter 3). 


6. Check the calculation of member end forces and support reactions by 
applying the equations of equilibrium, ` Fy =0 and È` M =0, to 
the free body of the entire beam. If the calculations have been carried 
out correctly, then the equilibrium equations should be satisfied. 


EXAMPLE 5.6 Determine the joint displacements, member end forces, and support reactions for the 
three-span continuous beam shown in Fig. 5.17(a), using the matrix stiffness method. 


SOLUTION Analytical Model: See Fig. 5.17(b). The beam has two degrees of freedom—the 
rotations of joints 2 and 3—which are numbered 1 and 2, respectively. The six 
restrained coordinates of the beam are numbered 3 through 8. 


Structure Stiffness M atrix and Fixed-] oint Force Vector: 


Member 1 By substituting E = 29,000 ksi, | = 510 in.+, and L = 240 in. into 
Eq. (5.53), we obtain 


3 4 5 1 
12.839 1,540.6  -12.839 1,540.63 

k, =| 1540.6 246,500 -1,540.6 123,250 | 4 a 
—12.839 —1,540.6 12.839 —1,540.6 | 5 
1,540.6 123,250 1,540.6! 246,500 }1 


30k 1.5 k/ft 


| (ear EDT 


10 ft —| 
20 ft | 15 ft | 20 ft -J 


El = constant 
E = 29,000 ksi 
I =510in.4 


(a) Three-Span Continuous Beam 


Fig. 5.17 
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8 
4 
3 5 6 J 
(b) Analytical Model 
1 2 1 j 
g — | 246.500 + 328,667 164,333 1 Tasio essi 
z 164,333 328,667 + 246,500 |2 | 164,333 575,167 |2 


= íl 
PS 900. 
600 | 2 
(c) Structure Stiffness Matrix and Fixed-Joint Force Vector 


30k 


COEP {OLE O] me A n 


18.125 11.875 ileal il alata 11225) NFS) 
(d) Member End Forces 


18.125 3 18.125 k 
1,150 4 1,150k-in. 

_ | 11.87541.1111 ]5 _ | 12.986k 

| Sitti as |e |) niger 
17.5 7 17.5k 
—800 8 —800 k-in. 


(e) Support Reaction Vector 


Wik 0.125 k/in. 


( | © O ) 
1,150 k-in. © O O © 800 k-in. 


} } | | 


18.125 k 12.986 k 11.389 k WSK 
(£) Support Reactions 


Fig. 5.17 (continued) 
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Using the fixed-end force equations given inside the front cover, we evaluate the fixed- 
end forces due to the 30 k concentrated load as 
30(120)2 
FSp = ———— [3(120) + 120] = 15k 
b= “4093 [3(120) + 120] 
120) (120)? 
EM es ono 
(240)? 
30(120)? 
FSe = ———— [120 + 3(120)] = 15k 
e (240)3 [ + 3(120)] 
30(120)?(120) _ 
(240)2 


Thus, the fixed-end force vector for member 1 is 


FMe= 900 k-in. 


Qi = (2) 


—900 | 1 
From Fig. 5.17(b), we observe that the code numbers for member 1 are 3, 4, 5, 1. 
Using these code numbers, the pertinent elements of k; and Qç; are stored in their 
proper positions in the 2 x 2 structure stiffness matrix S and the 2 x 1 structure 
fixed-joint force vector Pr, respectively, as shown in Fig. 5.17(c). 


Member 2 E = 29,000 ksi, | = 510 in., and L = 180 in. 


5 1 6 2 
30.432 2,738.9  —30.432 2,738.95 
2,738.9 | 328,667 | —2,738.9 1 
k, = ! ! (3) 
~30.432 30.432 _ 6 
2,738.9 | 164,333 | —2,738.9 | 328,667 12 


Since this member is not subjected to any external loads, its fixed-end force vector is 
0; that is, 

Qin2=0 (4) 
Using the code numbers 5, 1, 6, 2 for this member (see Fig. 5.17(b)), the relevant ele- 
ments of K are stored into S, as shown in Fig. 5.17(c). 


Member 3 E = 29,000 ksi, | = 510 in.*, and L = 240 in. 


6 2 7 8 
12.839 1,540.6 —12.839 ‘1,540.6 7] 6 

k, = | 1540.6 i 246,500} —1,540.6 123,250 |2 (5) 
~12.839 1,540.6 12.839 —1,540.6 |7 


1,540.6 123,250 —1,540.6 246,500 8 
The fixed-end forces due to the 0.125 k/in. (=1.5 k/ft) uniformly distributed load are 


125(24 
ea H k 
0.125(240)2 
FMp = oe Sein 
12 
aa cl eae) ES gik 
2 
.125(240)? 
PM ee ee ee een eal 


12 
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Thus, 
oR 15] 6 
600 | 2 
— |e 6 
Qi3 els (6) 
—600 1 8 


The relevant elements of k; and Qf3 are stored in S and P;, respectively, using the 
member code numbers 6, 2, 7, 8. 

The completed structure stiffness matrix S and structure fixed-joint force vector Py 
are given in Fig. 5.17(c). Note that the S matrix is symmetric. 


Joint Load Vector: Since no external loads (i.e., moments) are applied to the beam at 
joints 2 and 3, the joint load vector is 0; that is, 


P=0 


Joint Displacements: By substituting the numerical values of P, P;, and S into 
Eq. (5.109), we write the stiffness relations for the entire continuous beam as 


P — P; = Sd 
O} | —900 | _ | 575,167 164,333 dy 
0 600 | |. 164,333 575,167 | | do 


900 | _ [575,167 164,333] | dı 
—600 | | 164,333 575,167 | | do 
By solving these equations simultaneously, we determine the joint displacements to be 


g- [| 225 
~ | -1.6227 


or 


| x 107° rad Ans 


To check the foregoing solution, we substitute the numerical values of d back into the 
structure stiffness relationship to obtain 


575,167 164,333 2.0284 x 1073 = 900.01 
164,333 575,167 | | —1.6227 ~ | —599.99 


Checks 


P-P; =sd=| 


Member End Displacements and End Forces: 


Member 1 The member end displacements U can be obtained simply by comparing 
the member’s degree of freedom numbers with its code numbers, as follows: 


u, | 3 0 0 
U2 | 4 0 0 -3 

= see (150 Ce (7) 
u4g_t 1 dı 2.0284 


Note that the member code numbers (3, 4, 5, 1), when written on a side of U as 
shown in Eq. (7), define the compatibility equations for the member. Since the code 
numbers corresponding to U1, U2, and U3 are the restrained coordinate numbers 3, 4, and 
5, respectively, this indicates that U; = U2 = U3 = 0. Similarly, the code number 1 cor- 
responding to U4 indicates that u4 = dı. The foregoing compatibility equations can be 
easily verified by a visual inspection of the beam’s line diagram, given in Fig. 5.17(b). 

The member end forces can now be calculated, using the member stiffness rela- 
tionship Q = ku + Q; (Eq. (5.4)). Using k; and Qf, from Eqs. (1) and (2), respectively, 
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we write 
12.839 1,540.6 —12.839 1,540.67 TO 
oe 1,540.6 246,500 —1,540.6 123,250 0 ane 
1] 12.839 —1,540.6 12.839 —1,540.6 | | 0 
1,540.6 123,250 1,540.6 246,500 2.0284 
15 18.125k 73 
| 900] _ | 1,150kin. |4 (8) a 
15 | ~ | 11.875k |5 j 
—900 —400 k-in. | 1 


The end forces for member 1 are shown in Fig. 5.17(d). We can check our calculation 
of end forces by applying the equilibrium equations, ` Fy = 0 and ` M = 0, to the 
free body of member 1 to ensure that it is in equilibrium. Thus, 


TIDRA 0 SINS) = 310) qe ES =O Checks 


+Ç% Mo@=0 — 1,150 — 30(120) — 400 + 11.875(240) = 0 Checks 


Next, to generate the support reaction vector R, we write the member code numbers 
(3, 4, 5, 1) on the right side of Q4, as shown in Eq. (8), and store the pertinent elements 
of Q; in their proper positions in R by matching the code numbers on the side of Q; 
to the restrained coordinate numbers on the right side of R (see Fig. 5.17(e)). 


Member 2 The member end displacements are given by 


u; | 5 0 0 

W = u2 | 1 z dı a 2.0284 : 10-3 
u3 | 6 0 0 
tha J) d2 —1.6227 


By using k, from Eq. (3) and Q {2 = 0, we compute member end forces as 


Q=ku+Q; 
30.432 2,738.9 —30.432 2,738.9 0 
Q= 2,738.9 328,667 —2,738.9 164,333 2.0284 103 
AT —30.432 —2,738.9 30.432 —2,738.9 (0) 
2,738.9 164,333 —2,738.9 328,667 —1.6227 
IK | 5 
_ | 400 kin. | 1 Ans 
~ | =110111k | 6 
—200 k-in. | 2 


The foregoing member end forces are shown in Fig. 5.17(d). To check our calcula- 
tions, we apply the equations of equilibrium to the free body of member 2 as 


+4 >Fy =0 1.1111 — 1.1111 = 0 Checks 
AMR 400 — 200 — 1.1111(180) = 0.002 ~ 0 Checks 


Next, we store the pertinent elements of Q, in their proper positions in the reaction 
vector R, using the member code numbers (5, 1, 6, 2), as shown in Fig. 5.17(e). 
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Member 3 
u] 6 0 0 
ely AES) | ie |e) | Son cone 
U3 | 7 0 0 
Ugt 8 0 0 


By substituting k; and Q f3 from Egs. (5) and (6), respectively, into the member stiff- 
ness relationship Q = ku + Q;, we determine the end forces for member 3 to be 


12.839 1,540.6 —12.839 1,540.6 0 
Qe 1,540.6 246,500 —1,540.6 123,250 —1.6227 x 1073 
—12.839 —1,540.6 12.839 —1,540.6 (0) 
1,540.6 123,250 —1,540.6 246,500 (0) 
15 T 
„| 600) _ | 200kin |2 T 
15 17.5k 7 
—600 —800 k-in. | 8 


These member end forces are shown in Fig. 5.17(d). To check our calculations, we 
apply the equilibrium equations: 


++ > Fy =0 12.5 — 0.125(240) + 17.5 =0 Checks 
+C} Moọ=0 200 — 0.125(240)(120) — 800 + 17.5(240) =0 Checks 


Next, by using the code numbers (6, 2, 7, 8) for member 3, we store the relevant ele- 
ments of Q; in their proper positions in R. 


Support Reactions: The completed reaction vector R is shown in Fig. 5.17(e), and the 
support reactions are depicted on a line diagram of the structure in Fig. 5.17(f). Ans 


Equilibrium Check: Finally, applying the equilibrium equations to the free body of 
the entire beam (Fig. 5.17(f)), we write 


+tEF;= 

18.125 — 30 + 12.986 + 11.389 — 0.125(240) + 17.5 = 0 Checks 
ea! 

1,150 — 30(120) + 12.986(240) + 11.389(420) — 0.125(240)(540) 

+ 17.5(660) — 800 = 0.02 ~ 0 Checks 


EXAMPLE 5.7 Determine the joint displacements, member end forces, and support reactions for the 
beam shown in Fig. 5.18(a), using the matrix stiffness method. 


SOLUTION Analytical Model: See Fig. 5.18(b). The beam has four degrees of freedom 
(numbered 1 through 4) and four restrained coordinates (numbered 5 through 8). 
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30 kN/m 


E = constant 


ESPSIGPRA 
| = 5.8(10°) mmf 
(a) Beam 


(b) Analytical Model 


1 2 3 4 1 2 3 4 
(13,533 + 30,450) (—40,600 + 60,900) 60,900 0 1 43,983 20,300 60,900 0 1 
g= (—40,600 + 60,900) (162,400 + 162,400) 81,200 0 2 be 20,300 324,800 81,200 0 p 
E 60,900 81,200 (162,400 + 64,960) 32,480|3 | 60,900 81,200 227,360 32,480| 3 
L 0 0 32,480 64,960 | 4 0 0 32,480 64,960] 4 
To 2 1 
—36 p 
P, = 
i 187.5 |3 
| —187.5 |4 
(c) Structure Stiffness Matrix and Fixed-Joint Force Vector 
30 kN/m 
150 kN 
d [T 236.78 236.78 2o92 247.92 | 
281.19 | 1 | | 2 | | 3 | 
146.33 56.33 143.67 143.67 9009 50.21 
(d) Member End Forces 
Fig. 5.18 
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146.33 5 146.33 kN 

281.19 6 281.19 kN : m 
143.67 + 99.79 | 7 | 243.46 KN 

50.21 8 50.21 kN 


(e) Support Reaction Vector 


30 kN/m 200 kN 150 kN 


146.33 243.46 50.21 
(f) Support Reactions 


Fig. 5.18 (continued) 


Structure Stiffness Matrix and Fixect] oint Force Vector: 


Member 1 By substituting E = 28(10°) kN/m?, | = 8,700(10~) m+, and L = 6 m 
into Eq. (5.53), we write 


5 6 1 2 
13,533 40,600  —13,533 40,600 ]5 
40,600 162,400  —40,600 81,200 |6 
1 = A E E ler aa AANT LEKI 


—13,533 —40,600 : 13,533 —40,600 | 1 
40,600 81,200 :—40,600 162,400] 2 


Using the fixed-end force expressions given inside the front cover, we obtain 
FS, = 63 KN, FMp = 54 kN - m, FS = 27 KN, and FMe = —36 kN - m. Thus, 


6375 
54 | 6 
Or = aE 7 7 ji 
—36 |2 


Using the code numbers (5, 6, 1, 2) for member 1, we store the pertinent elements of 
kı and Q ¢ in their proper positions in the S matrix and the P¥ vector, respectively, as 
shown in Fig. 5.18(c). 


Member 2 E = 28(10°) kN/m?, | = 5,800(1076) mf, and L = 4 m. Thus, 


1 2 7 3 
30,450 60,900 —30,450 | 60,900 
_ | 60,900 162,400 | —60,900 ; 81,200 


—30,450 —60,900 30,450 —60,900 


60,900 81,200! —60,900 | 162,400 


O51 o 


As this member is not subjected to any loads, 
Qin =0 


Using the member code numbers 1, 2, 7, 3, the relevant elements of K; are stored in S 
in Fig. 5.18(c). 
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Member 3 E = 28(10%) kN/m?, | = 5,800(10~® mî, and L = 10 m. 


7 3 8 4 
1,948.8 9,744 —1,948.8 9,744 7 
k 9,744 16 3 
=] URB = 8 
4 


9,744 | 32,480! —9,744 | 64,960 


The fixed-end forces are determined to be FSp = 75 kN, FMp = 187.5 kN - m, 
F Se = 75 kN, and F M e = —187.5 kN - m. Thus, 


ENE Da? 

187.5 | 3 

or ls 75 | 8 
—187.5_| 4 


The relevant elements of k; and Q {3 are stored in S and P respectively, using the mem- 
ber code numbers 7, 3, 8, 4. The completed structure stiffness matrix S and structure 
fixed-joint force vector P; are given in Fig. 5.18(c). 


J ointLoad Vector: By comparing Figs. 5.18(a) and (b), we realize that P ı = —200 kN, 
P2 = 0, P3 = —90 kN - m, and P 4 = 0. Thus, the joint load vector can be expressed as 


—200 
0 
P = 
—90 
0 
Joint Displacements: The stiffness relations for the entire beam can be expressed as 
P — P; = Sd 
By substituting the numerical values of P, P;, and S, we obtain 
—200 27 43,983 20,300 60,900 0 dı 
oj —36 _ | 20,300 324,800 81,200 0 d2 
—90 187.5 60,900 81,200 227,360 32,480 d3 
0 —187.5 0 O 32,480 64,960 d4 
or 
207 43,983 20,300 60,900 07 Td 
36 _ | 20,300 324,800 81,200 0 d2 
—277.5 | | 60,900 81,200 227,360 32,480 d3 
187.5 0 O 32,480 64,960 d4 


By solving the foregoing system of simultaneous equations, we determine the joint 
displacements to be 


—4.4729 m 
0.56143 rad 3 
Ch a | ole oy 


3.2285 rad 


Back substitution of the foregoing numerical values of d into the structure stiffness 
relationship P — P; = Sd indicates that the solution of the simultaneous equations 
has indeed been carried out correctly. 
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Member End Displacements and End Forces: 


Member 1 
ui75 0 0 
u; = u2 |6 zA 0 e 0 x 1073 
wla lah —4.4729 
wda lke 0.56143 
146.33 kN 5 
281.19KN-m | 6 
O EE a eee all m 
236.78 KN-m | 2 
Member 2 
-4.4729 J1 —143.67KN J1 
0.56143 |2 3 ~236.78 KN -m |2 
U = 1077; =k = 
2 0 7” Q2 = kauz + Qr2 143.67kN |7 ^" 
—0.68415 | 3 -337.92 KN- m |3 
M ember 3 
0 7 99.79KN 77 
wais la an 247.92 KN -m |3 
u; = 10°”; =k3u = A 
$ 0 8% Caku Tor 50.21kN l8 i 
3.2285 |4 0 4 


The member end forces are shown in Fig. 5.18(d). 


Support Reactions: The reaction vector R, as assembled from the appropriate elements 
of the member end-force vectors, is given in Fig. 5.18(e). Also, Fig. 5.18(f) depicts the 
support reactions on a line diagram of the structure. Ans 


Equilibrium Check: The equilibrium equations check. 


5.8 COMPUTER PROGRAM 


In this section, we consider computer implementation of the procedure for the 
analysis of beams presented in this chapter. Because of the similarity in the 
methods for the analysis of beams and plane trusses, the overall format of 
the program for beam analysis remains the same as that for the analysis of 
plane trusses developed in Chapter 4. Therefore, many parts of the plane truss 
program can be copied and used, without any modifications, in the program for 
beam analysis. In the following, we discuss the development of an input mod- 
ule and consider programming of the analysis steps for beams. 


Input Module 


Joint Data The joint data consists of (a) the total number of joints (NJ ) of 
the beam, and (b) the global X coordinate of each joint. (Recall that the global 
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XY coordinate system must be oriented so that the X axis coincides with the 
beam’s centroidal axis.) The joint coordinates are stored in computer memory 
in the form of a joint coordinate vector COORD of the order NJ x 1. 
Consider, for example, the continuous beam shown in Fig. 5.19(a), with its 
analytical model given in Fig. 5.19(b). As the beam has four joints, its 
COORD vector has four rows, with the X coordinate of a joint i stored in the 
ith row, as shown in Fig. 5.19(c). A flowchart for programming the reading 


3 kift 
25 k 
40 k-ft ane 


lor—tsa—se 
< 10 ft >|. 20 ft >|. 10 ft - 
I= 350 in.* ++— J = 500 in.* — 


E = 29,000 ksi 
(a) Actual Beam 


0.25 k/in. 


0.1667 k/in. 


© 


| 120 in. —|- 60 in. L 60 in. 
L=120in. L = 240 in. L=120in. 
y 7 =350int V T= 350 in4 7 =500 in4 
E = 29,000 ksi 
(b) Analytical Model (Units: Kips, Inches) 


[1 | 


2 


Restraint in Y direction 
(0 = free, 1 = restrained) 


; Joint number 
E X Coordinate m Rotational restraint 
0 


0 ]<— Joint 1 1 1 (0 = free, 1 = restrained) 
120 |~——— Joint 2 
COORD = fe msup- |? ! ° 
360 |<——— Joint 3 3 1 0 
480 _|<——— Joint 4 4 1 1 
Nx] NS x (NGJIT + 1) 
(c) Joint Coordinate Vector (d) Support Data Matrix 


Fig. 5.19 
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EM = [29000] <————- Material no. 1 
NMP x 1 
(e) Elastic Modulus Vector 


Moment of inertia 


cP- | o Cross-section type no. 1 
~ L500 


NCP x 1 


<< Cross-section type no. 2 


(f) Cross-Sectional Property Vector 


Beginning joint 


End joint 
Material no. 

[ Cross-section 
\ type no. 


1 2 1 1 |~— Member 1 
MPRP =|2 3 1 1 |~<——— Member 2 
3 4 1 2 _|~——— Member 3 

NM x 4 


(g) Member Data Matrix 


Joint number 
ae in Y direction 


y` Moment 
JP = p PJ = [o — 480 | 


NJL x 1 NJL x NCJT 
(h) Joint Load Data Matrices 


Member number 


p Load type number 


2 3 0.1667 0 0 120 
MP=|2 1 PM = | 25 0 180 0 
3 4 0.25 O 0 0 
NML x 2 NML x 4 
W, M, w or w} 


w, (if load type = 4) 


0 (otherwise) J 


lı 
|, (if load type = 3 or 4) | 


0 (otherwise) 


(i) Member Load Data Matrices 


Fig. 5.19 (continued) 
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and storing of the joint data for beams is given in Fig. 5.20(a), and an exam- 
ple of the input data file for the beam of Fig. 5.19(b) is shown in Fig. 5.21 on 
page 229. Note that the first line of this data file contains the total number of 
joints of the beam (i.e., 4), with the next four lines containing the X coordi- 
nates of joints 1 through 4, respectively. 


Support Data The support data consists of (a) the number of joints that are 
attached to supports (NS), and (b) the joint number, and the restraint code, for 
each support joint. Since the number of structure coordinates per joint of a 
beam equals 2 (i.e., NCJT = 2), a two-digit code is used to specify the 
restraints at a support joint. The first digit of the code represents the restraint 
condition at the joint in the global Y direction; it equals 0 if the joint is free to 
translate in the Y direction, or it equals 1 if the joint is restrained in the Y di- 
rection. Similarly, the second digit of the code represents the rotational re- 
straint condition at the joint; a O indicates that the joint is free to rotate, and a 1 
indicates that it is restrained against rotation. The restraint codes for the vari- 
ous types of supports for beams are given in Fig. 5.22 on page 230. Since the 
joints 1, 2, and 3 of the example beam (Fig. 5.19(b)) are attached to roller sup- 
ports, their restraint codes are 1,0, indicating that these joints are restrained 
from translating in the Y direction, but are free to rotate. Similarly, the restraint 
code for joint 4, which is attached to a fixed support, is 1,1, because this joint can 
neither translate nor rotate. The support data for beams is stored in computer 


( Start Part Vla ) 


4 Read NJL 
( Start Part I ) 


no 
NJL > 0? 
/ Read NJ 
yes 
| Dimension COORD (NJ) Dimension J P(NJL), PJ (NJL, NCJT) 
y 
ECI c=] 
no 
I< NDIN I< NJL? i% 
yes yes 
A 
Read COORD (/) / A Read J P(7), PJ (Z, 1), PJ (Z, 2), .. . , PJ (Z, NCJT) / 
y 
«| 1=1+1 < [1=1+1 
Continue to Part V Ib 
(a) Flowchart for Reading and Storing Joint Data for Beams (b) Flowchart for Reading and Storing J oint Load Data 
Fig. 5.20 
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C Start Part VIb ) 
/ Read NML 


no 
NML > 0? > 


yes 


Dimension MP(NML, 2), PM(NML, 4) 


Yy 
I= 1 
no 
> I< NML? > 
yes 
Initialize all elements of PM to zero 
A Read MP(/, 1), MPU, 2) 

If MP(, 2) = 1 or 2 then read PM(/, 1), PMU, 3) Yy 

If MPU, 2) = 3 then read PM(/, 1), PM(/, 3), PM(I, 4) 

If MPU, 2) = 4 then read PM(/, 1), PM(/, 2), PM(/, 3), PMU, 4) 


~< I=I+1 


Print All Input Data ——————<——— 


Continue to Part VII 


(c) Flowchart for Reading and Storing Member Load Data 


Fig. 5.20 (continued) 


memory as an integer matrix M SUP of order NS x (NCJT + 1), as discussed 
in Chapter 4 for the case of plane trusses. Thus, for the beam of Fig. 5.19(b), 
which has four support joints, M SUP isa 4 x 3 matrix, as shown in Fig. 5.19(d). 
The computer code developed previously for Part II of the plane truss analysis 
program (see flowchart in Fig. 4.3(b)) can be copied and used in the beam 
analysis program for reading the support data, and storing it in computer 
memory. An example of how the support data for beams may appear in an 
input data file is given in Fig. 5.21. 


Material Property Data The procedure for inputting material property data 
for beams is identical to that for the case of plane trusses, as described in 
Chapter 4. Thus, the computer code written for Part III of the plane truss 
program (see flowchart in Fig. 4.3(c)) can be used in the beam analysis pro- 
gram for inputting the material property data. The elastic modulus vector for 
the example beam of Fig. 5.19(b) is given in Fig. 5.19(e); Fig. 5.21 illustrates 
how this type of data may appear in an input data file. 
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120 ~< = — - —Joint data 


2.1.0 r©& — — — -Support data 


~< — — — ~Material property data 


350 ~< — — — —Cross-sectional 
l property data 


< — — — —Member data 


~< — — — —Joint load data 
1, 0, —480 E l 
3 
2, 3, 0.1667, 0, 120 | 
2, 1, 25, 180 ~< -— — — —Member load data 


3, 4, 0.25, 0, 0, 0 


Fig. 5.21 An Example of an Input Data File 


Cross-Sectional Property Data The cross-sectional property data consists of 
(a) the number of different cross-section types used for the members of the 
beam (NCP), and (b) the moment of inertia (|) for each cross-section type. The 
moments of inertia are stored in computer memory in a cross-sectional prop- 
erty vector CP of order NCP x 1, with the moment of inertia of cross-section 
i stored in the ith row of CP. For example, two types of member cross-sections 
are used for the beam of Fig. 5.19(b). We arbitrarily assign the numbers 1 and 
2 to the cross-sections with the moments of inertia of 350 and 500 in., respec- 
tively. Thus, the CP vector consists of two rows, with the moments of inertia of 
cross-section types | and 2 stored in rows 1 and 2, respectively, as shown in 
Fig. 5.19(f). The computer code developed in Part IV of the plane truss pro- 
gram (see flowchart in Fig. 4.3(d)) can be used for inputting cross-sectional 
property data for beams. An example of how this type of data may appear in an 
input data file is given in Fig. 5.21. 


Member Data As in the case of plane trusses, the member data for beams 
consists of (a) the total number of members (NM ) of the beam, and (b) for each 
member: the beginning joint number, the end joint number, the material 
number, and the cross-section type number. This member data is organized in 
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Type of Support Restraint Code 


oo =a, 0,0 


(no support) 
Roller or Ry $ Ry t 1.0 
hinge ? 
Ry f Ry t 


Support which M, d 


prevents rotation, 
but not translation 
in Y direction; for a 
example, a collar 


on a smooth shaft 
Mr 4 


u = 
Fixed R 1,1 
te, 


Fig. 5.22 Restraint Codes for Beams 


computer memory in the form of an integer member data matrix, MPRP, of 
order NM x 4, as discussed in Chapter 4. The computer code for Part V of the 
plane truss program (see flowchart in Fig. 4.3(e)) can be used for inputting 
member data for beams. The MPRP matrix for the example beam is shown in 
Fig. 5.19(g), with the corresponding input data file given in Fig. 5.21. 


Joint Load Data The joint load data involves (a) the number of joints that are 
subjected to external loads (NJ L), and (b) for each loaded joint, the joint num- 
ber, and the magnitudes of the force in the global Y direction and the couple. 
As in the case of plane trusses (Chapter 4), the numbers of the loaded joints are 
stored in an integer vector J P of order NJL x 1, with the corresponding force 
and couple being stored in the first and second columns, respectively, of a real 
matrix PJ of order NJL x NCJT (with NC] T = 2 for beams). The joint load 
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matrices for the example beam of Fig. 5.19(b) are shown in Fig. 5.19(h). A 
flowchart for programming the input of joint load data is given in Fig. 5.20(b); 
and Fig. 5.21 shows the joint load data for the example beam in an input file 
that can be read by the program. 


Member Load Data The member load data consists of (a) the total number 
of loads applied to the members of the beam (NML), and (b) for each member 
load: the member number, the load type, and the magnitude(s) and location(s) 
of the load. The four common types of member loads for beams are depicted as 
load types | through 4 inside the front cover of this book, along with the ex- 
pressions for the corresponding member fixed-end forces. The total number of 
member loads, NML, represents the sum of the different loads acting on the in- 
dividual members of the structure. From Fig. 5.19(b), we can see that member 1 
of the example beam is not subjected to any loads, whereas member 2 is 
subjected to two loads—namely, a uniformly distributed load (type 3) and a 
concentrated load (type 1). Also, member 3 of the beam is subjected to one 
load—a linearly varying load (type 4). Thus, the beam is subjected to a total of 
three member loads; that is, NML = 3. For each member load, the member 
number and the load type are stored in the first and second columns, respec- 
tively, of an integer matrix M P of order NML x 2, with the corresponding load 
magnitude(s) and location(s) being stored in a real matrix PM of order 
NML x 4. With reference to the load types depicted inside the front cover: 
when the load type is 1 or 2, the magnitude of W or M is stored in the first col- 
umn, and the distance |, is stored in the third column, of the PM matrix, with 
the elements of the second and fourth columns of PM left blank (or set equal 
to 0). In the case of load type 3, the magnitude of w is stored in the first col- 
umn, and distances |, and |, are stored in the third and fourth columns, respec- 
tively, of the PM matrix, with the second column element left blank. When the 
load type is 4, the magnitudes of w; and wz are stored in the first and second 
columns, respectively, and the distances |, and l2 are stored in the third and 
fourth columns, respectively, of the PM matrix. For example, as the beam of 
Fig. 5.19(b) is subjected to three member loads, its member load-data matri- 
ces, MP and PM, are of the orders 3 x 2 and 3 x 4, respectively, as shown in 
Fig. 5.19(i). The first rows of these matrices contain information about the first 
member load, which is arbitrarily chosen to be the uniformly distributed load 
acting on member 2. Thus, the first row of MP contains the member number, 2, 
and the load type, 3, stored in the first and second columns; and the first row of 
PM contains w = 0.1667 in column 1, 0 in column 2,1, = 0 in column 3, and 
l> = 120 in column 4. The information about the second member load—the 
concentrated load acting on member 2—is then stored in the second rows of 
MP and PM; with the member number 2 and the load type 1 stored in the first 
and second columns of MP, and W = 25 and l; = 180 stored in the first and 
third columns of PM. Similarly, the third member load—the linearly varying 
load on member 3— is defined in the third rows of MP and PM; with the mem- 
ber number 3 and the load type 4 stored in the first and second columns of 
MP, and w; = 0.25, w = 0, lı = 0, and l2 = 0 stored in columns 1 through 4, 
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respectively, of PM, as shown in Fig. 5.19(i). It is important to realize that the 
member fixed-end force expressions given inside the front cover are based on 
the sign convention that the member loads W, w, w , and w2 are positive when 
acting downward (i.e., in the negative direction of the member y axis), and the 
couple M is positive when clockwise. A flowchart for programming the input 
of member load data is given in Fig. 5.20(c); Fig. 5.21 shows the member load 
data in an input file that can be read by the program. 

An example of a computer printout of the input data for the beam of 
Fig. 5.19 is given in Fig. 5.23. 


KRKKKKKKKKK KKK KKK KKK KKK KK KKKKK KKK 


j Computer Software # 
* for * 
* MATRIX ANALYSIS OF STRUCTURES * 
* Second Edition * 
x Aslam Kassi mal i * 
KKKKKKKKKKKKKK KKK KKK KKK KKK KKK KKKKSK 


Project Title: Figure 5-19 

Structure Type: Beam 

Number of Joints: 4 

Number of Members: 3 

Number of Material Property Sets (E): 1 
Number of Cross-Sectional Property Sets: 2 


Joint No. X Coordinate 

1 0.0000E+00 

2 1. 2000E+02 

3 3. 6000E+02 

4 4, 8000E+02 

Supports 
Joint No. Y Restraint Rotational Restraint 

1 Yes No 
2 Yes No 
3 Yes No 
4 Yes Yes 


Fig. 5.23 A Sample Printout of Input D ata 
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Material Modulus of Co-efficient of 
No Elasticity (E) Thermal Expansion 
1 2.9000E+04 0. 0000E+00 


Property No. Moment of Inertia 
l 3. 5000E+02 
2 5. 0000E+02 


Member Beginning End Material Cross-Sectional 


ce sl Joint 4 Joint No. Property NO... 
1 1 2 1 1 
2 2 3 1 1 
3 3 4 1 2 


1 0.0000E+00 - 4. 8000E+02 
We Ẹ 


Load 
Magnitude 
(Wor M) 
or Load 
Member Load Intensity Intensity Distance Distance 
No. Type (w or wl) EEA E E 
2 Conc. 2.500E+1 --- 1. 80E+2 ---- 
2 Uniform 1.667E-1 --- 0.00E+0 1.20E+2 


3 Linear 2.500E-1 0. 000E+0 0.00E+0 0.00E+0 


RAKKKKKKKKKKKE End of Input Data ***# RRR KK KK KK 


Fig. 5.23 (continued) 


Analysis Module 


Assignment of Structure Coordinate Numbers The process of programming 
the determination, for beams, of the number of degrees of freedom, NDOF, 
and the formation of the structure coordinate number vector, NSC, is identical 
to that for plane trusses. Thus, Parts VII and VIII of the plane truss program (as 
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described by flowcharts in Figs. 4.8(a) and (b)) can be copied and used without 
any modifications in the program for the analysis of beams. 


Generation of the Structure Stiffness Matrix and the Equivalent Joint 


Load Vector A flowchart for programming this part of our computer program 
is presented in Fig. 5.24. As the flowchart indicates, this part of the program 


( Start Part IX ) 


Dimension S(NDOF, NDOF), P(NDOF), BK(2*NCJT, 2*NCJT), QE(2*NCJT) 


Initialize all elements of S and P to zero 


IM= 1 


no 
> IM < NM? > 


yes 


JB = MPRPUM, 1), JE = MPRPUM, 2) 
I = MPRPUM, 3), E = EM() 
I = MPRPUM, 4), ZI = CP() 
XB = COORDWB), XE = COORD(JE) 
BL = XE — XB 


Call Subroutine MSTIF FL 


Call Subroutine STORES 


no 
IM= IM + 1 < NML > 0? 


yes 


Initialize all elements of QF to zero 


IML = 1 


no 


Call Subroutine STOREPF IML < NML? 


> 


IML = IML + 1 


yes Å 
Call Subroutine MFEFLL > 


Continue to Part X a 


Fig. 5.24 Flowchart for Generating Structure Stiffness M atrix and Equivalent J oint 
Load Vector for Beams 
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begins by initializing all the elements of the S matrix, and a structure load 
vector P of order NDOF x 1, to 0. The assembly of the structure stiffness 
matrix, and the equivalent joint load vector due to member loads, is then car- 
ried out by using a Do Loop, in which the following operations are per- 
formed for each member of the beam: (a) For the member under considera- 
tion, IM, the program reads the modulus of elasticity E and the moment of 
inertia Zl, and calculates the member length BL. (b) Next, the program calls 
the subroutine MSTIFFL to form the member stiffness matrix BK (= k). As 
the flowchart in Fig. 5.25 indicates, this subroutine simply calculates the val- 
ues of the various elements of the BK matrix, in accordance with Eq. (5.53). 
(c) The program then calls the subroutine STORES to store the pertinent el- 
ements of BK in their proper positions in the structure stiffness matrix S. A 
flowchart of this subroutine is given in Fig. 5.26 on the next page. By com- 
paring the flowchart of the present STORES subroutine (Fig. 5.26) with that 
of the STORES subroutine of the plane truss program in Fig. 4.11, we can 
see that the two subroutines are identical, except that the present subroutine 
stores the elements of the member local stiffness matrix BK (instead of the 
global stiffness matrix GK) in S. (d) Returning our attention to Fig. 5.24, we 
can see that after the STORES subroutine has been executed, the program 
checks the first column of the member load data matrix MP to determine 
whether the member under consideration, IM, is subjected to any loads. If the 
member is subjected to loads, then the subroutine MFEFLL is called to form 
the member fixed-end force vector QF (= Q+). As the flowchart in Fig. 5.27 
on page 237 indicates, this subroutine calculates the values of the member 
fixed-end forces, for load types 1 through 4, using the equations given inside 


(Start Subroutine MSTIFF L) 


Z- Arguments: E, ZI, BL, BK ya 


Z= E*ZI/(BL‘3) 
BK(1, 1) = 12*Z, BK(2, 1) = 6*BL*Z 

BK(3, 1) = —12*Z, BK(4, 1) = 6*BL*Z 
BK(1, 2) = 6*BL*Z, BK(2, 2) = 4*(BL‘2)*Z 
BK(3, 2) = —6*BL*Z, BK(4, 2) = 2*(BL‘2)*Z 
BK(1, 3) = —12*Z, BK(2, 3) = —6*BL*Z 
BK(3, 3) = 12*Z, BK(4, 3) = —6*BL*Z 
BK(1, 4) = 6 *BL*Z, BK(2, 4) = 2*(BL’2)*Z 
BK(3, 4) = —6*BL*Z, BK(4, 4) = 4*(BL’2)*Z 


End Subroutine MSTIFFL 
Return to calling program 
Fig. 5.25 Flowchart of Subroutine MSTIFFL 


for Determining M ember Stiffness M atrix for 
Beams 
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Start Subroutine STORES 


Z Arguments: JB, JE, NCIT, NDOF, NSC, BK, S / 


I=1 


yes 
yes 
I< NCJT? 
y y 
A I1 = (JB — 1)*NCJT+ I I = JE — 1)*NCIJT + (I — NCJT) 
y y 
—> NI = NSC(/1) < 
no 
I=I+1 < N1 < NDOF? 
yes 
Å J=1 
~< 
yes no 
J < NCJT? 
y y 
I = (JB — 1)*NCJT + J | Il = (JE — 1)*NCJT + (J — NCJT) A 
y y 
> N2 = NSC(/1) < 
no 
N2 < NDOF? > J=J 
yes A 
S(N1, N2) = S(N1, N2) + BKU, J) > 


End Subroutine STORES \ 
Return to calling program / 


Fig. 5.26 Flowchart of Subroutine STORES for Storing Member Stiffness M atrix in 
Structure Stiffness M atrix for Beams 
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Start Subroutine MFEF LL) 


Arguments: IML, BL, MP, PM, QF ra 


LDTYPE = MPUML, 2) | 


BW = PM(IML, 1), BL1 = PM(IML, 3) 


es 
If LDTYPE = 1? 4 Use equations for load type 1 to > 
calculate FSB, FMB, FSE, FME 
no y 
yes BM = PM(IML, 1), BL1 = PM(IML, 3) 
If LDTYPE = 2? Use equations for load type 2 to m 
calculate FSB, FMB, FSE, FME 
no Yy 
W = PM(IML, 1), BL1 = PM(IML, 3), 
yes BL2 = PM(IML, 4) 


If LDTYPE = 3? Use equations for load type 3 to 


calculate FSB, FMB, FSE, FME 


W1 = PM(IML, 1), W2 = PM(IML, 2), 
yes BL1 = PM(IML, 3), BL2 = PM(IML, 4) 
Use equations for load type 4 to 
calculate FSB, FMB, FSE, FME 


QF(1) = QF(1) + FSB i 
y QF(2) = QF(2) + FMB 4 e 


QF) = QF(3) + FSE 
QF(4) = QF(4) + FME 


End Subroutine MFEFLL 
Return to calling program 


Fig. 5.27 Flowchart of Subroutine MFEFLL for Determining M ember F ixed-End 
Force Vector for Beams 


no 


no 
If LDTYPE = 4? 


the front cover. (e) The program then calls the subroutine STOREPF to store 
the negative values of the pertinent elements of QF in their proper positions 
in the load vector P. A flowchart of this subroutine, which essentially con- 
sists of a Do Loop, is given in Fig. 5.28 on the next page. As shown in this 
flowchart, the subroutine reads, in order, for each of the member fixed-end 
forces, QF), the number of the corresponding structure coordinate, N1, from 
the NSC vector. If N1 is less than or equal to NDOF, then the value of QF; 
is subtracted from the N 1th row of the load vector P. From Fig. 5.24, we can 
see that when the foregoing operations have been performed for each mem- 
ber of the beam, the structure stiffness matrix S is completed, and the struc- 
ture load vector P equals the equivalent joint load vector P,, or the negative 
of the structure fixed-joint force vector P; (i.e., P = Pe = —P»). 


Storage of the Joint Loads into the Structure Load Vector In this part of our 
computer program, the joint loads are added to the structure load vector P. 
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(Start Subroutine STOREPF p 


/ Arguments: JB, JE, NCJT, NDOF, NSC, QF, P y 


no 


I< NCJT? 
y y 


MN = (JB — 1)*NCJT + I I = (JE — 1)*NCJT + (I — NCJT) 


y S y 
> N1 = NSC(/1) < y 


no 
I=I+1 < N1 < NDOF? 


A yes 
z P(N1) = PN1) — QF) | 


End Subroutine STOREPF \ 
Return to calling program J 


Fig. 5.28 Flowchart of Subroutine STOREPF for Storing Member Fixed-End Force 
Vector in Structure Load Vector for Beams 


A flowchart for programming this process is shown in Fig. 5.29. This flowchart 
is the same as the previous flowchart (Fig. 4.12) for forming the joint load vec- 
tor for plane trusses, except that the load vector P is not initialized to 0 in this 
part of the program (as it was previously), because it now contains the equiva- 
lent joint loads due to member loads. 


Solution for Joint Displacements In this part, the program solves the system 
of simultaneous equations representing the beam’s stiffness relationship, 
Sd = P, using Gauss—Jordan elimination. The programming of this process 
has been discussed previously (see the flowchart in Fig. 4.13), and it may be re- 
called that, upon completion of the Gauss—Jordan elimination process, the 
vector P contains the values of the joint displacements d. The computer code 
developed in Chapter 4 for Part XI of the plane truss program can be trans- 
ported, without any alteration, into the beam analysis program for the calcula- 
tion of joint displacements. 
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no 


yess 


11= JP(/) 
12 = (11 - 1)*NCJ T 


no 
<j,l=!l41 J < NCJT? 


N < NDOF? > J=jJ41 


yess A 


P(N) = PW) + PJ U, )}-—>_ 


( Continue to Part XI < 


Fig. 5.29 Flowchart for Storing Joint Loads in Structure 
Load Vector 


Calculation of Member Forces and Support Reactions The last part of our 
program involves the calculation of member forces and support reactions. A 
flowchart for programming this process is given in Fig. 5.30 on the next page. As 
this figure indicates, after initializing the reaction vector R to 0, the program uses 
a Do Loop to perform the following operations for each member of the beam: 
(a) For the member under consideration, IM , the program reads the modulus of 
elasticity E and the moment of inertia ZI, and calculates the member length BL. 
(b) Next, the program calls the subroutine MDISPL to obtain the member end 
displacements U (= u) from the joint displacements P (= d), using the member 
code numbers, as depicted by the flowchart in Fig. 5.31 on page 241. (c) The pro- 
gram then calls the subroutine MSTIFFL (Fig. 5.25) to form the member stiff- 
ness matrix BK (= k). (d) Returning our attention to Fig. 5.30, we can see that 
the program then initializes the QF vector to 0, and checks the first column 
of the member load matrix MP to determine if the member IM is subjected to 
any loads. If the member is subjected to loads, then the subroutine MFEFLL 
(Fig. 5.27) is used to form the fixed-end force vector QF. (e) Next, the program 
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( Start Part XII ) 


Dimension BK(2*NCIJT, 2*NCJT), U(2*NCJT), Q(2*NCJT), QF(2*NCJT), R(NR) 


Initialize all elements of R to zero 


IM= 1 


IM=IM+1 IM < NM? > 


yes 


JB = MPRPUM, 1), JE = MPRPUM, 2) 
1 = MPRPUM, 3), E = EMU) 
I = MPRPUM, 4), ZI = CPU) 
XB = COORD(JB), XE = COORD(JE) 
BL = XE — XB 


Call Subroutine 
STORER 


Call Subroutine MDISPL 


Call Subroutine MSTIFFL 


Initialize all elements of QF to zero 


y 
Call Subroutine no 9 
MFORCEL i> > 
yes 


IML= 1 


no 
< IML < NML? 
yes 
no 
IM = MP(IML, 1)? IML = IML + 1 
yes 


Call Subroutine MFEFLL 


Print Support Reactions R y4 -4 


End of Program 


Fig. 5.30 Flowchart for Determination of M ember Forces and Support Reactions 
for Beams 
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(Start Subroutine MDISPL `) 


/ Arguments: JB, JE,NCJT, NDOF, NSC, P, U // 


Initialize all elements of U to zero 


| J = (B — 1)*NCJT | 


> 
wee. 

ll 
w+ 


no y 
l=I14+1 N <NDOF? 
yes 


~< U(!) = P(N) 


J = (JE — 1)*NCJT 
I=NCJT+1 < 


> 


Yy 
erg Kamo 


A yes 


~< U(!) = P(N) 


End Subroutine MDISPL 

Return to calling program 
Fig. 5.31 Flowchart of Subroutine MDISPL for 
Determining Member Displacement Vector for Beams 


calls the subroutine MFORCEL to evaluate the member end forces Q, using 
the relationship Q = BK U + QF (i.e. Q = ku + Qf, see Eq. (5.4)). A 
flowchart of this subroutine is shown in Fig. 5.32. (f) The program then stores 
the pertinent elements of Q in the support reaction vector R, using the subrou- 
tine STORER. The present STORER subroutine, whose flowchart is given in 
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{ Start Subroutine MFORCEL ) 


Z Arguments: NC)T,BK,U,Q, QF / 


l=1 


no 
| <2*NCJT? 
A 
yes 
l=1 +1 H ad) =OFN) y 
l=1 < 
no 
|< 2*NCJT? > 
yes 


l=1 +1 J < 2*NCJT? 


yes 


Qd) =Q0)+BK4,J>*Ud) >~] =) +1 


Print Member Forces Q Z < 


End Subroutine MFORCEL 
Return to calling program 


Fig. 5.32 Flowchart of Subroutine MFORCEL for Determining 
Member Local Force Vector 


Fig. 5.33, is identical to the STORER subroutine of the plane truss program 
(Fig. 4.21), except that the present subroutine stores the elements of the member 
local force vector Q (instead of the global force vector F) in R. A sample 
computer printout, showing the results of the analysis of the example beam of 
Fig. 5.19, is given in Fig. 5.34. 

Finally, the entire program for the analysis of beams is summarized in 
Table 5.1. As shown in this table, the program consists of a main program, di- 
vided into twelve parts, and seven subroutines. Brief descriptions of the vari- 
ous parts and subroutines of the program are also provided in Table 5.1 for 
quick reference. It should be noted that seven parts of the main program can be 
obtained from the plane truss computer program developed in Chapter 4. Fur- 
thermore, the computer code for many of the remaining parts of the main pro- 
gram, as well as the subroutines, can be conveniently developed by modifying 
the computer code written previously for the corresponding part or subroutine 
of the plane truss program. 
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{ Start Subroutine STORER ) 


ZL Arguments: JB, JE, NCJT, NDOF, NSC, Q, R/ 
I=1 
no 
> I< 2*NCJT? > 
yes 
yes no 
I< NCJT? 
Yy y 
‘i Il = (JB — 1)*NCJT + I I1 = (JE — 1)*NCJT + (I — NCIT) 
Yy y Y 
> N =NSC(/1) ~< 
no 
I=I+1 N > NDOF? 
A yes 
m RV — NDOF) = RW — NDOF) + QU) 
< 


ce Subroutine STORER ) 


Return to calling program / 


Fig. 5.33 Flowchart of Subroutine STORER for Storing Member Forces in Support 
Reaction Vector for Beams 


K KKK K K KKK KKK RK KKK KKK KKK KKK KKK KKK KK KKK KKK KKK KKK XXX 


* Results of Analysis 1 
xkxxxxxxxxšxxxšxxxšxxxšxxxšxxxšxxxšxxxxxxxšxxxxxšxxxšxxxxxxxxxxxxxxxxxxx 


Joint No. Y Iranslation, Rotation (Rad). 
1 0. 0000E+00 -5,5719E- 04 
2 0. 0000E+00 -1. 7231E- 03 
3 0. 0000E+00 1. 6238E- 03 
4 0. 0000E+00 0. 0000E+00 


Fig. 5.34 A Sample Printout of Analysis Results 
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Member, Joint Shear Force | Moment 
1 1 -9.6435E+00 -4. 8000E+02 

2 9.6435E+00 -6.7722E+02 

2 2 2.0055E+01 6.7722E+02 

3 2.4949E+01 -9.6485E+02 

3 3 2. 0311E+01 9. 6485E+02 

4 -5,3106E£+00 2.17242E+02 


Joint No. „Moment 
1 9. 6435E+00 0. 0000E+00 
2 2.9698E+01 0. 0000E+00 
3 4.5260E+01 0. 0000E+00 
4 -5.3106E+00 2.7242E+02 


KARKKKKKKKKKKKKKKSE End of Analysis KARKKKKKKKKKKKKKKK 


Fig. 5.34 (continued) 


Table 5.1 Computer Program for Analysis of Beams 


Main 

program part Description 

I Reads and stores joint data (Fig. 5.20(a)) 

Il Reads and stores support data (Fig. 4.3(b)) 

Ill Reads and stores material properties (Fig. 4.3(c)) 

IV Reads and stores cross-sectional properties (Fig. 4.3(d)) 

Vv Reads and stores member data (Fig. 4.3(e)) 

Via Reads and stores joint loads (Fig. 5.20(b)) 

VIb Reads and stores member loads (Fig. 5.20(c)) 

VII Determines the number of degrees of freedom NDOF of the 
structure (Fig. 4.8(a)) 

VII Forms the structure coordinate number vector NSC (Fig. 4.8(b)) 

IX Generates the structure stiffness matrix S and the structure load 
vector P = P, = —P; due to member loads (Fig. 5.24) Subroutines 
called: MSTIFFL, STORES, MFEFLL, and STOREPF 

X Stores joint loads in the structure load vector P (Fig. 5.29) 

XI Calculates the structure joint displacements by solving the 


stiffness relationship, Sd = P, using Gauss-Jordan elimination. 
The vector P now contains joint displacements (Fig. 4.13). 


(continued) 
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Table 5.1 (continued) 


Main 
program part Description 
XII Determines the member end force vector Q, and the support 
Identify degrees of freedom d and reaction vector R (Fig. 5.30). Subroutines called: MDISPL, 
restrained coordinates of the beam MSTIFFL, MFEFLL, MFORCEL, and STORER 
Subroutine Description 
For each member: 
Evaluate k and Q; MDISPL Determines the member displacement vector U from the joint dis- 
Store k in S and Q; in P, placement vector P (Fig. 5.31) 
MFEFLL Calculates the member fixed-end force vector QF (Fig. 5.27) 
Form joint load vector P MFORCEL Evaluates the member local force vector Q = BK U + QF 
(Fig. 5.32) 
Solve P — P;= Sd for d MSTIFFL Forms the member stiffness matrix BK (Fig. 5.25) 
STOREPF Stores the negative values of the pertinent elements of the member 
For each member: fixed-end force vector QF in the structure load vector P (Fig. 5.28) 
Sieg a : Q STORER Stores the pertinent elements of the member force vector Q in the 
‘Stas Qin R f reaction vector R (Fig. 5.33) 
STORES Stores the pertinent elements of the member stiffness matrix BK 
Fig. 5.35 in the structure stiffness matrix S (Fig. 5.26) 
SUMMARY 


In this chapter, we have developed the matrix stiffness method for the analysis 
of beams. A block diagram summarizing the various steps of the analysis is 
presented in Fig. 5.35. 


PROBLEMS 


Section 5.1 


5,1 through 5.4 Identify by numbers the degrees of freedom 
and restrained coordinates of the beams shown in Figs. P5.1 85 kN 
through P5.4. Also, form the joint load vector P for the beams. 


© Osa © 


25k 
onh i TE N | 


K z] EI = constant 
©) 7 E = 200 GPa 

6 4 
IT = 700 (10°) mm 


15 ft 15 ft : 
i dhi z1 > Fig. P5.2, P5.28 
E = 4,500 ksi 
I =600 inf 


Fig. P5.1, P5.5, P5.19, P5.27 
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150 kN.m 


THODE 


i 6m +: 6m + 
El = constant 


E =70GPa 
| = 225 (10°) mm* 


Fig. P5.3, P5.6, P5.20, P5.29 


50k 


20 ft —+— 15 ft + 15 ft —— 20 tt — 
1.251 I 1.25 I — 
E = 29,000 ksi 

I = 300 inf 


Fig. P5.4, P5.7, P5.21, P5.35 


Section 5.2 


5.5 through 5.8 Determine the stiffness matrices for the mem- 
bers of the beams shown in Figs. P5.5 through P5.8. 


0 
2.5 k/ft | 


$12 ft + 12 ft +— 8 ft—+—- 8 ft — 
L I Le 21 

E = 29,000 ksi 

T= 250 in.* 


Fig. P5.8, P5.22, P5.23, P5.30 


5.9 If the end displacements of member 1 of the beam shown 
in Fig. P5.9 are 


0 
uj = 2 | 
—0.6667 in. 
—0.006667 rad 


calculate the end forces for the member. Is the member in equi- 
librium under these forces? 


1 2 
- 15 ft l 15 ft 
T 2I 


E = 29,000 ksi 
I= 700 inf 


Fig. P5.9 


5.10 Ifthe end displacements of member 2 of the beam shown 
in Fig. P5.10 are 


0 
_ | 0.08581 rad 
an 0 
—0.08075 rad 


calculate the end forces for the member. Is the member in equi- 
librium under these forces? 


10k 10k 
3 k/ft 


© 


L Bft f- 8ft -|- sit - 


24 ft 


EI = constant 
E = 10,000 ksi 
I = 540 inf 


Fig. P5.10, P5.17, P5.24, P5.31 


Section 5.4 


5.11 through 5.14 Using the direct integration approach, de- 
rive the equations of fixed-end forces due to the member loads 
shown in Figs. P5.11 through P5.14. Check the results, using 
the fixed-end force expressions given inside the front cover. 


© 


EI = constant 


Fig. P5.11 
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k 40 
3 k/ft 


1 3] O G 


Ë © 2 © 
2 
M L | I-16 fel Ms ft—| 


EI = constant k— 24 ft 24 ft —|— 24 i—i 24 r— 


E = 29,000 ksi 
I= 310 in# 


Fig. P5.12 


Fig. P5.16, P5.26, P5.32 


4 g 
5.17 If the end displacements of member 1 of the beam shown 


©) (©) in Fig. P5.17 are 
j L | : 


ET = constant u = 


Fig. P5.13 0.08581 rad 


calculate the end forces for the member. Is the member in equi- 
T librium under these forces? 
5.18 If the end displacements of member 2 of the beam shown 


in Fig. P5.18 are 


© © —0.02532 m 


—0.00434 rad 
p L | i —0.02532 m 
0.00434 rad 


p " 


NI 


EI = constant 
calculate the end forces for the member. Is the member in equi- 


Fig. P5.14 librium under these forces? 


5.15 and 5.16 Determine the fixed-end force vectors for the 
members of the beams shown in Figs. P5.15 and P5.16. Use the 
fixed-end force equations given inside the front cover. 20 kN/m 


itg 


100 kN 100 kN 


3 


| 


90 kN 90 kN 


18 kN/m © © 
opie 


-5m-=|-5m=|-5m Fig. P5.18, P5.34 
15m 15 m—] 


EI = constant 
E = 200 GPa Section 5.5 
I = 400(10°) mm+ 


5m 5m 
j 151 i | 
E = 30 GPa 


I= 4.8 (10°) mmf 


|—15 mc 


5.19 through 5.22 Determine the structure stiffness matrices 
Fig. P5.15, P5.25, P5.33 S for the beams shown in Figs. P5.19 through P5.22. 
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Section 5.6 


5.23 through 5.26 Determine the fixed-joint force vectors 
and the equivalent joint load vectors for the beams shown in 
Figs. P5.23 through P5.26. 


Section 5.7 


5.27 through 5.35 Determine the joint displacements, mem- 
ber end forces, and support reactions for the beams shown in 
Figs. P5.27 through P5.35, using the matrix stiffness method. 
Check the hand-calculated results by using the computer pro- 


gram provided with this book, the publisher’s website for this 
book (www.cengage.com/engineering), or by using any other 
general purpose structural analysis program available. 


Section 5.8 


5.36 Develop a general computer program for the analysis of 
beams by the matrix stiffness method. Use the program to 
analyze the beams of Problems 5.27 through 5.35, and compare 
the computer-generated results to those obtained by hand 
calculations. 
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A plane frame is defined as a two-dimensional assemblage of straight members 
connected together by rigid and/or hinged connections, and subjected to loads 
and reactions that lie in the plane of the structure. U nder the action of external 
loads, the members of a plane frame may be subjected to axial forces like the 
members of plane trusses, as well as bending moments and shears like the 
members of beams. Therefore, the stiffness relations for plane frame members 
can be conveniently obtained by combining the stiffness relations for plane 
truss and beam members. 

The members of frames are usually connected by rigid connections, al- 
though hinged connections are sometimes used. In this chapter, we develop the 
analysis of rigidly connected plane frames based on the matrix stiffness method. 
The modifications in the method of analysis necessary to account for the 
presence of any hinged connections in the frame are considered in Chapter 7. 

We begin, in Section 6.1, with a discussion of the process of developing 
an analytical model of the frame. We establish the force- displacement rela- 
tions for the members of plane frames in their local coordinate systems in 
Section 6.2, where we also consider derivation of the member fixed-end axial 
forces due to external loads applied to the members. The transformation of 
member forces and displacements from a local to a global coordinate system, 
and vice versa, is considered in Section 6.3; and the member stiffness rela- 
tions in the global coordinate system are developed in Section 6.4. The stiff- 
ness relations for the entire frame are formulated in Section 6.5, where the 
process of forming the structure fixed-joint force vectors, due to member loads, 
is also discussed. We then develop a step-by-step procedure for the analysis of 
plane frames in Section 6.6; finally, in Section 6.7, we cover the computer 
implementation of the procedure for analysis of plane frames. 


6.1 ANALYTICAL MODEL 


The process of dividing plane frames into members and joints, for the purpose 
of analysis, is the same as that for beams (Chapter 5); that is, a plane frame is 
divided into members and joints so that: (a) all of the members are straight and 
prismatic, and (b) all the external reactions act only at the joints. Consider, for 
example, the frame shown in Fig. 6.1(a). The analytical model of the frame is 
depicted in Fig. 6.1(b), which shows that, for the purpose of analysis, the frame 
is considered to be composed of four members and five joints. Note that 
because the member stiffness relationships to be used in the analysis are valid 
for prismatic members only, the left column of the frame has been subdivided 
into two members, each with constant cross-sectional properties (i.e., cross- 
sectional area and moment of inertia) along its length. 


Global and Local Coordinate Systems 


The global and local coordinate systems for plane frames are established in a 
manner similar to that for plane trusses (Chapter 3). The global coordinate 
system used for plane frames is a right-handed XYZ coordinate system with the 
frame lying in the XY plane, as shown in Fig. 6.1(b). It is usually convenient to 
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14—x 


(d) Structure Coordinate Numbers 
(NDOF = 10, NR = 5) 


Fig. 6.1 (continued) 


locate the origin of the global coordinate system at a lower left joint of the 
frame with the X and Y axes oriented in the horizontal (positive to the right) and 
the vertical (positive upward) directions, respectively (see Fig. 6.1(b)). 

For each member of the frame, a local xyz coordinate system is estab- 
lished, with its origin at an end of the member and the x axis directed along the 
member's centroidal axis in the undeformed state. The positive direction of 
the y axis is defined so that the local coordinate system is right-handed, with 
the local z axis pointing in the positive direction of the global Z axis. The 
member end at which the origin of the local coordinate system is located can 
be chosen arbitrarily, and is usually considered to be the beginning of the mem- 
ber; the opposite member end is simply referred to as the end of the member. 
The local coordinate systems selected for the four members of the example 
frame are depicted in Fig. 6.1(b). As indicated in this figure, the member local 
coordinate systems can be conveniently shown on the line diagram of the struc- 
ture by drawing an arrow on each member in the positive direction of its x axis. 


Degrees of Freedom and Restrained Coordinates 


The degrees of freedom of a plane frame are simply the unknown displacements 
(translations and rotations) of its joints. Since an unsupported joint of a plane 
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frame can translate in any direction in the XY plane and rotate about the Z axis, 
three displacements— the translations in the X and Y directions and the rotation 
about the Z axis— are needed to completely specify its deformed position. 
Thus, a free joint of a plane frame has three degrees of freedom, and three 
structure coordinates (i.e., free and/or restrained coordinates) need to be de- 
fined at each joint, for the purpose of analysis (i.e., NCJ T = 3). 

Let us examine the degrees of freedom of the analytical model of the 
example frame given in Fig. 6.1(b). The deformed shape of the frame, due to 
an arbitrary loading, is depicted in Fig. 6.1(c), using an exaggerated scale. 
From this figure, we can see that joint 1, which is attached to a fixed support, 
can neither translate nor rotate; therefore, it does not have any degrees of free- 
dom. Since joint 2 is not attached to any support, it is free to translate as well 
as rotate, and three displacements— the translations dı and dz in the X and Y 
directions, respectively, and the rotation d3— are needed to completely specify 
its deformed position 2’. Thus, joint 2 has three degrees of freedom. Similarly, 
joints 3 and 4, which are also free joints, have three degrees of freedom each. 
The displacements of joint 3 are designated d4, ds, and de; the degrees of free- 
dom of joint 4 are designated d7, dg, and do. Finally, joint 5, which is attached 
to a hinged support, can rotate, but it cannot translate; therefore, it has only one 
degree of freedom, designated dio. Thus, the entire frame has a total of ten 
degrees of freedom. A II the joint displacements are shown in Fig. 6.1(c) in the 
positive sense. As indicated in this figure, the joint translations are considered 
positive when in the positive directions of the X and Y axes and joint rotations 
considered positive when counterclockwise. The NDOF x 1 joint displace- 
ment vector dfor this frame is written as 


10x 1 


As discussed in Section 3.2, the number of degrees of freedom, NDOF, of 
a framed structure, in general, can be determined by subtracting the number of 
joint displacements restrained by supports, NR, from the total number of joint 
displacements of the unsupported structure (which equals NCJ T x NJ ). Since 
NCJT equals 3 for plane frames, the number of degrees of freedom of such 
structures can be expressed as (See Eq. (3.2)) 


NC)T =3 
NDOF = 3(NJ )— NR 


| for plane frames (6.1) 


From Fig. 6.1(b), we can see that the example frame has five joints (i.e., 
NJ = 5); of these, joint 1 is attached to a fixed support that restrains three joint 
displacements, and joint 5 is attached to a hinged support that restrains two 
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joint displacements. Thus, the total number of joint displacements that are 
restrained by all supports of the frame equals 5 (i.e., NR = 5). Substitution of 
NJ =5 and NR = 5 into Eq. (6.1) yields the number of degrees of freedom of 
the frame: 


NDOF = 3(5)—5=10 


which is the same as the number of degrees of freedom of the frame obtained 
previously. 

As in the case of plane trusses and beams, the structure coordinates of a 
plane frame are usually specified on the frame's line diagram by assigning 
numbers to the arrows drawn at the joints in the directions of the joint dis- 
placements, with a slash (/) added to the arrows representing the restrained 
coordinates to distinguish them from the degrees of freedom, as shown in 
Fig. 6.1(d). The procedure for assigning numbers to the structure coordinates 
of a plane frame is analogous to that for plane trusses and beams. The degrees 
of freedom of the frame are numbered first by beginning at the lowest- 
numbered joint with a degree of freedom, and proceeding sequentially to the 
highest-numbered joint. If a joint has more than one degree of freedom, then 
the translation in the X direction is numbered first, followed by the translation 
in the Y direction, and then the rotation. The first degree of freedom is assigned 
the number one, and the last degree of freedom is assigned the number equal to 
NDOF. After all the degrees of freedom have been numbered, the restrained 
coordinates of the frame are numbered in the same manner as the degrees of 
freedom, but starting with the number equal to NDOF + 1 and ending with the 
number equal to 3(NJ ). The structure coordinate numbers for the example 
frame, obtained by applying this procedure, are given in Fig. 6.1(d). 


EXAMPLE 6.1 Identify by numbers the degrees of freedom and restrained coordinates of the frame 
shown in Fig. 6.2(a). Also, form the joint load vector P for the frame. 


SOLUTION Degrees of Freedom and Restrained Coordinates: See Fig. 6.2(b). Ans 
Joint Load Vector: Units are kips and feet. 
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6.2 MEMBER STIFFNESS RELATIONS IN THE 
LOCAL COORDINATE SYSTEM 


Consider an arbitrary prismatic member m of the plane frame shown in 
Fig. 6.3(a). When the frame is subjected to external loads, member m deforms 
and internal axial forces, shears, and moments are induced at its ends. The ini- 
tial and displaced positions of the member are shown in Fig. 6.3(b), from 


Y 


(a) Frame 


Displaced 


position © 


uy U6 
PATE OS SS ie 
A Nus 
z Us 
Initial Ug 


/ position 7 Q6 


>| 


E, I, A = constant 


(b) Member Forces and Displacements 
in the Local Coordinate System 


Fig. 6.3 
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Fig. 6.3 (continued) 
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on 


“| | 


Qp Os 
(i) 


Fig. 6.3 (continued) 


which we can see that three displacements— translations in the x and y direc- 
tions and rotation about the z axis— are needed to completely specify the 
displaced position of each end of the member. Thus, the member has a total of 
six degrees of freedom. As indicated in Fig. 6.3(b), the six member end dis- 
placements are denoted by u; through ug, and the corresponding member end 
forces are denoted by Qı through Q¢. Note that the member end displacements 
uand end forces Q are defined relative to the local coordinate system of the 
member, with translations and forces in the positive directions of the local x 
and y axes considered positive, and counterclockwise rotations and moments 
considered positive. As shown in Fig. 6.3(b), a member's local end displace- 
ments and end forces are numbered by beginning at its end b, with the transla- 
tion and force in the x direction numbered first, followed by the translation and 
force in the y direction, and then the rotation and moment. The displacements 
and forces at the member's opposite end e are then numbered in the same 
sequential order. 

The relationships between the end forces Q and the end displacements u, 
for the members of plane frames, can be established by essentially the same 
process as used previously for the case of beams (Section 5.2). The process in- 
volves subjecting the member, separately, to each of the six end displacements 
as shown in Fig. 6.3(c) through (h), and to the external loading with no end dis- 
placements (i.e., with both member ends completely fixed against translations 
and rotations), as shown in Fig. 6.3(i). The total member end forces due to the 
combined effect of the six end displacements, and the external loading, can 
now be expressed as 


6 
Qi = > (kjuj) + Qh: be 1, 2..2..66 (6.2) 


j=l 
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in which the stiffness coefficient kj represents the force corresponding to 
Q; due to a unit value of the displacement uj, and Q f; denotes the fixed-end 
force corresponding to Q; due to the external loads acting on the member. 
Equation (6.2) can be expressed in matrix form as 


Qi ku K2 kız3 Kia Kıs kı u1 Qi 
Q2 Kor k22 k23 kə kə k26 u2 Qt2 
Q3 | _ | Kə k3z2 K33 k3qk35.—k36 U3 Q 43 
Qa} | Kar Kaz k3 Ka Kas Kage U4 7 Q f4 (63) 
Q5 ksı ks2 ks3 Ks4ą kKs5 Kse Us Qf5 
Q6 ker Ke2 kez Kes Kes Kes Us Qte 
or, symbolically, as 
Q= ku+Q; (6.4) 


in which Q and u denote the 6 x 1 member end-force and member end- 
displacement vectors, respectively, in the local coordinate system; k represents 
the 6 x 6 member local stiffness matrix; and Q;isthe6 x 1 member fixed-end 
force vector in the local coordinate system. 


Member Local Stiffness Matrix k 


The explicit form of the local stiffness matrix k (in terms of E, A, |, and L) for 
the members of plane frames can be conveniently developed by using the ex- 
pressions for the member stiffness coefficients of trusses and beams derived in 
Chapters 3 and 5, respectively. 

To obtain the first column of K, we subject the member to a unit end dis- 
placement u; = 1 (with u2 = u3 = Us = Us = Us = 0), as shown in Fig. 6.3(c). 
The expressions for the member axial forces required to cause this unit axial 
deformation were derived in Section 3.3, and are given in Fig. 3.3(c). By com- 
paring Figs. 6.3(c) and 3.3(c), we obtain the stiffness coefficients for the plane 
frame member, due to end displacement u; = 1, as 

kı = = k41 = 
Note that the imposition of end displacement u; = 1 does not cause the 
member to bend; therefore, no moments or shears develop at the ends of the 
member. 

Similarly, the fourth column of k can be determined by comparing 
Fig. 6.3(f) to Fig. 3.3(e), which yields 

ki = a k4 = k24 = k3q = ksq = Ke4 = 0 (6.5b) 

To determine the second column of k, the member is subjected to a unit end 
displacement u2 = 1 (with u; = u3 = U4 = Us = Ug = 0), as Shown in 6.3(d). 


A 
T k21 = kay = key = Ke1 = 0 (6.5a) 
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The expressions for the member end shears and moments required to cause 
this deflected shape were derived in Section 5.2, and are given in Fig. 5.3(c). By 
comparing Figs. 6.3(d) and 5.3(c), we obtain the stiffness coefficients for the 
plane frame member, due to u2 = 1, as 


k 12E | 6E | 12E | k 6E | 
2 = -7> 32 = -7 52 =--> 62 = 7 
kız = ky = 0 (6.5c) 


The third, fifth, and sixth columns of kcan be developed in a similar man- 
ner, by comparing Figs. 6.3(e), (g), and (h) to Figs. 5.3(d), (e), and (f), respec- 
tively. This process yields 


6E | 4E | 6E | 2E | 
k= kes =, ks- kosm 
ki3 = ky = 0 (6.5d) 
12E | 6E | 12E | 
k35 = — L3 k35 = — L2 > ks5 = L3 > 
6E | 
kes = [2 kis = kgs = 0 (658) 
and 
6E | 2E | 6E | 4E | 
kas = Ty k3 = > Kse = -77> Kes = —— 
kig = kag = 0 (6.5F) 


Finally, by substituting Eqs. (6.5) into the appropriate columns of kgiven 
in Eq. (6.3), we can express the local stiffness matrix for the members of plane 


frames as 
2 2 
EET & 4 
0 12 6L 0 —12 6L 
A | 0 6L AL? 0 —6L 2L2 Ga 
Sra 2 2 
L a 0 0 ai 0 oO 
0 —12 —-6L 0 12 —6L 
0 6L 2L? 0 —6L 4L? 


Member Local Fixed-End Force Vector Q; 


Unlike the members of beams, which are loaded only perpendicular to their 
longitudinal axes, the members of plane frames can be subjected to loads ori- 
ented in any direction in the plane of the structure. B efore proceeding with the 
calculation of the fixed-end forces for a plane frame member, any loads acting 
on itin inclined directions are resolved into their components in the directions 
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if © 


(a) (b) 
Fig. 6.4 


of the local x and y axes of the member. For example, the vertical load W acting 
on the inclined member m of the frame of Fig. 6.4(a) is resolved into its 
rectangular components in the local x and y directions of the member m as 


Wx, =Wsind and Wy=Wcosé 


as shown in Fig. 6.4(b). 

After all the loads acting on a member have been resolved into compo- 
nents parallel and perpendicular to the longitudinal axis of the member (i.e, in 
the local x and y directions, respectively), the fixed-end shears (F Sẹ and F Se) 
and moments (F M p and F M e) due to the perpendicular loading and any couples 
can be calculated by using the fixed-end force equations for loading types 1 
through 4 (given inside the front cover). The procedure for deriving these 
fixed-end shear and moment equations was discussed in Section 5.4. 

The expressions for the member fixed-end axial forces, due to two com- 
mon types of member axial loadings, are also given inside the front cover (see 
loading types 5 and 6). Such expressions can be conveniently determined by 
integrating the differential equation for the member axial deformation. This 
approach is illustrated in the following paragraphs, with loading type 6 taken 
as an example. 

Consider a fixed member of a plane frame, subjected to a uniformly 
distributed axial load w over a part of its length, as shown in Fig. 6.5(a). As in- 
dicated there, the fixed-end axial forces at the member ends b and e are denoted 
by FA, and FAg, respectively. To develop the differential equation for axial de- 
formation of an elastic member, we recall from Section 3.4 that the relationship 
between the axial strain £a and the axial displacement U,, of the centroidal axis 
of a member, is given by (see Eq. (3.39)) 


_ dd 


ĉa = ay 
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Substitution of this strain-displacement equation into Hooke’s law yields 


du 
Oa = E Ea = E ae 
in which og represents the axial stress. To relate the axial displacement U, to 
the axial force Qa acting at the cross-section, we multiply both sides of the pre- 


ceding equation by the cross-sectional area A to obtain 
dd 
Q,=0,A=E A 


or 


dü, Qa (67) 


Equation (6.7) represents the differential equation for axial deformation of a 
member composed of linearly elastic homogeneous material. In this equation, 
Uy denotes the displacement of the member's centroidal axis in the x direction, 
at a distance x from the origin b of the local xy coordinate system of the mem- 
ber (Fig. 6.5(a)); Qa represents the axial force at the member cross-section at 
the same location, x. Furthermore, Eq. (6.7) is based on the sign convention 
that the axial force Qa is considered positive when causing tension at the mem- 
ber cross-section. The total axial deformation of a member can be obtained by 
multiplying both sides of Eq. (6.7) by dx and integrating the resulting equation 


y 

1 2 3 
w 
FA, +> =o +> FA, — x 
c d 
x 

1 2 3 

e L >| 


(a) Fixed Member 


a 


(b) Section 1-1 


Fig. 6.5 
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FA, — —— > 0, 


FA, —> ea — 0, 


(d) Section 3-3 
Fig. 6.5 (continued) 


over the length L of the member: 


t Q 
a =lLj=/ = 
Txe(atx ) EA dx (6.8) 

Realizing that EA is constant for prismatic members, the axial deformation of 

such members can be expressed as 


1 L 
te= Fz | Qa dx (6.9) 


To obtain the expressions for the fixed-end axial forces FAp and FAe for the 
member shown in Fig. 6.5(a), we first determine the equations for axial force 
Qa in terms of one of the unknowns, FA». Since the uniformly distributed load 
w is applied over member portion cd (Fig. 6.5(a)), the axial force Qa cannot be 
expressed as a single continuous function over the entire length of the member. 
Therefore, we divide the member into three segments, bc, cd, and de, and de- 
termine the equations for axial force in these segments by passing sections 1-1, 
2-2, and 3-3, respectively, through the member, as shown in Fig. 6.5(a). By 
considering the equilibrium of the free body of the member to the left of sec- 
tion 1-1 (Fig. 6.5(b)), we determine the axial force Qa at section 1-1 to be 


+ Feet FAnp+Q,=0 Qa=—FAp 
Thus, the equation of the axial force in segment bc can be expressed as 
0<x<l Qa = —F Ab (6.10a) 


Similarly, by considering the free bodies of the member to the left of sec- 
tions 2-2 and 3-3 (Fig. 6.5(c) and (d)), we obtain the equations of the axial 
force in segments cd and de, respectively, as 


l <x<L-l Qa = —F Ap + w(K — l1) (6.10b) 
L-—l2<x<L Qa =—F Ap + w(L -li — l2) (6.10c) 
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Next, by substituting Eqs. (6.10) into Eq. (6.9), we write 


lh L—l2 
te= zz] -Fa dx + f {—F Ap + w(x — l1)} dx 
EA [Jo h 
i 
+f {—F Ap + w(L -h = d}x 
L—l2 


By integrating and simplifying the right-hand side of the foregoing equation, 
we obtain the axial deformation of the member as 


1 
ve= Eg [-F ALL +50 =I = l(t — l1 +12)| (6.11) 


Ci 


The expression for FAp can now be determined by using the compatibility con- 
dition that, because both ends b and e of the member are attached to fixed sup- 
ports, the axial deformation of the member must be 0. Thus, by substituting 
ūxe = 0 into Eq. (6.11), we write 


1 
ye = g [-F Aol + F —h =la =h +l) =0 (6.12) 
Solving Eq. (6.12) for FAp, we obtain 
FA = s(t —l—lay(t —h +a) (6.13) 


With the fixed-end axial force FA, known, we can now determine the re- 
maining fixed-end axial force FA. by applying the equation of equilibrium 
X Fy = 0 to the free body of the entire member. Thus (see Fig. 6.5(a)), 


SF S0  FAp-w(l-h-l)+FAe=0 


Substituting Eq. (6.13) into the foregoing equation, and simplifying the result, 
we obtain the expression for FAe: 


F Ae = 5 (l =h =al +h — l2) (6.14) 

The expressions for fixed-end axial forces due to other types of axial 
loadings can be derived in a similar manner, using the integration approach 
illustrated here. 

Once the fixed-end axial and shear forces and moments for a member have 
been evaluated, its fixed-end force vector Q; can be generated by storing the 
fixed-end forces and moments in their proper positions in a6 x 1 vector, as 


follows. 
Qi F Ab 
Q 2 F Sb 
Q 43 F Mp 
BT a |T| Fae mE 
Qis F Se 
Qt6 FMe 
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The sign convention for member local fixed-end forces, Qr, is the same as that 
for the member end forces in the local coordinate system, Q. Thus, the member 
local fixed-end axial forces and shears are considered positive when in the posi- 
tive directions of the member's local x and y axes, and the local fixed-end 
moments are considered positive when counterclockwise. However, the mem- 
ber loads are commonly defined to be positive in the directions opposite to those 
for the local fixed-end forces. In other words, the member axial and perpendicu- 
lar loads are considered positive when in the negative directions of the member's 
local x and y axes, respectively, and the external couples applied to the members 
are considered positive when clockwise. The expressions for the member fixed- 
end forces (including moments) given inside the front cover of this text are based 
on this sign convention, in which all the fixed-end forces and member loads 
(including couples) are shown in the positive sense. 


EXAMPLE 6.2 The displaced position of member 2, of the frame of Fig. 6.6(a), is given in Fig. 6.6(b). 
Calculate the end forces for this member in the local coordinate system. Is the member 
in equilibrium under these forces? 


SOLUTION Member Local Stiffness Matrix: From Fig. 6.6(a), we can see that, for member 2, 
E = 29,000 ksi, A = 28.2 in.2, | = 833 in.*, and L = /(16)2 + (12)? = 20 ft = 
240 in. By substituting the numerical values of E, A, l, and L into Eq. (6.6), we obtain 
the following local stiffness matrix for member 2, in units of kips and inches. 


12 ft 
t XE 
|- 16 ft -| 

E, A, I = constant 

E = 29,000 ksi 

A=28.2 in? 

I = 833 in# 

(a) 


Fig. 6.6 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 
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position 


(c) Local Fixed-end Forces for Member 2 


(d) Local End Forces for Member 2 


Fig. 6.6 (continued) 
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3,407.5 0 0 —3,407.5 0 0 
0 20.97 2,516.4 0 —20.97 2,516.4 
h= 0 2,516.4 402,620 0 —2,516.4 201,310 (1) 
~ | —3,407.5 0 0 3,407.5 0 0 
0 —20.97 —2,516.4 0 20.97 —2,516.4 
0 2,516.4 201,310 0 —2,516.4 402,620 
Member Local End Displacements: See Fig. 6.6(b). 
1.8828 
1.4470 
—0.0035434 
m=) 1.8454 (2) 
1.3533 
—0.013559 


Note that the values of u3 and us are negative, because both member ends rotate in the 
clockwise direction. 


Member Local Fixed-end Force Vector: As the 0.25 k/in. (= 3 k/ft) uniformly dis- 
tributed load, applied to the member, acts in the vertical direction, it is necessary to 
resolve it into components parallel and perpendicular to the member. The components 
of the vertical distributed load in the local x and y directions are (see Fig. 6.6(c)): 


wy = =; (0.25) = —0.15 k/in. 


wy = : (0.25) = 0.2 k/in. 


in which, in accordance with the sign convention for member loads discussed previ- 
ously, a negative sign is assigned to the magnitude of wx because it acts in the positive 
direction of the local x axis. 

The local fixed-end forces can now be evaluated, using the expressions given 
inside the front cover. By substituting w = —0.15 k/in., L = 240 in., and lı =|, = 0 
into the expressions for the fixed-end axial forces given for loading type 6, we obtain 


Fa = F Ae = BCID L 18k 
Similarly, substitution of w = 0.2 k/in., L = 240 in., and lı = l2 = 0 into the expres- 
sions for the fixed-end shears and moments given for loading type 3 yields 


FE -a =M 


0.2(240)? 
12 
These fixed-end forces for member 2 are shown in Fig. 6.6(c). The local fixed-end 
force vector for the member is given by 

—18 

24 
960 
—18 
24 
—960 


F Mp = =F Me = = 960 k-in. 


Qn = (3) 
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Member Local End Forces: The local end forces for member 2 can now be deter- 
mined by substituting the numerical forms of kz, w2, and Q¢2 (Eqs. (1), (2), and (3), 
respectively), into Eq. (6.4), and performing the required matrix multiplication and 
addition. This yields 


109.44 k 
-17.07k 
-2,960.4 k-in. 
Cee aa lenin aa ate 
65.07 k 


—6,896.7 k-in. 
These member end forces are depicted in Fig. 6.6(d). 


Equilibrium Check: To check whether the member is in equilibrium, we apply the 
three equations of equilibrium to the free body of the member shown in Fig. 6.6(d). 


Thus, 

+N} Fx=0 109.44 + 0.15(240) — 145.44 = 0 Checks 

+ Aly = — 17.07 — 0.2(240) + 65.07 = 0 Checks 

+C} M@=0 —2,960.4 — 0.2(240)(120) — 6,896.7 + 65.07(240) = —0.3 = 0 
Checks 

Therefore, the member is in equilibrium. Ans 


6.3 COORDINATE TRANSFORMATIONS 


Unlike beams, whose members all are oriented in the same direction, plane 
frames usually contain members oriented in various directions in the plane 
of the structure. Therefore, it becomes necessary to transform the stiffness re- 
lations of the members of a plane frame from their local coordinate systems to 
the global coordinate system before they can be combined to establish the stiff- 
ness relations for the entire frame. In this section, we extend the transformation 
relationships developed in Section 3.5 for plane truss members to include end 
moments and rotations, so that they can be used for the members of plane 
frames. The revised transformation relations thus obtained are then used in 
Section 6.4 to develop the member stiffness relations in the global coordinate 
system for plane frames. 

Consider an arbitrary member m of a plane frame, as shown in Fig. 6.7(a). 
The orientation of the member with respect to the global XY coordinate system 
is defined by an angle 6, measured counterclockwise from the positive direc- 
tion of the global X axis to the positive direction of the local x axis, as shown 
in Fig. 6.7(a). When the frame is subjected to external loads, member m 
deforms, and internal forces and moments develop at its ends. The displaced 
position of member m, due to an arbitrary loading applied to the frame, is 
shown in Figs. 6.7(b) and (c). In Fig. 6.7(b), the member end displacements, u, 
and end forces, Q, are measured relative to the local xy coordinate system of 
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the member; whereas, in Fig. 6.7(c), the member end displacements, v, and end 
forces, F, are defined with respect to the global XY coordinate system of the 
frame. The local and global systems of member end displacements and forces 
are equivalent, in the sense that both systems cause the same translations and 
rotations of the member ends b and e, and produce the same state of strain and 
stress in the member. As shown in Fig. 6.7(c), the global member end forces, 
F, and end displacements, v, are numbered by beginning at member end b, with 
the force and translation in the X direction numbered first, followed by the 


Y 


y © 


(a) Frame 


y Displaced 


position u¢ 
- 


- us 


Initial 
position 


X 


(b) Member End Forces and End Displacements 
in the Local Coordinate System 


Fig. 6.7 
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© 


Displaced E 
Y [= position 7° 
-77 
7 


Us 


— 
Initial 


F, position 


X 


(c) Member End Forces and End Displacements 
in the Global Coordinate System 


Fig. 6.7 (continued) 


force and translation in the Y direction, and then the moment and rotation. The 
forces and displacements at the member's opposite end e are then numbered in 
the same sequential order. 

Now, suppose that the member's global end forces and end displacements 
are specified, and we wish to determine the corresponding end forces and end 
displacements in the local coordinate system of the member. As discussed in 
Section 3.5, the local forces Qı and Q2 must be equal to the algebraic sums of 
the components of the global forces F ı and F2 in the directions of the local x 
and y axes, respectively; that is, 


Qi = Ficosé + F2sing (6.16a) 
Q2 =-—F,sin@ + F2cos@ (6.16b) 


Note that Eqs. (6.16a and b) are identical to Eqs. (3.58a and b), respectively, 
derived previously for the case of plane truss members. 

As for the relationship between the local end moment Q3 and the global 
end moment F 3— because the local z axis and the global Z axis are oriented in 
the same direction (i.e., directed out of the plane of the page), the local moment 
Q3 must be equal to the global moment F 3. Thus, 


Q03= F3 (6.16c) 


Using a similar reasoning at end e of the member, we express the local forces 
in terms of the global forces as 


Q4=F,4cosé+Fssing (6.16d) 
Q5 = —F4 sin + Fs coso (6.165) 
Qe = F6 (6.16f) 
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We can write Eqs. (6.16a through f) in matrix form as 


Qi coso sing 0 0 0 0 Fy 
Q> —sin6 cos@ 0 0 0 0 F2 
Q3 l 0 0 1 0 0 0 F3 
ii) 0 0 0 cose sing o||F,| 7) 
Q5 0 0 0 —sing coso 0 F5 
Q6 0 0 0 0 0 1 Fe 
or, symbolically, as 
Q=TF (6.18) 
in which the transformation matrix T is given by 
cos@ sind 0 0 0 0 
—sin@ cose 0 0 0 0 
3 0 0 1 0 0 0 
Ta 0 0 0 cos@ sing 0 (6.19) 
0 0 0 -sin@ cose 0 


0 0 0 0 0 1 


The direction cosines (cosé@ and sin@ ) of the plane frame members can be eval- 
uated using Eqs. (3.62a and b), given in Section 3.5. 

Because member end displacements, like end forces, are vectors, which 
are defined in the same directions as the corresponding forces, the transforma- 
tion matrix T (Eq. (6.19)) can also be used to transform member end displace- 
ments from the global to the local coordinate system; that is, 


u= Tv (6.20) 


Next, we consider the transformation of member end forces and end dis- 
placements from the local to the global coordinate system. Returning our at- 
tention to Figs. 6.7(b) and (c), we realize that at end b of the member, the 
global forces F ı and F 2 must be equal to the algebraic sums of the components 
of the local forces Qı and Q2 in the directions of the global X and Y axes, 
respectively; that is, 


Fı = Qı coso — Q2sind (6.21a) 

F2 = Qı sin + Q2cosé (6.21b) 
and, as discussed previously, the global moment F 3 equals the local moment 
Q3, or 

F3=Q3 (6.21c) 


In asimilar manner, the global forces at end e of the member can be expressed 
in terms of the local forces as 


F4 = Q4cosé —Qs5sing (6.21d) 
Fs = Qasin + Qs5cos@ (6.219 
Fe = Qe (6.21f) 
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We can write Eqs. (6.21a through f ) in matrix form as 


Fy cos@ -sino 0 0 0 0 Qi 
F2 sino cosd 0 0 0 0 Q2 
Fz] _ 0 0 1 0 0 0 Q3 
Fa} 0 0 0 cose -sine 0 Qa (6.22) 
Fs 0 0 0 sing cosé 0 Q5 
Fe 0 0 0 0 0 1 Q6 


By comparing Eq. (6.22) to Eq. (6.17), we realize that the transformation ma- 
trix in Eq. (6.22), which transforms the forces from the local to the global co- 
ordinate system, is the transpose of the transformation matrix T in Eq. (6.17), 
which transforms the forces from the global to the local coordinate system. 
Therefore, Eq. (6.22) can be written as 


F=TQ (6.23) 


Also, a comparison of Eqs. (6.18) and (6.23) indicates that the inverse of T 
equals its transpose; that is, 

T1=T (6.24) 
which indicates that the transformation matrix T is orthogonal. 

As discussed previously, because the member end displacements are also 
vectors defined in the directions of their corresponding forces, the matrix T! 
also defines the transformation of member end displacements from the local to 
the global coordinate system; that is, 


v=T' u (6.25) 


By comparing the transformation matrix T derived herein for plane frame 
members (Eq. (6.19)) with the one developed in Section 3.5 for plane truss 
members (Eq. (3.61)), we observe that the T matrix for plane trusses can be ob- 
tained by deleting the third and sixth columns and the third and sixth rows from 
the T matrix for plane frame members. This is because there are no moments 
and rotations induced at the ends of plane truss members, which are subjected 
to axial forces only. 


EXAMPLE 6.3 The displaced position of member 2, of the frame of Fig. 6.8(a), is given in Fig. 6.8(b). 
Calculate the end displacements and end forces for this member in the global 
coordinate system. Is the member in equilibrium under the global end forces? 


SOLUTION Member Local End Displacements and Forces: In Example 6.2, we obtained the local 
end displacement and force vectors for the member under consideration as 

1.8828 in. 
1.4470 in. 

—0.0035434 rad 
1.8454 in. 
1.3533 in. 

—0.013559 rad 
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24 ft 


|- 16 ft -| 
E, A, I = constant 
E= 29,000 ksi 


A= 28.2 in? 
I = 833 int 
(a) 


© A 2003 S i 
A N By, Displaced 
EA < Ry position 
0 


Initial 


position © / 


(b) Displaced Position of Member 2 


Fig. 6.8 
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TO 0.0035434 rad Digikeeil 
position 
0.02792 in. 
2.3744 in. ee 
~ ~~ x 
Y 0.013559 rad ~\ 
N 
N 
Initial —i ©) 
position 
0.0246 in. 2.2883 in. 
X 
(c) End Displacements in the Global Coordinate 
System for Member 2 


246.7 k-ft 


ha 77.31 k 


574.73 k-ft 


133) 3002 Ie 


X 


(d) End Forces in the Global Coordinate 
System for Member 2 


Fig. 6.8 (continued) 


and 


109.44 k 
—17.07 k 
—2,960.4 k-in. 

—145.44 k 
65.07 k 
—6,896.7 k-in. 


Transformation M atrix: From Fig. 6.8(a), we can see that joint 2 is the beginning 
joint and joint 3 is the end joint for member 2. By applying Eqs. (3.62), we determine 


Q: = ku +Q = (2) 
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the member's direction cosines as 


X3— X2 16-0 

cos = [ = =n eo” 

=i -=A 
L BRNA 


The transformation matrix for member 2 can now be evaluated, using Eq. (6.19). 
0.8 -06 0 0 0 0 


sing = 0.6 


o6 08 0 0 0 0 
0 0 1 0 0 

saa i 0 0 08 —0.6 0 (3) 
0 0 0 06 08 0 
0 0 0 0 G i 


Member Global End Displacements: By substituting the transpose of T> from Eq. (3), 
and up from Eq. (1), into Eq. (6.25), we obtain 


2.3744 in. 
0.02792 in. 
—0.0035434 rad 
2.2883 in. 

—0.02460 in. 
—0.013559 rad 


These end displacements are depicted in Fig. 6.8(c). 


V2 =T) u = 


Member Global End Forces: Similarly, by substituting the transpose of T from Eq. 
(3), and Q> from Eq. (2), into Eq. (6.23), we determine the global end forces for mem- 
ber 2 to be 


77.31 k 
—79.32 k 
| —2,960.4 k-in. 
F =T Q = (= z D Ans 
139.32 k 
—6,896.7 k-in. 
(= —574.73 k-ft) 


The global member end forces are shown in Fig. 6.8(d). 
Equilibrium Check: See Fig. 6.8(d). 


+>} Fx=0 71.31 — 77.31 = 0 Checks 
+t} Fy=0 —79.32 — 3(20) + 139.32 = 0 Checks 
+Ç} Mo=0 —246.7 — 3(20) (=) — 574.73 — 77.31(12) 


+ 139.32(16) = —0.03 k-ft = 0 Checks 


Therefore, the member is in equilibrium. Ans 
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6.4 MEMBER STIFFNESS RELATIONS IN 
THE GLOBAL COORDINATE SYSTEM 


The process of establishing the stiffness relationships for plane frame members 
inthe global coordinate system is similar to that for the members of plane trusses 
(Section 3.6). We first substitute the local stiffness relations Q = ku + Q; 
(Eq. (6.4)) into the force transformation relations F = T'Q (Eq. (6.23)) to 
obtain 


F=T'Q=T'ku+T'Q; (6.26) 


Then, we substitute the displacement transformation relations u= Tv 
(Eq. (6.20)) into Eq. (6.26) to determine the desired relationships between the 
member end forces F and end displacements v, in the global coordinate system: 


F=T'kTv+T'Q,; (6.27) 


Equation (6.27) can be conveniently expressed as 


F=Kv-+ F; (6.28) 
with 

K=T'kT (6.29) 

F; =T'Q; (6.30) 


The matrix K represents the member stiffness matrix in the global coordinate 
system; F; is called the member fixed-end force vector in the global coordinate 
system. 


Member Global Stiffness Matrix K 


The expression of the member global stiffness matrix K given in Eq. (6.29), as 
a product of the three matrices T', k, and T, is sometimes referred to as the 
matrix triple product form of K. The explicit form of K, in terms of L, E, A, |, 
and @ of the member, can be determined by substituting the explicit forms of 
the member local stiffness matrix k from Eq. (6.6) and the member transfor- 
mation matrix T from Eq. (6.19) into Eq. (6.29), and by multiplying the matri- 
ces T', k, and T, in that order. The explicit form of the member global stiffness 
matrix K thus obtained is given in Eq. (6.31). 

From acomputer programming viewpoint, itis usually more convenient to 
evaluate K using the numerical values of kand T in the matrix triple product 
given in Eq. (6.29), rather than the explicit form of K given in Eq. (6.31). In 
Section 6.7, we will develop a computer subroutine to generate K by 
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multiplying the numerical forms of T', k, and T, in sequence. The explicit 
form of K (Eq. (6.31)), however, provides insight into the physical interpreta- 
tion of the member global stiffness matrix, and proves convenient for evaluat- 
ing K by hand calculations. 


AL? cos? @ + 12sin? 8 (4+ -12) cosesing  —6L sino -(4+ cos? o + 12sin? 0) -(+ -12) cosøsinð —6L sing 
(41= - 12) cose sing AL? sin? 9 + 12cos?@ 6L coso -( 4 - 12) cose sino -( AH sin? 9 + 12cos20) 6L coso 

El —6L sing 6L coso 4L? 6L sine —6L coso 2L? 

= L3 AL2 i AL2 , F AL2 : AL2 , 5 

—(4+ cos? o + 12sin?@) -(4 -12) cosé sing 6L sind At cos? @ + 12 sin? 4 (A - 12) coso sind 6L sind 
-(4¢ — 12) cosa sing -(4 sin? + 12 cos* 8) —6L coso GF -12) coso sing AL? sin? 9 + 12 cos? 0 —6L coso 

—6L sing 6L coso 2L? 6L sing —6L coso 4L? 

(6.31) 


The physical interpretation of the member global stiffness matrix K for 
plane frame members is similar to that of K for members of plane trusses. A 
stiffness coefficient K jj represents the force at the location and in the direction 
Fi required, along with other global end forces, to cause a unit value of dis- 
placement vj, while all other global end displacements are 0, and the member 
is not subjected to any external loads between its ends. In other words, as de- 
picted in Figs. 6.9(a) through (f), the jth column of K (j = 1 through 6) repre- 
sents the member end forces, in the global coordinate system, required to cause 
a unit value of the global end displacement vj, while all other end displace- 
ments are 0, and the member is not subjected to any external loads. 


Initial 
position \ 


Displaced 
position 


(a) First Column of K (v; = 1, vy = v3 = v4 = vs = ve = 0) 


Fig. 6.9 
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X 
(b) Second Column of K (v = 1, vj = v3 = vg = Vs = v6 = 0) 
Ks3 
Kas 
Y 
X 
Ky; 
(c) Third Column of K (v3 = 1, vj = v = v4 = Vs = V6 = 0) 
X 


(d) Fourth Column of K (v4 = 1, vj = v = v3 = v5 = Ug = 0) 


Fig. 6.9 (continued) 
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(e) Fifth Column of K (vs = 1, vj = vp = v3 = v4 = Ve = 0) 


(£) Sixth Column of K (ug = 1, vj = vy = v; = v4 = V5 = 0) 


Fig. 6.9 (continued) 


We can use the foregoing interpretation of the member global stiffness ma- 
trix to check the explicit form of K given in Eq. (6.31). For example, to 
determine the first column of K, we subject the member to a unit end displace- 
ment vı = 1, while all other end displacements are held at 0. As shown in 
Fig. 6.10(a), the components of this global end displacement in the directions 
along, and perpendicular to, the member's longitudinal axis, respectively, are 


Ua = v C050 = 10086 = C050 
Up = v1 SING = 1sin@ = sin 8 
The axial compressive force in the member caused by the axial deformation ua 


is shown in Fig. 6.10(b), and the member end shears and moments due to 
the perpendicular displacement up are given in Fig. 6.10(c). Note that these 
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u,= sin 0 


u= cos0 N 


©) Yy 


(a) 
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member end shears and moments are obtained by multiplying the member end 
forces developed previously (Fig. 6.3(d)) by the negative of up (or by setting 
Uz = —Up = —SiN 8 in Fig. 6.3(d)). 

By comparing Figs. 6.10(a), (b), and (c), we realize that the global stiff- 
ness coefficients Ky; and K 21, at end b of the member, must be equal to the 
algebraic sums in the global X and Y directions, respectively, of the member 
end axial force and shear at end b; that is, 


EA 12El l 
Ku = T 6088 coso + E sing } sine 


_EA 12E | 


2 Fad 
= cos’ 0 + [3 sint 6 (6.32a) 
and 
K3 = arm sing ie) sin@ | cos 
ESTE L3 
EA 12El : 
=(+- E ) coso sino (6.32b) 


Also, the global stiffness coefficient K 31 in Fig. 6.10(a) must be equal to the 
member end moment in Fig. 6.10(c); that is, 


6El . 
Ka =— > sing (6.32c) 
Similarly, the global stiffness coefficients at end e of the member can be ex- 
pressed as (See Figs. 6.10(a) through (c)) 


EA 12El ; 
Ka =— q cse cosé — TE sind | sing 


EA 12El 


2 2 
= EOS a——; sin 0 (6.32d) 
EA 12El 
K51 = —{ ——cos@ | sin + | —~sin@ | cos 
L L3 
EA 12E| : 
--(=- E )cosøsino (6.329 
and 
6El . 
Ke = — -y7 sing (6.32f) 


Note that the expressions for the member global stiffness coefficients, in 
Eqs. 6.32(a) through (f), are identical to those in the first column of the explicit 
form of K given in Eq. (6.31). The remaining columns of K can be verified in 
a similar manner. 


Member Global Fixed-End Force Vector F; 


The explicit form of the member global fixed-end force vector F; can be ob- 
tained by substituting Eqs. (6.19) and (6.15) into the relationship Ff = T' Q; 
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(Eq. (6.30)). This yields 


F Ap coso — F Sp sin 0 
F Ap sing + F Sp cos 0 
_ FM, 
i= FA.coso — F Sesin (6.33) 
F Aasin + F Se coso 
FMe 


The member global fixed-end forces Fr, like the local fixed-end forces Qx, 
represent the forces that would develop at the member ends due to external 
loads, if both member ends were restrained against translations and rotations. 
However, the global fixed-end forces F; are oriented in the global X and Y di- 
rections of the structure (Fig. 6.11(a)), whereas the local fixed-end forces Qr 
are oriented in the local x and y directions of the member (Fig. 6.11(b)). 


or 
(b) Member Local Fixed-End Force Vector Q; 


Fig. 6.11 
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EXAMPLE 6.4 in Example 6.3, the global end displacement vector for member 2 of the frame of 
Fig. 6.8 was found to be 


2.3744 in. 
0.02792 in. 
—0.0035434 rad 
2.2883 in. 

—0.02460 in. 
—0.013559 rad 


Calculate the end forces for this member in the global coordinate system using the 
member global stiffness relationship F = Kv + Fy. 


SOLUTION Member Global Stiffness Matrix: It was shown in Example 6.3 that, for the member 
under consideration, 


cos 0 = 0.8 and sin 6 = —0.6 


By substituting these direction cosines, and the numerical values of E = 29,000 ksi, 
A = 28.2 in.2, | = 833 in.*, and L = 240 in., into Eq. (6.31), we evaluate the global 
stiffness matrix for member 2 as 


2,188.3 —1,625.5 1,509.8 -—2,188.3 1,625.5 1,509.8 
—1,625.5 1,240.1 2,013.1 1,625.5 -1,240.1 2,013.1 

K = 1,509.8 2,013.1 402,620 -—1,509.8 -2,013.1 201,310 
—2,188.3 1,625.5 —1,509.8 2,188.3 —1,625.5 —1,509.8 
1,625.5 —1,240.1 —2,013.1 -1,625.5 1,240.1 —2,013.1 

1,509.8 2,013.1 201,310 -—1,509.8 -—2,013.1 402,620 


The matrix K, can be obtained alternatively by substituting the numerical forms of kp 
(Eq. (1) of Example 6.2) and T (Eq. (3) of Example 6.3) into the relationship 
K = T' kT (Eq. (6.29)), and by evaluating the matrix triple product. The reader is en- 
couraged to use this alternative approach to verify the foregoing K matrix. 


Member Global Fixed-end Force Vector: From Example 6.2: FAp = FAe = —18 k; 
F Sp = F Se = 24 k; and FMy = —FM, = 960 k-in. By substituting these numerical 
values, and cos 6 = 0.8 and sin 6 = —0.6, into Eq. (6.33), we obtain 


Again, the reader is urged to verify this Fy 2 vector by substituting the numerical values 
of Q;2 (Eq. (3) of Example 6.2) and T: (Eq. (3) of Example 6.3) into the relationship 
F; = T' Q; (Eq. (6.30)), and by performing the matrix multiplication. 
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Member Global End Forces: The global end forces for member 2 can now be deter- 
mined by applying Eq. (6.28): 


77.22k 
~79.25 k 
—2,960.5 k-in. | 
(= —246.7 k-ft) 
-77.22 k 
139.25 k 
| —6,896.7 k-in. | 
(= —574.73 k-ft) 


F: = Kv + Fi2 = | 


Note that this F2 vector is the same as the one obtained in Example 6.3 by transform- 
ing the member end forces from the local to the global coordinate system. 


Equilibrium check: See Example 6.3. 


6.5 STRUCTURE STIFFNESS RELATIONS 


The process of establishing the structure stiffness relations for plane frames is 
essentially the same as that for beams (Section 5.5), except that the member 
global (instead of local) stiffness relations must now be used to assemble the 
structure stiffness matrices and the fixed-joint force vectors. Consider, for ex- 
ample, an arbitrary plane frame as shown in Fig. 6.12(a). As the analytical 
model of the frame in Fig. 6.12(b) indicates, the frame has three degrees of 
freedom, dı, dz, and d3, with the corresponding joint loads designated P1, P2, 


(a) Plane Frame 


(b) Analytical Model 


Fig. 6.12 
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P. A 
1 
Fé De AS 3 
F;®, v? FY A 1 
i 2) 
Fo, v” | | pa 
F£ 
FO, vg FO 3 


©) PD FD, ð 
1 j= = 
F AET FO y,@ © 
FD, v, 1> V1 


Fi, v F;®), v4 


F 2 2 
A i A ) 


2 2 
x © F®, vg 


F2, ys 
(c) 
Fig. 6.12 (continued) 


and P 3, respectively. Remember that our objective is to relate the known exter- 
nal joint (and member) loads to the as yet unknown joint displacements d. 

To achieve our objective, we first relate the joint loads P to the member 
global end forces F by writing the joint equilibrium equations. By applying the 
three equations of equilibrium, )° Fx = 0, ` Fy =0,and X` M = 0, to the 
free body of joint 2 drawn in Fig. 6.12(c), we obtain 


Pp = FP $F (6.34a) 
Pp = FOFO (6.34b) 
P3= FL? + FO (6.34c) 


in which the superscript (i) denotes the member number. 

Next, we relate the joint displacements d to the member global end dis- 
placements v by applying the compatibility conditions that the member end 
displacements must be the same as the corresponding joint displacements. 
Thus, by comparing Figs. 6.12(b) and (c), we write the compatibility equations 
for members 1 and 2, respectively, as 


1 1) 1) 1) a 1 
vP =P =P =0 Psha vw =d v = d3 (6.35) 


wad wad P =d vP =P= =0 (6.36) 
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With the relationships between P and F, and wand d, now established, 
we express the member end forces F that appear in the equilibrium equations 
(Eqs. (6.34)) in terms of the member end displacements v, using the member 
global stiffness relations F = Kv + F; (Eq. (6.28)). By writing this equation in 
expanded form for an arbitrary member i (i = 1 or 2), we obtain 


r ; : i $ a (i) 
FO KË KË KY KH KO kË vw Fey 
FO Kí D K 9 KÊ Kí o K | D KË v® F : 
Fo E KS KË KË KO KO KË v® ; FÈ 
(ON (i) (i) á) ( i i) i 
Pa K 4 in K 4 K 43 : K 44 a K 8 K 6 U4 F ‘ 
(i) (i) (i) D o (i) (i) (i) i 
Fs Koi Ks, Kss Ksq Kes Ks Us Fae 
Fe’? eu Ko KO a Ke KË vf? FO 
(6.37) 
From this, we determine the expressions for forces at end 2 of member 1 (i.e., 
i = 1) to be 
D KDD p KOP D, ® (1) v® 
Fa = Kap up + Kay vy + Kaz vg + Kay eee) 
vp) 4 KPO a 
+ Kgs us? + K gouge’ + Fy 
Doky Dy Qa (1) v® 
FO =K P HFK OP KGP HHK em 
HKPD KOFA (6.38b) 
F @ _ x @ v® +Ki a) v® +Ki D vP +K Do 
KPO KE a yO + Fi o (6.38c) 


65 U5 
Similarly, from Eq. (6.37), we determine the expressions for forces at end 2 of 
member 2 (i.e., i = 2) to be 


D ® y2 D, (2) D, (2) D, D 
Fr =K; + Kap uy + Kaz +K iyo 


KOO 4 kK Dy +F (6.39a) 

Fe — kK Pye vs 4K Dye vs 4 Kv @ 1K Myf (2) 
4 Kv v® +K£ D y® aP D (6.39b) 

2 _ KDA D D D yO 4 D, 

F3 =K v +K3 +K; +K 3g ug 
(6.39c) 


+ Ke 14K Qo 2472 


By substituting the compatibility equations for members 1 and 2 (Eqs. (6.35) 
and (6.36)) into Eqs. (6.38) and (6.39), respectively, we obtain 


Far = Kap di + K 45da + Kgpds + Fi (6.40a) 
Fs) =K Rd + K Od, + Kids + FD (640b) 
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Fo =K 2 +K Ed, +K Od + FE (6.40c) 
FO = Kid + KID d, + Kip d3 + Ff? (6400) 
FP = =n +K Pd, +K Pd, +F (6405) 
FP = KP +K Pd, +E + FY (6.40f) 


Finally, by substituting Eqs. (6.40) into the joint equilibrium equations 
(Eqs. (6.34)), we obtain the desired structure stiffness relations for the plane 


frame: 
Pr=(K@+KP) d+ (KB +KP) 
+(K@+K2) d+ (FP +E) (641a) 
P = (K Dy Ke dı+ (K£ Oy k də 
We 4 on ae (Fi Daf a (6.41b) 
E (kg OK £) di + (KẸ + K 9) dz 
+E HKP) + (FI +O) (aai 
The foregoing equations can be symbolically expressed as 
P= Sd+ PÈ 
or 
PA= (6.42) 


in which S represents the NDOF x NDOF structure stiffness matrix, and P; is 
the NDOF x 1 structure fixed-joint force vector, for the plane frame with 


Ke aK! Ke aK? or aK 
S=| KP 4K? KEAK KM +KË (643) 
KE Ko KO + KS Keak? 
and 
FO + Fo 


P =| Fig + Fi? (6.44) 
FOFO 


Structure Stiffness Matrix S 


As discussed in Chapters 3 and 5, an element Si; of the structure stiffness matrix 
S represents the force at the location and in the direction of P; required, along 
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with other joint forces, to cause a unit value of the displacement dj, while all 
other joint displacements are 0, and the frame is subjected to no external loads. 
In other words, the jth column of Sconsists of joint forces required, at the lo- 
cations and in the directions of all the degrees of freedom of the frame, to cause 
a unit value of the displacement dj while all other joint displacements are 0. 

We can use the foregoing interpretation to verify the S matrix given in 
Eq. (6.43) for the frame of Fig. 6.12. To obtain the first column of S, we sub- 
ject the frame to a unit value of the joint displacement dı = 1 (d? = d3 = 0), as 
shown in Fig. 6.13(a). As depicted there, this unit joint displacement induces 


Y dj=1 


S21 


a a m 
_—_—— — 


— Kı ® 


2 
Koy ) 


Ks, 
(a) First Column of S (d; = 1, dy = dz = 0) 


Fig. 6.13 
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(b) Second Column of S (d, = 1, d; = d} = 0) 


Fig. 6.13 (continued) 


unit global end displacements of? at the end of member 1, and vat the be- 
ginning of member 2. The member global stiffness coefficients, necessary to 
cause the foregoing end displacements, are also given in Fig. 6.13(a). From 
this figure, we can see that the structure stiffness coefficients (or joint forces) 
Siz and S21 at joint 2 must be equal to the algebraic sums of the forces in the X 
and Y directions, respectively, at the two member ends connected to the joint; 


that is, 
Su = KD +K (6.45a) 
Si = KO +KY (6.45b) 
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(c) Third Column of S (d; = 1, di = d = 0) 


Fig. 6.13 (continued) 


Similarly, the structure stiffness coefficient (or joint moment) S3; at joint 2 
must be equal to the algebraic sum of the moments at the two member ends 
connected to the joint; thus, 


Sa =K 4+ KX (6.45c) 
Note that the expressions for Sj; (i = 1 to 3) given in Eqs. (6.45) are identical 
to those listed in the first column of Sin Eq. (6.43). 

The second and third columns of Scan be verified in a similar manner 


using Figs. 6.13(b) and (c), respectively. It should be noted that the structure 
stiffness matrix Sin Eq. (6.43) is symmetric, because of the symmetry of the 
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member global stiffness matrices (i.e., Kj = Kji). The structure stiffness matri- 
ces of linear elastic structures must always be symmetric. 


Structure Fixed-Joint Force Vector P; and 
Equivalent Joint Loads 


As discussed in Chapter 5, the structure fixed-joint forces represent the reac- 
tions that would develop at the locations and in the directions of the frame's 
degrees of freedom, due to member loads, if all the joints of the frame were 
fixed against translations and rotations. This definition enables us to directly 
express the structure fixed-joint forces in terms of the member global fixed-end 
forces (instead of deriving such expressions by combining the frame’s equilib- 
rium, compatibility, and member force-displacement relations, as was done in 
the earlier part of this section— see Eqs. (6.34) through (6.44)). 

Let us verify the P; vector, given in Eq. (6.44) for the frame of Fig. 6.12, 
using this direct approach. The frame is redrawn in Fig. 6.14(a) with its joint 
2, which is actually free to translate in the X and Y directions and rotate, now 
restrained against these displacements by an imaginary restraint. When this 
hypothetical completely fixed frame is subjected to member loads only (note 
that the joint load Wı shown in Fig. 6.12(a) is not drawn in Fig. 6.14(a)), the 
structure fixed-joint forces (or reactions) P +1, P ¢2, and P ¢3 develop at the imag- 
inary restraint at joint 2. As shown in Fig. 6.14(a), the structure fixed-joint 
force at the location and in the direction of an ith degree of freedom is denoted 
by Pfi. 

To relate the structure fixed-joint forces P; to the member global fixed-end 
forces F;, we draw the free-body diagrams of the two members of the 
hypothetical fixed frame, as shown in Fig. 6.14(b). Note that, because all the 
joints of the frame are restrained, the member ends, which are rigidly con- 
nected to the joints, are also fixed against any displacements. Therefore, only 
the fixed-end forces due to member loads, Fy, can develop at the ends of the 
members. 

By comparing Figs. 6.14(a) and (b), we realize that the structure fixed- 
joint forces Ps; and P¢2 at joint 2 must be equal to the algebraic sums of the 
fixed-end forces in the X and Y directions, respectively, at the two member 
ends connected to the joint; that is, 


Prr= FD +E (6.46a) 
Pros Fa + FD (6.46b) 


Similarly, the structure fixed-joint moment P;3 at joint 2 must be equal to the 
algebraic sum of the fixed-end moments at the two member ends connected to 
the joint. Thus, 

P= PFO (646c) 


Note that the expressions for P;; (i = 1 to 3) given in Eqs. (6.46) are the same 
as those listed in the P; vector in Eq. (6.44). 
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(a) Fixed Frame Subjected to Member Loads 


(b) Member Global Fixed-End Forces 


Fig. 6.14 


It may be recalled from Section 5.6 that another interpretation of the 
structure fixed-joint forces due to member loads is that when they are applied 
to the structure with their directions reversed, the fixed-joint forces cause the 
same joint displacements as the actual member loads. The negatives of the 
structure fixed-joint forces are, therefore, referred to as the equivalent joint 
loads. We can show the validity of this interpretation by setting the joint loads 
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equal to 0 (i.e., P = 0) in Eq. (6.42), thereby reducing the structure stiffness 
relationship to 


—P; = Sd (6.47) 


in which d now represents the joint displacements due to the negatives of the 
structure fixed-joint forces applied to the joints of the structure. However, since 
member loads are now the only external effects acting on the structure, the d 
vector in Eq. (6.47) must also represent the joint displacements due to member 
loads. Thus, we can conclude that the negatives of the structure fixed-joint 
forces must cause the same joint displacements as the actual member loads. 

The validity of this interpretation can also be demonstrated using the 
principle of superposition. Figure 6.15(a) shows the two-member frame con- 
sidered previously (Fig. 6.12), subjected to arbitrary member loads w and W2. 
In Fig. 6.15(b), joint 2 of the frame is fixed by an imaginary restraint so that, 
when the fixed frame is subjected to member loads, the structure fixed-joint 
forces P f1, P £2, and P ¢3 develop atthe imaginary restraint. Lastly, in Fig. 6.15(c), 
the actual frame is subjected to joint loads, which are equal in magnitude to the 
structure fixed-joint forces P 51, Pr2, and P ¢3, but reversed in direction. 

By comparing Figs. 6.15(a) through (c), we realize that the actual loading 
applied to the actual frame in Fig. 6.15(a) equals the algebraic sum of the 
loadings in Figs. 6.15(b) and (c), because the reactions Pf, Pf2, and P¢3 in 
Fig. 6.15(b) cancel the corresponding applied loads in Fig. 6.15(c). Thus, in 
accordance with the superposition principle, any joint displacement of the 
actual frame due to the member loads (Fig. 6.15(a)) must be equal to the alge- 
braic sum of the corresponding joint displacement of the fixed frame due to the 
member loads (Fig. 6.15(b)) and the corresponding joint displacement of the 
actual frame subjected to no member loads, but to the structure fixed-joint 
forces with their directions reversed. However, since the joint displacements 
of the fixed frame (Fig. 6.15(b)) are 0, the joint displacements of the frame 
due to the member loads (Fig. 6.15(a)) must be equal to the corresponding 
joint displacements of the frame due to the negatives of the fixed-joint forces 
(Fig. 6.15(c)). Thus, the negatives of the structure fixed-joint forces can be 
considered to be equivalent to member loads in terms of joint displacements. It 
should be noted that this equivalency is valid only for joint displacements, and 
it cannot be generalized to member end forces and support reactions. 


Assembly of S and P;, Using Member Code Numbers 


In the preceding paragraphs of this section, we have demonstrated that the 
structure stiffness matrix S for plane frames can be formulated directly by 
algebraically adding the appropriate elements of the member global stiffness 
matrices K (see, for example, Eqs. (6.43) and (6.45), and Fig. 6.13). Further- 
more, it has been shown that the structure fixed-joint force vector P; for plane 
frames can also be established directly by algebraically adding the member 
global fixed-end forces Fç at the location, and in the direction, of each of the 
structure’s degrees of freedom (see, for example, Eqs. (6.44) and (6.46), and 
Fig. 6.14). 
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(a) Actual Frame Subjected to Member Loads 


(b) Fixed Frame Subjected to Member Loads 


(c) Actual Frame Subjected to Equivalent Joint Loads 


Fig. 6.15 
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The foregoing process of directly generating S and P; can be conveniently 
implemented by employing the member code number technique described in 
detail in Chapters 3 and 5. The application of this technique for plane frames 
remains essentially the same as that for the case of beams, except that the mem- 
ber global (instead of local) stiffness matrices K and the member global fixed- 
end force vectors F; must now be used to form S and P;, respectively. It should 
also be realized that each member of the plane frame has six code numbers, 
arranged in the sequential order of the member's global end displacements v. 
The application of the member code number technique for plane frames is il- 
lustrated in the following example. 


EXAMPLE 6.5 Determine the structure stiffness matrix, the fixed-joint force vector, and the 
equivalent joint loads for the frame shown in Fig. 6.16(a). 


SOLUTION Analytical Model: See Fig. 6.16(b). The frame has four degrees of freedom and five 
restrained coordinates, as shown. 


Structure Stiffness M atrix: The 4 x 4 structure stiffness matrix will be generated by 
evaluating each member's global stiffness matrix K , and storing its pertinent elements 
in S using the member code numbers. 


75 kN 


f K zA: 
— 
> 
_— 
= 
10m 24kN/mb> 
Ls 
> 
— 
— 
SSS 
[k 4m 4m > 
E, A, I = constant 
E= 200 GPa 
A=4,740 mm? 
T= 22.2(10°) mm* 
(a) Frame 
Fig. 6.16 
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6 
(b) Analytical Model 
37.5 kN 
75 kN-m 
120 kN =) 
125 kN-m @) ð 


© 


(c) Equivalent Joint Loads 


Fig. 6.16 (continued) 
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Member 1 As shown in Fig. 6.16(b), joint 1 is the beginning joint and joint 2 is the 
end joint for this member. Thus, 


_ X2—X1 00 
cosé = [ = ane =0 
: Y2—Yi il) = 0) 
MEE 


= Il 


By substituting E = 200(10)® kN /m?, A = 0.00474 m2, I = 0.0000222 m*, L = 10 m, 
and the foregoing values of the direction cosines into the expression for K given in 
Eq. (6.31), we obtain 


5 6 7 1 2 8 
53.28 0 —266.4 —53.28 0 —266.4 | 5 
0 94,800 0 0 -94,800 0 |6 
K,-| 72864 9 1776 2664 0 88817 
—53.28 0 266.4 | 53.28 0 266.4 |1 
0 94800 0 : 0 94,800 0 {2 
—266.4 0 888 | 266.4 0 1776 3 


From Fig. 6.16(b), we observe that the code numbers for member 1 are 5, 6, 7, 1, 2, 3. 
These numbers are written on the right side and at the top of Kı (Eq. (1)), to indicate 
the rows and columns of S in which the elements of Kz are to be stored. Thus, 


1 2 3 4 
53.28 0 266.4 071 
S= 0 94800 0 0}2 (2) 
266.4 0 Tao (0) |) 3) 
0 0 0 014 


Member 2 From Fig. 6.16(b), we can see that this member is horizontal, with its 
left-end joint 2 selected as the beginning joint, thereby orienting the positive direc- 
tions of the member’s local x and y axes in the positive directions of the global X and 
Y axes, respectively. Thus, no coordinate transformations are needed for this member 
(i.e., cos 0 = 1, sin = 0, andT = 1); and its stiffness relations, and fixed-end forces, 
are the same in the local and global coordinate systems. 

By substituting the numerical values of E, A, and!, and L = 8 m into Eq. (6.6), 


we obtain 

1 2 3 8 9 4 
118,500 0 G ) =119)500 a 0 Mi 
0 104.06 416.25; O  -104.06 | 416.25 |2 
Ko k 0 BU 0 =625 | 1m0 |3 
C= | 118 500 0 0 118,500 0 oe 
O = 104.06 — 416.25 | 0 104.06 -416.25 | 9 
0 416.25 1,110 | 0 —416.25 | 2,220 |4 


The code numbers for this member— 1, 2, 3, 8, 9, 4 (see Fig. 6.16(b))— are now used 
to add the pertinent elements of K2 in their proper positions in the structure stiffness 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


298 Chapter6 Plane Frames 


matrix S given in Eq. (2), which now becomes 


1 2 3 4 
53.28 + 118,500 0 266.4 0 1 
G= 0 94,800 + 104.06 416.25 416.25 |2 
266.4 416.25 1,776 + 2,220 1,110 |3 
0 416.25 1,110 2,220 14 


B ecause the stiffnesses of both members of the frame have now been stored in S, the 
structure stiffness matrix for the given frame is 


1 2 3 4 


118,553 0 266.4 0 1 
0 94,904 416.25 416.25 |2 
266.4 416.25 3,996 1,110 |3 
0 416.25 1,110 2,220 ]4 


Note that the structure stiffness matrix is symmetric. 


Structure Fixed-] oint Force Vector: We will generate the 4 x 1 structure fixed-joint 
force vector by evaluating, for each member, the global fixed-end force vector F;, and 
storing its pertinent elements in P; using the member code numbers. 


Member 1 The 24 kN/m uniformly distributed load acting on this member is posi- 
tive, because it acts in the negative direction of the member's local y axis. By substi- 
tuting w = 24 kN/m, L = 10 m, and |; = l2 = 0 into the fixed-end force expressions 
for loading type 3 listed inside the front cover, we evaluate 


FS» = FS = AO”) — 120 kN 


FMp = —F Me = = 200 kN -m 


24(10)2 
2 


As the member is not subjected to any axial loads, 
FAnp = FAe=0 


By substituting the foregoing values of the member fixed-end forces, along with 
cos 6 = 0 and sin 6 = 1, into the explicit form of Fẹ given in Eq. (6.33), we obtain 


(3) 


N 

oO 

oO 
Ne NOU 


—200 |3 


The code numbers of the member, 5, 6, 7, 1, 2, 3, are written on the right side of Fry 
in Eq. (3) to indicate the rows of P in which the elements of Fs, are to be stored. Thus, 


212071 
0|2 
ene i 
o4 
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Member 2 By substituting P = 75 kN, L = 8 m, and lı = l2 = 4 m into the fixed- 
end force expressions for loading type 1, we determine the member fixed-end shears 
and moments to be 


Poy =] PSe = = = 37.5 kN 
FMs =—FMe = PO) 75 kN -m 
As no axial loads are applied to this member, 
FAp = FAe=0 
Thus, 
0 ]1 
37.5 |2 
w \3 
F — sl) ERRA dara ant 
(2 = Oiz o l8 
31:3 9 
=75 a 


Using the member code numbers 1, 2, 3, 8, 9, 4, we add the pertinent elements of Fr2 
in their proper positions in P; (as given in Eq. (4)), which now becomes 


—120 1 

P; = 37.5 2 
—200+ 75 | 3 

—75 4 


Because the fixed-end forces for both members of the frame have now been stored in 
P;, the structure fixed-joint force vector for the given frame is 


—120 71 
37.5 |2 
oS ips ae ii 
-75 ]4 
Equivalent J oint Loads: 
120 71 
—37.5 |2 
Ha = =} = 125 3 Ans 
75 4 


The equivalent joint loads are depicted in Fig. 6.16(c). These equivalent joint 
loads cause the same joint displacements of the frame as the actual member loads of 
Fig. 6.16(a). 


6.6 PROCEDURE FOR ANALYSIS 


Using the concepts discussed in the previous sections, we can now develop the 
following step-by-step procedure for the analysis of plane frames by the matrix 
stiffness method. 
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1. Prepare an analytical model of the structure, identifying its degrees of 
freedom and restrained coordinates (as discussed in Section 6.1). 
Recall that for horizontal members, the coordinate transformations 
can be avoided by selecting the left-end joint of the member as the 
beginning joint. 

2. Evaluate the structure stiffness matrix S(NDOF x NDOF ) and fixed- 
joint force vector P; (NDOF x 1). For each member of the structure, 
perform the following operations: 


a. Calculate the length and direction cosines (i.e., cos 6 and sin @) of 
the member (Eqs. (3.62)). 

b. Compute the member stiffness matrix in the global coordinate sys- 
tem, K, using its explicit form given in Eq. (6.31). The member 
global stiffness matrix alternatively can be obtained by first forming 
the member local stiffness matrix k (Eq. (6.6)) and the transforma- 
tion matrix T (Eq. (6.19)), and then evaluating the matrix triple 
product, K = T'kT (Eq. (6.29)). The matrix K must be symmetric. 

c. If the member is subjected to external loads, then evaluate the mem- 
ber fixed-end force vector in the global coordinate system, F;, using 
the expressions for fixed-end forces given inside the front cover, and 
the explicit form of Fs given in Eq. (6.33). The member global fixed- 
end force vector can also be obtained by first forming the member 
local fixed-end force vector Q; (Eq. (6.15)), and then using the rela- 
tionship F: = T'Q; (Eq. (6.30)). 

d. Identify the member code numbers and store the pertinent elements 
of K and F; in their proper positions in the structure stiffness matrix 
S and the fixed-joint force vector P;, respectively. 


The complete structure stiffness matrix S, obtained by assembling the 
stiffness coefficients of all the members of the structure, must be 
symmetric. 


3. If the structure is subjected to joint loads, then form the joint load vec- 
tor P(NDOF x 1). 


4. Determine the joint displacements d. Substitute P, P;, and S into the 
structure stiffness relationship, P — P; = Sd (Eq. (6.42)), and solve the 
resulting system of simultaneous equations for the unknown joint 
displacements d. To check the solution for correctness, substitute the 
numerical values of the joint displacements d back into the stiffness 
relationship P — P; = Sd. If the solution is correct, then the stiffness 
relationship should be satisfied. N ote that joint translations are consid- 
ered positive when in the positive directions of the global X and Y axes, 
and joint rotations are considered positive when counterclockwise. 

5. Compute member end displacements and end forces, and support 
reactions. For each member of the structure, carryout the following 
steps: 

a. Obtain member end displacements in the global coordinate system, 
v, from the joint displacements, d, using the member code numbers. 
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b. Form the member transformation matrix T (Eq. (6.19)), and deter- 
mine the member end displacements in the local coordinate system, 
u, using the transformation relationship u = Tv (Eq. (6.20)). 

c. Form the member local stiffness matrix k (Eq. (6.6)) and local 
fixed-end force vector Q; (Eq. (6.15)); then calculate the member 
end forces in the local coordinate system, Q, using the stiffness 
relationship Q = ku + Q; (Eq. (6.4)). 

d. Determine the member end forces in the global coordinate system, 
F, using the transformation relationship F = T'Q (Eq. (6.23)). 

e. If the member is attached to a support joint, then use the member 
code numbers to store the pertinent elements of F in their proper po- 
sitions in the support reaction vector R. 


6. Check the calculation of member end forces and support reactions by 
applying the equilibrium equations (X Fx =0, >> Fy =0, and 
> M = 0) to the free body of the entire structure. If the calculations 
have been carried out correctly, then the equilibrium equations should 
be satisfied. 


Instead of following steps 5(c) and (d) of this procedure, the member end 
forces alternatively can be obtained by first calculating the global forces 
F using the global stiffness relationship F = Kv + F; (Eq. (6.28)), and then 
evaluating the local forces Q from the transformation relationship Q = TF 
(Eq. (6.18)). It should also be noted that itis usually not necessary to determine 
the global end forces for all the members of the structure, because such forces 
are not used for design purposes. However, F vectors for the members that are 
attached to supports are always evaluated, so that they can be used to form the 
support reaction vector R. 


EXAMPLE 6.6 Determine the joint displacements, member end forces, and support reactions for the two- 
member frame shown in Fig. 6.17(a) on the next page, using the matrix stiffness method. 


SOLUTION Analytical Model: See Fig. 6.17(b). The frame has three degrees of freedom— 
the translations in the X and Y directions, and the rotation, of joint 2— which are 
numbered 1, 2, and 3, respectively. The six restrained coordinates of the frame are 
identified by numbers 4 through 9, as shown in Fig. 6.17(b). 


Structure Stiffness M atrix and Fixed-} oint Force Vector: 


Member 1 Asshownin Fig. 6.17(b), we have selected joint 1 as the beginning joint, 
and joint 2 as the end joint for this member. By applying Eqs. (3.62), we determine 


L = /X2 -X1 + (12 — Y)? = V0 — 0)? + 20 — 02 


= 22.361 ft = 268.33 in. (1a) 
ee ee 
cos@ = [ = z3 0.44721 (1b) 
; Y2— Yı 20 —0 
sing = [ = 3361 = 0.89443 (1c) 
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Using the units of kips and inches, we evaluate the member global stiffness matrix as 


(Eq. (6.31)) 
4 5 6 1 2 3 
259.53 507.89 —670.08 —259.53 —507.89 —670.08 |4 
507.89 1,021.4 335.04 —507.89 —1,021.4 335.04 |5 
wal COW ee ee ES W e 
1= | 259.53 —507.89 670.08 : 259.53 507.89 670.08 |1 
—507.89 —1,021.4 —335.04 | 507.89 1,021.4 —335.04 |2 
—670.08 335.04 67,008 | 670.08 —335.04 134,015 |3 
Note that Kı is symmetric. 
+ 
125 k-ft 1.5 k/ft 
: yyy yyy yyy 
10 ft 90k 
| | 
K 
10 ft 
pE 
< 10 ft >|< 20 ft >| 
E, A, I = constant Eo 
E = 29,000 ksi 
A= 11.8 in? 
i= B10 ta 
(a) Frame (c) Loading on Member 1 
1 2 3) 
259.53 + 1,425.8 507.89 670.08 1 
C= 507.89 1,021.4 + 7.8038 335.04 + 936.46 |2 
670.08 —335.04 + 936.46 134,015 + 149,833 | 3 


1 2 3 
1,685.3 507.89 670.08 | 1 
= | 507.89 1,029.2 601.42 |2 
670.08 601.42 283,848 |3 


0 1 oa 
P= dro |2= 60 |2 
—1,350 + 600 }3 —750 | 3 


(d) Structure Stiffness Matrix and Fixed-Joint Force Vector 


(b) Analytical Model 


Fig. 6.17 
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/ y 
S | 
NS : 

Si 0.125 k/in. 


lay 
ING asns -= a a E, 
©- 154.9 k-in. ® 854.07 k-in. 


ale 17.913 k 


(e) Member End Forces in Local Coordinate Systems 


30.371 k 4 

102.09 k 5 

R= 1,216 k-in. |6 
—30.372 k y 

17.913 k 8 

—854.07 k-in. | 9 


(£) Support Reaction Vector 


Ý EN 0.125 k/in. 
A e 
Z al 854.07 k-in. 


17.913 k 


30.371 k—#—> 


a 1,216 k-in. 


102.09 k 


g) Support Reactions 


Fig. 6.17 (continued) 
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As the 90 k load applied to this member is inclined with respect to the member's 
local coordinate system, we evaluate the rectangular components of the load in the 
directions of the local x and y axes as (See Fig. 6.17(c)) 


x = 90sin@ = 90(0.89443) = 80.498 k 
Wy = 90 cos 8 = 90(0.44721) = 40.249 k 


Note that both W, and Wy are considered positive because they act in the negative 
directions of the local x and y axes, respectively. The member's fixed-end axial 
forces can now be evaluated by substituting W = W, = 80.498 k, L = 268.33 in., and 
lı = l2 = 134.16 in. into the expressions for loading type 5 given inside the front 
cover. This yields 

rAy = Pre = 0498 = 40.249 k (2a) 


Similarly, by substituting W = Wy = 40.249 k, and the numerical values of L, l4, and l2 
into the equations for loading type 1, we obtain the fixed-end shears and moments as 


40.24 
BE = = 20.125 k (2b) 
Fin = Fie OAD gare (20) 


8 
By substituting the numerical values of the member fixed-end forces and direction 
cosines into Eq. (6.33), we calculate the member global fixed-end force vector as 


(a 
(S) 
ul 
oO 
WNFrF DAD UI A 


From Fig. 6.17(b), we observe that the code numbers for member 1 are 4, 5, 6, 1, 
2, 3. Using these code numbers, we store the pertinent elements of Kı and Fr, in their 
proper positions in the 3 x 3 structure stiffness matrix S and the 3 x 1 structure 
fixed-joint force vector P;, respectively, as shown in Fig. 6.17(d). 


Member 2 As this member is horizontal, with its left-end joint 2 selected as the 
beginning joint, no coordinate transformations are needed; that is, T2 =1, K2 = kz, 
and Fz = Qr2. Thus, by substituting L = 240 in., E = 29,000 ksi, A = 11.8 in.2, and 
| = 310 in.’ into Eq. (6.6), we obtain 


1 2 3 7 8 9 

1,425.8 0 0 {| -1,425.8 0 0 Ji 

0 7.8038 936.46 | 0 —7.8038 936.46 |2 

Ko =k, — 2936.46 149,833 | 0 936.46 74,917 |3 
es = E G 0 0 1,425.8 0 o |7 
O  —7.8038 —936.46 0 7.8038 —936.46 |8 

0 936.46 74,917 0 936.46 149,833 |9 

(3) 
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Using the equations given for loading type 3 inside the front cover, we obtain the fixed- 
end forces due to the uniformly distributed load of magnitude 0.125 k/in. (= 1.5 k/ft): 


FAy =FAe=0 


a 
2 
e a eee Sane 
12 
Thus (Eq. (6.15)), 
01 
15 |2 
600 |3 
Foc onc 017 (4) 
15 |8 
—600 |9 


The relevant elements of Kz and F¢2 are stored in S and Py, respectively, using the 
member code numbers 1, 2, 3, 7, 8, 9. 

The completed structure stiffness matrix S and structure fixed-joint force vector P; 
are given in Fig. 6.17(d). Note that S is symmetric. 


Joint Load Vector: By comparing Figs. 6.17(a) and (b), we write the joint load 
vector, in kips and inches, as 


0 1 
p= 0 |2 
—1,500 | 3 


Joint Displacements: By substituting the numerical values of P, Ps, and S into 
Eq. (6.42), we write the stiffness relations for the entire frame as 


P — P; = Sd 
0 0 1,685.3 507.89 670.08 ] [ dı 
0 = 60 | =| 507.89 1,029.2 601.42 | | dz 
—1,500 —750 670.08 601.42 283,848 | Ld3 


0 1,685.3 507.89 670.08] [ dı 
—60 | = | 507.89 1,029.2 601.42 | | d2 


—750 670.08 601.42 283,848 | Ld 


or 


Solving these equations, we determine the joint displacements to be 


0.021302 in. 
d= | —0.06732 in. Ans 


—0.0025499 rad 
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To check the foregoing solution, we substitute the numerical values of d back into the 
structure stiffness relationship, as 


1,685.3 507.89 670.08 0.021302 
P-P; = Sd = | 507.89 1,029.2 601.42 —0.06732 


670.08 601.42 283,848 | | —0.0025499 


0 
—60 Checks 
—750 


M ember End Displacements and End Forces: 


Member 1 As in the case of plane trusses, the global end displacements v for a 
plane frame member can be obtained by applying the member’s compatibility equa- 
tions, using its code numbers. Thus, for member 1 of the frame under consideration, 
the global end displacement vector can be established as 


vı | 4 0 0 
v |5 0 0 
ale lal 0 
“=al al ammm (5) 
ala Ia —0.06732 in. 
wda kee —0.0025499 rad 


As shown in Eq. (5), the code numbers for the member (4, 5, 6, 1, 2, 3) are first writ- 
ten on the right side of v. The fact that the code numbers corresponding to vı, v2, and 
v3 are the restrained coordinate numbers 4, 5, and 6, respectively, indicates that vı = 
v2 = v3 = 0. Similarly, the code numbers 1, 2, and 3 corresponding to v4, vs, and ve, 
respectively, indicate that v4 = dı, vs = dz, and vs = d3. Note that these compatibility 
equations can be verified easily by a visual inspection of the frame's line diagram 
given in Fig. 6.17(b). 

To determine the member local end displacements, u, we first evaluate the trans- 
formation matrix T (Eq. (6.19)), using the direction cosines given in Eqs. (1): 


0.44721 0.89443 0 0 0 0 
—0.89443 0.44721 0 0 0 0 

t= 0 0 iL 0 0 0 
0 0 O 0.44721 0.89443 0 

0 0 0 -—0.89443 0.44721 0 

0 0 0 0 0 1 


The member local end forces can now be calculated using the relationship u = Tv 
(Eq. (6.20)), as 


0 

0 

0 
—0.050686 in. 
—0.04916 in. 
—0.0025499 rad 


u, = Tiv = 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 6.6 Procedure for Analysis 307 


Before we can calculate the member's local end forces Q, we need to determine 
its local stiffness matrix k and fixed-end force vector Qs. Thus, using Eq. (6.6): 


T2753 0 0 —1,275.3 0 0 

0 5.584 749.17 0 —5.584 749.17 

k= 0 749.17 134,015 0 —749.17 67,008 
—1,275.3 0 0 1,273.3) 0 0 

0 —5.584 —749.17 0 5.584 —749.17 

0 749.17 67,008 0 —749.17 134,015 


and, by substituting Eqs. (2) into Eq. (6.15): 


40.249 
20.125 
1,350 
40.249 
20.125 
—1,350 


Q= 


Now, using Eq. (6.4), we compute the member local end forces as 


104.89 k 
18.489 k 
1,216 k-in. 
—24.39 k 
21.761 k 
—1,654.9 k-in. 


Qi=kim + Qf = 


The local end forces for member 1 are depicted in Fig. 6.17(e), and we can check our 
calculations for these forces by considering the equilibrium of the free body of the 
member, as follows. 


+7 Fx =0 104.89 — 80.498 — 24.39 = 0.002 = 0 Checks 
+N\ Fy =0 18.489 — 40.249 + 21.761 = 0.001 =0 Checks 


+C} M@=0 = 1,216 — 18.489(268.33) + 40.249(134.16) — 1,654.9 
= —0.25=0 Checks 


Themember global end forces F can now be determined by applying Eq. (6.23), as 


30.371 


Fi=T/Qi= — (6) 


m 
N 
= 
a 
WNFOAOW A 


—1,654.9 


Next, to generate the support reaction vector R, we write the member code numbers 
(4, 5, 6, 1, 2, 3) on the right side of Fı as shown in Eq. (6), and store the pertinent 
elements of F; in their proper positions in R by matching the code numbers on the side 
of F; to the restrained coordinate numbers on the right side of R in Fig. 6.17(f). 
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Member 2 The global and local end displacements for this horizontal member are 


vı |1 dı 0.021302 in. 

v |2 d2 —0.06732 in. 
aa v3 |3 E d3 z —0.0025499 rad 

v4 |7 0 0 

vs |8 0 0 

ve |9 0 | 0 


By using kz from Eq. (3) and Q¢2 from Eq. (4), we compute the member local and 
global end forces to be 


30.372 k 
12.087 k 


1 
2 
154.9 k-in. |3 
F2 = Q2 = kuz + Qf2 = sa 7 Ans 
8 
9 


—854.07 k-in. 


These end forces for member 2 are depicted in Fig. 6.17(e). To check our calculations, 
we apply equilibrium equations to the free body of member 2, as follows. 


+ YF, =0 30.372 — 30.372 = 0 Checks 
+e ip Do Py = 12.087 — 0.125(240) + 17.913 = 0 Checks 
F(Z Ug=0 154.9 — 0.125(240)(120) + 17.913(240) 

— 854.07 = —0.05 = 0 Checks 


Next, we store the pertinent elements of F2 in their proper positions in the reaction 
vector R, using the member code numbers (1, 2, 3, 7, 8, 9), as shown in Fig. 6.17(f). 


Support Reactions: The completed reaction vector R is given in Fig. 6.17(f), and the 
support reactions are depicted on a line diagram of the structure in Fig. 6.17(g). Ans 


Equilibrium Check: Finally, we check our calculations by considering the equilib- 
rium of the free body of the entire structure (Fig. 6.17(g)), as follows. 


a Ere =O 30.371 — 30.372 = —0.001 =0 Checks 
+t} Fy =0 102.09 — 90 — 0.125(240) + 17.913 = 0.003 =0 Checks 


+C. Mo =0 1,216 — 90(60) — 1,500 — 0.125(240)(240) + 30.372(240) 
+ 17.913(360) — 854.07 = —0.11=0 Checks 


EXAMPLE 6.7 Determine the joint displacements, member local end forces, and support reactions 
for the two-story frame, subjected to a wind loading, shown in Fig. 6.18(a). 


SOLUTION Analytical Model: See Fig. 6.18(b). The frame has nine degrees of freedom, 
numbered 1 through 9; and six restrained coordinates, identified by the numbers 10 
through 15. 
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E, A, I = constant 
E = 30 GPa 

A = 75,000 mm? 

I= 4.8(108) mm* 


[< 9m d 


(a) Frame 


1 = 4 
10 ——> e 113) e 
12 15 
11 14 
(b) Analytical Model 
Fig. 6.18 
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1 2 3 4 5 6 7 8 9 
[ 251,600 0 0 —250,000 0 0 —800 0 —2,400 |1 
0 750,237 1,066.7 0 —237.04 1,066.7 0 —375,000 0 2 
0 1,066.7 25,600 0 —1,066.7 3,200 2,400 0 4,800 | 3 
—250,000 0 0 394,851 -—95,943 1,990.4 —144,051 95,943 —409.62 | 4 
g= 0 —237.04 —1,066.7 —95,943 439,335 —1,681.1 95,943 —64, 098 —614.44 |5 
0 1,066.7 3,200 1,990.4 —1,681.1 21,325 409.62 614.44 2,662.6 |6 
—800 0 2,400 —144,051 95,943 409.62 144,851 —95,943 2,809.6 |7 
0 —375,000 0 95,943 —64,098 614.44 —95,943 439,098 614.44 |8 
L —2,400 0 4,800 —409.62 —614.44 2,662.6 2,809.6 614.44 14,925 |9 


(c) Structure Stiffness M atrix 


93.398 90.061 


o 117 
110.6 ye —36 


90.06 70.73 


a 
ll 
| 
Nn 
BK 
oN DAMA WN EE 


Ne) 


12 kN/m E 


Loma (d) Structure Fixed-Joint Force Vector 


110.6 

157.03 49.027 

ican 195.47 an 
106.05 ——> 24.5 A{— 24.5 — 85.948 

7 195.38 
222.38 
46.429 46.429 
360.44 
106.05 =—— <— 85.948 
Panai 
157.03 49.027 


(e) Member Local End Forces 


Fig. 6.18 (continued) 
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—106.05 kN 10 
—157.03 kN ilil 
360.44 kKN-m | 12 
—85.948 kN 13 
49.027 kN 14 
320.31 KN-m_] 15 


(f) Support Reaction Vector 


(g) Support Reactions 


Fig. 6.18 (continued) 


Structure Stiffness M atrix and Fixed-] oint Force Vector: 

Members1,2,and3 E = 30(10°)kN/m2,A = 0.075m2,! = 480(10—°) m4,L = 6m, 
cos 0 = 0, and sin @= 1. The member global stiffness matrix, in units of KN and 
meters, is given by the following (see Eq. (6.31)). 


Member 3 > 1 2 3 7 8 9 
Member2> 13 14 56 4 5 6 
Memberl1—> 10 11 We a 2 3 TE 
800 0 2,400 -800 0  —2,400]10}13/1 
0 375,000 0 0  —375,000 0 |11:14:2 
—2,400 0 9,600 2,400 0 4,800 |12}15}3 
Kı =K2 =K; = p=] 
-800 0 2,400 800 0 2,400} 1:4 17 
0 -375,000 0 0 375,000 0 |2;5i8 
-2,400 0 4,800 2,400 0 9,600} 3:6 19 
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As these members are not subjected to any loads, their fixed-end forces are 0. 
Thus, 


Fr, = Fp = Fy3 = O 


Using the code numbers for member 1 (10, 11, 12, 1, 2, 3), member 2 (13, 14, 15, 
4, 5, 6), and member 3 (1, 2, 3, 7, 8, 9), the relevant elements of Kı, K2, and K3 are 
stored in their proper positions in the 9 x 9 structure stiffness matrix S (Fig. 6.18(c)). 


Member 4 Substituting L = 9 m and the foregoing values of E, A, and I into Eq. (6.6), 


we obtain 
1 2 3 4 5 6 
250,000 0 0 —250,000 0 0 1 
0 237.04 1,066.7 0 —237.04 1,066.7 | 2 
Kaz-ki- 0 1,066.7 6,400 0 —1,066.7 3,200 |3 
+= 4 | 250,000 0 0 250,000 0 o {4 
0 —237.04 —1,066.7 0 237.04 —1,066.7 |5 
0 1,066.7 3,200 0 —1,066.7 6,400 |6 
(1) 
Asno loads are applied to this member, 
F= Qu =0 
The pertinent elements of K 4 are stored in S using the member code numbers 1, 2, 3, 
4,5,6. 
Member 5 


L =y(X5 — X4)? + (Y5 — Y4} = y (0 — 9)? + (12 — 6)? = 10.817m (2a) 


_ -k 0-9 

cos0 = I TE, = 0.83205 (2b) 

; Ys — Y4 12—6 

sing = —T o 0.5547 (2c) 
4 5 6 7 8 9 


144,051 —95,943 -—409.62 —144,051 95,943 —409.62 |4 

—95,943 64,098 —614.44 95,943 -—64,098 -—614.44 |5 

c= —409.62 —614.44 5,325.1 409.62 614.44 2,662.6 |6 
—144,051 95,943 409.62 144,051 -95,943 409.62 |7 
95,943 64,098 61444 —95,943 64,098 614.44 |8 

9 


—409.62 -614.44 2,662.6 409.62 614.44 5,325.1 


From Figs. 6.18(a) and (b), we observe that the 12 kN/m uniformly distributed load 
applied to member 5 acts in the negative direction of the member's local y axis; there- 
fore, it is considered positive for the purpose of calculating fixed-end forces. Thus, 


FAn =FAe=0 (3a) 

FSp = FSe = Me = POESID _ 64.9 kN (3b) 
wL? 12(10.817)? 

FM, FMe T T =117kN-m (3c) 
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Using Eq. (6.33), we determine the global fixed-end force vector for the member to be 
—36 |4 
—54 |5 
117 | 6 


Bie E 
| 


—117 |9 
Using the code numbers 4, 5, 6, 7, 8, 9, we store the pertinent elements of K 5 and Fes 
in their proper positions in the S matrix and the P; vector, respectively. 
The complete structure stiffness matrix S and structure fixed-joint force vector P; 
are shown in Figs. 6.18(c) and (d), respectively. 
J oint Load Vector: 


80 |1 
0 |2 
0 |3 


P= 0 |5 (4) 


Joint Displacements: By substituting the numerical values of S (Fig. 6.18(c)), Pr 
(Fig. 6.18(d)), and P (Eq. (4)) into the structural stiffness relationship P — P; = Sd 
(Eq. (6.42)), and solving the resulting system of simultaneous equations, we obtain 
the following joint displacements: 
0.185422 m 
0.000418736 m 
—0.0176197 rad 
0.18552 m 
d = | —0.000130738 m 
—0.0260283 rad 
0.186622 m 
0.000713665 m 
0.0178911 rad 
To check this solution, we evaluate the matrix product Sd, using the foregoing values 
of the joint displacements d, and substitute the results into the structure stiffness rela- 


OYAMUHOKRWN PE 
> 
5 
wv 


ico} 


tionship, as 
P — P; = Sd 
80 0 79.939 
0 0 —0.001466 
0 0 0.0013239 
0 —36 36.051 
o l= = 2 54.006 Shacks 
0 117 —116.992 
40 —36 76.007 
0 —54 53.994 
0 | ies 116.994 
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Member End Displacements and End Forces: 


Member 1 
vı | 10 0 0 
v2 |11 0 0 
v3 | 12 0 0 
V1 = = = 
wa dı 0.185422 
w2 də 0.000418736 
ve | 3 d3 —0.0176197 
cos@ =0,singd = 1 
010 000 
100 000 
oarl 00 
Welz=u3= 000 010 (5) 
00 0 -100 
000 001 
0 
0 
Un =T1v) = 
1= 115) 0000418736 
—0.185422 
—0.0176197 
375,000 0 0 375,000 0 0 
0 800 2,400 0 —800 2,400 
a 0 2,400 9,600 0 —2,400 4,800 
T N 0 0 375,000 0 0 
0 —800 —2,400 0 800 —2,400 
0 2,400 4,800 0 —2,400 9,600 
(6) 
Qi =0 
—157.03 kN 
106.05 kN 
360.44 kN -m 
Qi=kamn= | 157 O3kN a 
—106.05 kN 
275.86 kN -m 
~106.05] 10 
—157.03 | 11 
_wtn. | 360.44 112 
Fr Tet | 06.051 (7) 
157.03 | 2 
275.86 | 3 
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Member 2 


0.18552 4 
—0.000130738 | 5 
—0.0260283 6 


Using T2 from Eq. (5), we obtain 


0 

0 

0 
—0.000130738 
—0.18552 
—0.0260283 


Using k2 from Eq. (6), and realizing that Qf2 = 0, we determine that 


49.027 KN 

85.948 kN 

320.31 KN : m 
—49.027 kN 2n 
-85.948 kN 

195.38 kN - m 


u: = Tov = 


Q2 = kuu: = 


—85.948 | 13 
49.027 | 14 
320.31 | 15 
85.948 | 4 

—49.027 | 5 
195.38 | 6 


(8) 


Member 3 


0.185422 
0.000418736 
W= —0.0176197 
0.186622 
0.000713665 
0.0178911 


Woon Wn re 


Using T3 from Eq. (5), we compute 


0.000418736 
—0.185422 
—0.0176197 

0.000713665 
—0.186622 

0.0178911 


uz = T3V3 = 
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Using k; from Eq. (6), and realizing that Q;3 = 0, we obtain 


—110.6 kN 
1.6114 kN 
—80.392 kN -m 
Q3 = k3u3 = 110.6 kN Ans 
—1.6114 kN 
90.06 kN -m 
Note that it is not necessary to compute the member global end force vector F3, 
because this member is not attached to any supports (and, therefore, none of the 
elements of F3 will appear in the support reaction vector R). 


Member 4 T,=1 
0.185422 i 
0.000418736 | 2 
ay, =| 70.0176197 [3 
=T ESA 4 
—0.000130738 |5 
—0.0260283 |6 
Using ky from Eq. (1), and Q¢4 = 0, we obtain 
—24.5 KN 
—46.429 kN 
—195.47 kN -m 
ue SUT 24.5 kN Ans 
46.429 kN 
—222.38 kN -m 
Member 5 
0.18552 4 
—0.000130738 |5 
y. — | —0.0260283 |6 
5= | 0.186622 7 
0.000713665 |8 
0.0178911 19 
cos = —0.83205, sin 0 = 0.5547 (Eqs. (2)) 
—0.83205 0.5547 0 0 0 0 
—0.5547 —0.83205 0 0 0 0 
ne 0 0 i 0 0 0 
Bie 0 0 0 0.83205 0.5547 0 
0 0 0 —0.5547 —0.83205 0 
0 0 0 0 0 1 
—0.154434 
—0.102799 
he | SE 
3mm O 
—0.104113 
0.0178911 
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208,013 0 0 —208,013 0 0 
0 136.54 738.46 0 —136.54 738.46 
pas 0 738.46 5,325.1 0 —738.46 2,662.6 
5= | -208,013 0 0 208,013 0 0 
0 —136.54 —738.46 0 136.54 —738.46 
0 738.46 2,662.6 0 —738.46 5,325.1 
From Eqs. (3), we obtain 
0 
64.9 
117 
Qis= 0 
64.9 
—117 
93.398 kN 
59.07 kN 
27.004 kN -m 
Qs =ksus + Qf5 = 93.398 KN Ans 
70.73 kN 
—90.061 kN -m 


The member local end forces are shown in Fig. 6.18(e). 

Support Reactions: The reaction vector R, as assembled from the appropriate ele- 
ments of the member global end force vectors F; and F; (Eqs. (7) and (8), respec- 
tively), is given in Fig. 6.18(f). Also, Fig. 6.18(g) depicts these support reactions ona 
line diagram of the frame. Ans 


Equilibrium Check: Considering the equilibrium of the entire frame, we write 
(Fig. 6.18(g)) 


+> >) Fx=0 40+ 80+ (big Gey — 106.05 — 85.948 = 0.002 = 0 
117 


Checks 
9 
ar Py =O 12/117) — — 157.03 + 49.027 = —0.003 = 0 Check: 
Ñ D Y ( ) F7 ecks 
6 
Mo=0 360.44 — 80 (6) — 40(12 12V117 ( E 
NG (6) — 40(12) — (12/117) oan 
9 

+ (12V117 (sa) + 320.31 + 49.0279 

( ) Vi (9) 
= —0.007 = 0 Checks 


6.7 COMPUTER PROGRAM 


The overall organization and format of the computer program for the analysis 
of plane frames remains the same as the plane truss and beam analysis pro- 
grams developed previously. All the parts, and many subroutines, of the new 
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program can be replicated from the previous programs with no, or relatively 
minor, modifications. In this section, we discuss the development of this 
program for the analysis of plane frames, with emphasis on the programming 
aspects not considered in previous chapters. 


Input Module 


Joint Data The part of the computer program for reading and storing the joint 
data for plane frames (i.e., the number of joints, NJ , and X and Y coordinates of 
each joint) remains the same as Part | of the plane truss analysis program (see 
flowchart in Fig. 4.3(a)). As discussed in Section 4.1, the program stores the joint 
coordinatesinaN] x 2 joint coordinate matrix COORD in computer memory. 
Asan example, let us consider the gable frame of Fig. 6.19(a), with its analytical 
model shown in Fig. 6.19(b). Since the frame has five joints, its COORD matrix 
has five rows, with the X and Y coordinates of ajointi stored in the first and sec- 
ond columns, respectively, of the ith row, as shown in Fig. 6.19(c). An example of 
the input data file for the gable frame is given in Fig. 6.20 on page 320. 


Support Data The computer code written for Part I! of the plane truss analy- 
sis program (see flowchart in Fig. 4.3(b)) can be used to input the support data 
for plane frames, provided that the number of structure coordinates per joint is 
set equal to 3 (i.e., NCJ T = 3) in the program. A three-digit code is now used 
to specify the restraints at a support joint, with the first two digits representing 
the translational restraint conditions in the global X and Y directions, 
respectively, and the third digit representing the rotational restraint condition at 
the joint. As in the case of plane trusses and beams, each digit of the restraint 


129 
12g ; 
204 | in, 
Is 


240 in. 
E O xX 
240 in. gi 240 in. i (b) Analytical Model 
Columns: Girders: 
E = 29,000 ksi E = 10,000 ksi 
A = 29.8 in? A = 30.6 in? 
| = 2,420 in.* | = 3,100 in. 
(a) Gable Frame 
Fig. 6.19 
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T TAA A Restraint in X Direction ——— 4 T — — — Restraint in Y Direction 
y y me e pordnate (0 = free, 1 = restrained) | | (0 = free, 1 = restrained) 
0 0 |~——-—Joint 1 : | | f . 
: Joint Number — — =] | ==- Rotational Restraint 
0 240 |< ———Joint 2 | | | | (0 = free, 1 = restrained) 
COORD = | 240 336 |~<-———Joint 3 YyyYy 
——-—Joi LA TI 
480 240 |~< Joint 4 MSUP = | | 
480 0 |~——-—Joint 5 > 1 7 0 
NJ x 2 NS x (NCJT + 1) 


(c) Joint Coordinate Matrix 


(d) Support Data Matrix 


r—— Area 
| r ——— -Moment of Inertia 
EM 29000 | ~<—— — - Material No. 1 CP = 29.8 2420 | — — Cross-Section Type No. 1 
~ | 10000 |~<~———- Material No. 2 ~ [30.6 3100 |~<-—— Cross-SectionType No.2 
NMP x 1 NCP x 2 


(e) Elastic Modulus Vector 


r — - Beginning Joint 
—— -End Joint 
Material No. 


(£) Cross-Sectional Property Matrix 


| 
|| 
LE ene Cross-Section Type No. — — Force in X Direction 
ý ý ý ý | — Joint Number Ta — Force in Y Direction 
1 2 1 17]}«———Member 1 | i | Moment 
2 3 2 2 |j«—— —Member 2 Y y y Y 
MPRP = JP = [2] PJ=[75 0 0j 
4 3 2 2 |«~«———Member 3 
5 4 1 1 |~———Member 4 NJL x 1 NJL x NCJT 
NM x 4 (h) Joint Load Data Matrices 
(g) Member Data Matrix 
r — Member Number 
| ,—Load Type Number 
yy 
2. 3 0.25 0 0 0 
MP=|3 1 PM = | —45 0 129.24 0 
3-5 20 0 129.24 0 
A 
NML x 2 4 i | : NML x 4 
W, M, w or w, ——! | | | 
w, (if Load Type =4)|_ Z l l | 
0 (otherwise) | fo | | 
pS 1 
ae | 
1, (if Load Type =3, 40r 6) l 


0 (otherwise) __ i 


(i) Member Load Data Matrices 


Fig. 6.19 (continued) 
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5 

0, 0 

0, 240 + Joint data 

240, 336 

480, 240 
_480,0 _____] 

2 

Pa I S | e E Support data 
Sb a 

2 

29000 SSS Sas Material property data 
10000 _____] 

2 

29.8, 2420 e A Cross-sectional property data 
_30.6,3100____] 

4 

1;2,.1,1 

2:3, 2;2 <-————- Member data 

4,3, 2,2 

5,4, 1,1 

: 75.0.0 eae Joint load data 
Se 

2, 3, 0.25, 0,0 SS SSS Member load data 

3, 1, —45, 129.24 

3, 5, 20, 129.24 


Fig. 6.20 An Example of an Input Data File 


code can be either 0 (indicating no restraint) or 1 (indicating restraint). T he re- 
straint codes for some common types of supports for plane frames are given in 
Fig. 6.21. The program stores the support data in a NS x 4 M SUP matrix, as 
shown in Fig. 6.19(d) for the gable frame, and an example of how this data may 
appear in an input file is given in Fig. 6.20. 


Material Property Data This part of the program remains the same as Part III 
of the plane truss analysis program (see flowchart in Fig. 4.3(c)). The program 
stores the moduli of elasticityinaNMP x 1EM vector, asshownin Fig. 6.19(e) 
for the example gable frame; Fig. 6.20 illustrates how this data may appear in 
an input data file. 


Cross-sectional Property Data As two cross-sectional properties (namely, 
area and moment of inertia) are needed in the analysis of plane frames, the 
code written previously for Part IV of the plane truss program should be mod- 
ified to increase the number of columns of the cross-sectional property matrix 
CP from one to two, as indicated by the flowchart in Fig. 6.22(a). As before, 
the number of rows of CP equals the number of cross-section types (NCP), 
with the area and moment of inertia of the cross-section i now stored in the first 
and second columns, respectively, of the ith row of the CP matrix of order 
NCP x 2. For example, the CP matrix for the gable frame of Fig. 6.19(a) is 
shown in Fig. 6.19(f), and Fig. 6.20 shows how this data may appear in an 
input data file. 
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Type of Support Restraint Code 


Free joint 0.0.0 
(no support) ae 
Roller with Ry = j= 

horizontal 1,0,0 

reaction Ry +> dL, 
Roller with ler 
vertical 0,1,0 


reaction 
Ry f Ry I 


Hinge I L 1,1,0 


Ry +> Ry +> 
Ry $ Ry ł 
Support which 
prevents rotation, 0,0,1 
but not translation Mr 


Fixed Ry > | Ry +> j Fa La 
Mr eee 
Ry R 


y 


Fig. 6.21 Restraint Codes for Plane Frames 


Member Data This part of the computer program remains the same as Part V 
of the plane truss analysis program (see flowchart in Fig. 4.3(e)). As discussed 
in Section 4.1, the program stores the member data in an integer matrix MPRP 
of order NM x 4. The MPRP matrix for the example gable frame is shown in 
Fig. 6.19(g). 


Joint Load Data The code written for Part V la of the beam analysis program 
(see flowchart in Fig. 5.20(b)) can be used for inputting joint load data for 
plane frames, provided that NCJT is set equal to 3. The program stores 
the numbers of the loaded joints in an integer vector J P of order NJL x 1, with 
the corresponding loads in the X and Y directions and the couple being stored 
in the first, second, and third columns, respectively, of areal matrix PJ of order 
NJL x 3. The joint load matrices for the example gable frame are shown in 
Fig. 6.19(h); Fig. 6.20 illustrates how this data may appear in an input data file. 


Member Load Data As members of plane frames may be subjected to 
both axial and perpendicular loads, the code written for Part V Ib of the beam 
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(Start Part VIb ) 


/ Read NML 
no 
NML > 0? > 
yes 
Dimension MP(NML, 2), PM(NML, 4) 
y 
Start Part IV F=i 
A Read NCP J i6 
> I< NML? > 
Dimension CP(NCP, 2) 
yes 
T=1 Initialize all elements of PM to zero 
y 


Read MP(/, 1), MP(/, 2) 
If MPU, 2) = 1, 2, or 5 then read PM(/, 1), PMU, 3) 
If MPU, 2) = 3 or 6 then read PM(/, 1), PM(/, 3), PMC, 4) 
yes If MPU, 2) = 4 then read PM(/, 1), PMU, 2), PM(/, 3), PM(/, 4) 


/ Read CPU, 1), CPU, 2) 
y < I=I1+1 


I=I +1 


Continue to Part V 


(a) Flowchart for Reading and Storing 
Cross-Sectional Property Data (b) Flowchart for Reading and Storing Member Load Data 


Fig. 6.22 


no 
I< NCP? 


Print All Input Data < 


C Continue to Part VII D 


analysis program should be modified to include inputting of the member axial 
loads. The flowchart shown in Fig. 6.22(b) can be used for programming the 
input of the four perpendicular, and two axial, member load types (i.e., load 
types 1 through 6) given inside the front cover. The format for reading and stor- 
ing the member load data for plane frames remains the same as that for beams, 
as discussed in Section 5.8. The member load matrices, MP and PM, for the 
example gable frame are shown in Fig. 6.19(i); Fig. 6.20 shows this member 
load data in an input file that can be read by the program. 

Anexample of acomputer printout of the input data for the gable frame of 
Fig. 6.19 is given in Fig. 6.23. 


Analysis Module 


Assignment of Structure Coordinate Numbers The parts of the program 
for determining the number of degrees of freedom (NDOF ) and forming the 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 6.7 Computer Program 323 


kkk KK KKK KKK KKK KKK KKK KK KKKK KKK KK 


x Computer Software 7 
* for * 
* MATRIX ANALYSIS OF STRUCTURES * 
* Second Edition * 
* Aslam Kassi mali * 
KKEKKKKKKKKKKKK KKK KKK KKK KKKKKK KKK KKK 


General Structural 


Project Title: Figure 6-19 

Structure Type: Plane Frame 

Number of Joints: 5 

Number of Members: 4 

Number of Material Property Sets (E): 2 
Number of Cross-Sectional Property Sets: 2 


x 
Joint No 
cc o 0 00008400 ONE TO 
2 0. 0000E+00 2.4000E+02 
3 2. 4000E+02 3. 3600E+02 
4 4, 8000E+02 2.4000E+02 
5 4, 8000E+02 0. 0000E+00 
Rotational 
Joint No. X Restraint Y Restraint Restraint 
eee Yes Yes Yes 
5 Yes Yes No 
Material Modulus of Co-efficient of 
No. Elasticity (E) Thermal Expansion 
E oo 2. 9000E+04 ~ 0, 0000E+00 
2 1. 00O00E+04 0. O0O00E+00 
Property No. Area (A) Moment of Inertia (1) 
1 2.9800E+01 2.4200E+03 
2 3. 0600E+01 3. 1000E+03 


Fig. 6.23 A Sample Printout of Input Data 
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Member Beginning End Material Cross-Sectional 
No. Joint Joint No. Property No. 
1 1 2 1 1 
2 2 3 2 2 
3 4 3 2 2 
4 5 4 1 1 


Joint No. X Force Y Force Moment 


Load 
Magnitude 
(Wor M) 
or Load 
Member Load Intensity Intensity Distance Distance 
No. Type (w or wl) w2 |1 |2 
2 Uniform 2.500E-1 --- 0. 00E+0 0. 00E+0 
3 Axial-C 2.000E+1 --- 1. 29E+2 -- 
3 Conc. -4.500E+1 --- 1.29E+2 


KAKKKKKKKKKKKE End of Input Data ***¥RRKKKK KKK 


Fig. 6.23 (continued) 


structure coordinate number vector (NSC), for plane frames, remain the same 
as Parts VII and VIII of the plane truss analysis program (see flowcharts in 
Figs. 4.8(a) and (b)), provided that NCJ T is set equal to 3 in these programs. 


Generation of the Structure Stiffness Matrix and Equivalent Joint Load 
Vector A flowchart for writing this part of the plane frame analysis program 
is given in Fig. 6.24. Comparing this flowchart with that for Part IX of the 
beam analysis program in Fig. 5.24, we can see that the two programs are sim- 
ilar; the present program, however, transforms the stiffness matrix and fixed- 
end force vector of each member from its local to the global coordinate system 
before storing their elements in the structure stiffness matrix and equivalent 
joint load vector, respectively (see Fig. 6.24). Recall from Chapter 5 that such 
coordinate transformations are not necessary for beams, because the local and 
global coordinate systems of such structures are oriented in the same direction. 
From the flowchart in Fig. 6.24, we can see that for each member of the plane 
frame, the program first reads the member's material and cross-sectional 
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( Start Part IX ) 


Dimension S(NDOF, NDOF), P(NDOF), GK(2*NCIJT, 2*NCJT), 
BK(2*NCJT, 2*NCJT), FF(2*NCJT), QF(2*NCJT) 


Initialize all elements of S and P to zero 


IM= 1 


no 
> IM < NM? > 


yes 


JB = MPRPUM, 1), JE = MPRPU™M, 2), I = MPRP(M, 3), E = EM(/) 
I= MPRPUM, 4), A = CP(, 1), ZI = CPU, 2) 
XB = COORDVB, 1), YB = COORD(JB, 2), XE = COORD(JE, 1), YE = COORDVJE, 2) 
BL = SQR((XE — XB)42 + (YE — YB)^2), CX = (XE — XB)/BL, CY = (YE — YB)/BL 


Call Subroutine MSTIFFL 


Call Subroutine MTRANS 


Call Subroutine MSTIFFG 


Call Subroutine STORES 
y 
no 
~ IM=IM+1 -4 NML > 0? 
A yes 
Call Subroutine Initialize all elements of QF to zero 
STOREPF 
IML= 1 
A 
Call Subroutine no IML < NML? 
MFEFG = : 
yes A 


no 
IM = MP(ML, 1)? IML = IML + 1 
yes A 
Call Subroutine MFEFLL > 


Continue to Part X 


Fig. 6.24 Flowchart for Generating Structure Stiffness M atrix and Equivalent J oint 
Load Vector 
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( Start Subroutine MSTIFFL ) 


Z Arguments: E, A, ZI, BL, NCJT, BK Je 


[7=1 
Start Subroutine MTRANS ) 
no 
I< 2*NCJT? 
Arguments: CX, CY, NCJT, T 
yes 
A J=1 I=1 


T=I+1 J<2* 


yes yes 
BK, J) =0 > A J=1 
Z= E*A/BL 
BK(1, 1) = Z, BK(4, 1) = Z I=I+1 y 
BK(1, 4) = Z, BK(4, 4) =Z 
Z = E*ZI/(BL/3) yes 
BK(2, 2) = 12*Z, BK(3, 2) = 6*BL*Z 
BK(5, 2) = 12*Z, BK(6, 2) = 6*BL*Z TG, = 0 P+ s= i 
BK(2, 3) = 6*BL*Z, BK(3, 3) = 4*(BL‘2)*Z 
BK(5, 3) = 6*BL*Z, BK(6, 3) = 2*(BL‘2)*Z Td, D= CX, TQ, 1) = -CY 
BK(2, 5) = 12*Z, BK(3,5) = 6*BL*Z T(1,2) = CY, T(2,2) = CX 
BK(5, 5) = 12*Z, BK(6, 5) = 6*BL*Z T(4, 4) = CX, T6, 4) = CY ~« 
BK(2, 6) = 6*BL*Z, BK(3, 6) = 2*(BL‘2)*Z T(4, 5) = CY, T(5,5) = CX 
BK(5, 6) = 6*BL*Z, BK(6, 6) = 4*(BL‘2)*Z T(3,3)= 1, T6,6)=1 
End Subroutine MSTIFFL End Subroutine MTRANS 
Return to calling program Return to calling program 
Fig. 6.25 Flowchart of Subroutine MSTIFFL for Fig. 6.26 Flowchart of Subroutine MTRANS for 
Determining Member Local Stiffness M atrix for Plane Frames Determining Member Transformation M atrix for Plane 
Frames 


properties, and calculates its length and direction cosines. Next, the program 
calls the subroutines MSTIFFL and MTRANS to form the member local stiff- 
ness matrix BK and transformation matrix T, respectively. As the flowcharts 
given in Figs. 6.25 and 6.26 indicate, these subroutines calculate the matrices 
BK and T in accordance with Eqs. (6.6) and (6.19), respectively. The program 
then calls the subroutine MSTIFFG to obtain the member global stiffness 
matrix GK. A flowchart of this subroutine, which evaluates the member global 
stiffness matrix using the matrix triple product K = T'kT (Eq. (6.29)), is 
given in Fig. 6.27. As this flowchart indicates, the subroutine MSTIFFG uses 
two nested Do Loops to calculate the member global stiffness matrix GK 
(= K). In the first loop, the member local stiffness matrix BK (= K) is post- 
multiplied by its transformation matrix T to obtain an intermediate matrix TS; 
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CStart Subroutine MSTIF FG) 


Z Arguments: NCJT, BK, T, GK 


Dimension TS(2*NCJT, 2*NCJT) 


Initialize all elements of GK and TS to zero 


no 
m~~ I< 2*NCJT? > =í 


yes 
J=1 << iver = 
yes 


no 
J < 2*NCJT? 
yes 


A 
K=1| 
s Í y 
À p no 
TSQ, J) = TS(, J) + BK, K)*T(K, J) <n 
y | y 
K=K+1 = 
< =K4 
4 | GK(, J) = GKQ, J) + TK, D*TS(K, J) 
y 
< J=J+1 < Pee) eee 
< K=K+1 
< I=1+i < 
4 J=J+1 < 
< T=14+1 < 


End Subroutine MSTIFFG 
Return to calling program 


Fig. 6.27 Flowchart of Subroutine MSTIFFG for Determining M ember Global Stiffness M atrix 


in the second, the matrix TS is premultiplied by the transpose of the transfor- 
mation matrix (i.e., TT) to obtain the desired member global stiffness matrix 
GK (= K). Returning our attention to Fig. 6.24, we can see that the program 
then calls the subroutine STORES to store the pertinent elements of GK in the 
structure stiffness matrix S. This subroutine remains the same as the STORES 
subroutine of the plane truss analysis program (see flowchart in Fig. 4.11). 
After STORES has been executed, the program (Fig. 6.24) forms the member 
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(Start Subroutine MFEF LL) 


Pa Arguments: IML, BL, MP, PM, QF 


Initialize FAB, FSB, FMB, FAE, FSE, FME to zero 


LDTYPE = MP(IML, 2) 


yes BW = PM(IML, 1), BL1 = PM(IML, 3) 


If LDTYPE = 1? Use equations for load type 1 to = 
calculate FSB, FMB, FSE, FME 
no y 
BM = PM(IML, 1), BLI = PM(IML, 3) 
If LDTYPE = 2? Use equations for load type 2 to > 
calculate FSB, FMB, FSE, FME 
no y 


W = PMUML, 1), BLI = PM(IML, 3), 
BL2 = PM(IML, 4) 
Use equations for load type 3 to 


calculate FSB, FMB, FSE, FME 
no y 


W1 = PM(IML, 1), W2 = PM(IML, 2), 
yes BL1 = PM(IML, 3), BL2 = PM(IML, 4) 


If LDTYPE = 3? 


A -a 
HTDIYEE= 4 Use equations for load type 4 to j 
calculate FSB, FMB, FSE, FME 
no y 
yes BW = PM(IML, 1), BLI = PM(IML, 3), 
If LDTYPE = 5? Use equations for load type 5 to > 
calculate FAB, FAE 
no 
W = PMUML, 1), BL1 = PM(IML, 3), 
ue yes BL2 = PMUIML, 4) 
= 6? , 
ee Use equations for load type 6 to y 


calculate FAB, FAE 


QF(1) = QF(1) + FAB 
QF(2) = QF(2) + FSB 
y QF(3) = QF(3) + FMB 
QF(4) = QF(4) + FAE 
QF(5) = QF(5) + FSE 
QF(6) = QF(6) + FME 


End Subroutine MFEFLL 
Return to calling program 


Fig. 6.28 Flowchart of Subroutine MFEFLL for Determining M ember Local Fixed- 
End Force Vector for Plane Frames 


< < 


local fixed-end force vector QF (= Q+) by calling the subroutine MFEFLL 
(Fig. 6.28), which calculates the values of the member fixed-end forces, for 
load types 1 through 6, using the equations given inside the front cover. N ext, 
the program calls the subroutine MFEFG (Fig. 6.29), which evaluates the 
member global fixed-end force vector FF (= F+), using the relationship 
F; = T'Q; (Eq. (6.30)). Finally, the program calls the subroutine STOREPF 
(Fig. 6.30) to store the negative values of the pertinent elements of FF in their 
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CStart Subroutine MF EFG ) 


Arguments: NCJT, T, QF, FF 


[=l 


no 
I< 2*NCJT? 


yes 


f=I+1 < FF()= 0 T 


no 


FFU) = FF() + TU, D*QFU) HH ast 


End Subroutine MFEFG N 
Return to calling program P. 


Fig. 6.29 Flowchart of Subroutine MFEFG for Determining M ember 
Global Fixed-End Force Vector 


proper positions in the structure load vector P. W hen all the operations shown 
in Fig. 6.24 have been performed for each member of the frame, the structure 
stiffness matrix S is complete, and the structure load vector P equals the nega- 
tive of the structure fixed-joint force vector (i.e, P = —P; = Pe). 


Storage of Joint Loads into the Structure Load Vector This is the same as 
Part X of the beam analysis program (see flowchart in Fig. 5.29). 


Solution for Joint Displacements This part of the program remains the same 
as Part XI of the plane truss analysis program (see flowchart in Fig. 4.13). Re- 
call that upon completion of this part, the vector P contains the values of the 
joint displacements d. 


Calculation of Member Forces and Support Reactions A flowchart for writ- 
ing this last part of the program is presented in Fig. 6.31. Note that this part of 
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Start Subroutine STOREPF ) 
Arguments: JB, JE, NCJT, NDOF, NSC, FF, P 
il 
no 
> I< 2*NCJT? > 
yes 
es no 
I< NCJT? 
y y 
A N= (JB — 1)*NCJT+ I N= (JE — 1)*NCJT + (I — NCJT) 
y y 
y 


—> NI = NSC(/1) < 


no 


I=I+1 < N1 < NDOF? 
A yes 
< P(N1) = P(N1) — FFU) 
End Subroutine STORE PF\ “ 
Return to calling program J 


Fig. 6.30 Flowchart of Subroutine STOREPF for Storing M ember Global Fixed- 
End Force Vector in Structure Load Vector 


the plane frame analysis program is essentially a combination of the corre- 
sponding parts (X II) of the plane truss and beam analysis programs developed 
previously. From the flowchart in Fig. 6.31, we can see that, for each member 
of the frame, the program first reads the member’s material and cross-sectional 
properties, and calculates its length and direction cosines. Next, the program 
calls the subroutine MDISPG to form the member global end displacement 
vector V (= v). This subroutine is the same as the MDISPG subroutine of the 
plane truss analysis program (see flowchart in Fig. 4.15). The program then 
calls the subroutine MTRANS (Fig. 6.26) to form the member transformation 
matrix T, and the subroutine MDISPL, which calculates the member local end 
displacement vector U (= u), using the relationship u = Tv (Eq. (6.20)). The 
subroutine MDISPL remains the same as the corresponding subroutine of 
the plane truss program (see flowchart in Fig. 4.17). Next, the subroutine 
MSTIFFL (Fig. 6.25) is called by the program to form the member local stiff- 
ness matrix BK (=k); if the member under consideration is subjected to loads, 
then its local fixed-end force vector QF (= Qr) is generated using the subrou- 
tine MFEFLL (Fig. 6.28). The program then calls the subroutines MFORCEL 
and MFORCEG, respectively, to calculate the member’s local and global end 
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Start Part XII 


Dimension BK(2*NCJT, 2*NCJT), T(2*NCJT, 2*NCJT), V(2*NCJT), 
U(2*NCIT), F(2*NCIT), Q(2*NCJT), QF(2*NCJT), RNR) 


Initialize all elements of R to zero 


IM= 1 


no 
IM=IM+ 1 > IM < NM? > 


yes 


JB = MPRPUM, 1), JE = MPRPUM, 2), I = MPRP(IM, 3), E = EM() 
1 = MPRPUM, 4), A = CPU, 1), ZI = CPU, 2) 
A XB = COORDVB, 1), YB = COORD(JB, 2), XE = COORDVE, 1), 
YE = COORDVE, 2) 
BL = SQR((XE — XB)^2 + (YE — YB)^2), CX = (XE — XB)/BL, CY = (YE — YB)/BL 


Call Subroutine MDISPG 


Call Subroutine STORER 


Call Subroutine MTRANS 


Call Subroutine MDISPL 


Call Subroutine MFORCEG 


Call Subroutine MSTIF FL 


A Initialize all elements of QF to zero y 
: no 
Call Subroutine MFORCEL NML > 0? 
yes 
A IML= 1 
no 
< IML < NML? 
yes A 


no 
IM = MPUML, 1)? IML = IML + 1 


yes A 
Call Subroutine MFEFLL > 


Æ Print Support Reactions R ya ~< 


( End of Program ) 


Fig. 6.31 Flowchart for Determination of Member Forces and Support Reactions for Plane Frames 
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force vectors Q and F. The subroutine MFORCEL, which evaluates Q using 
the relationship Q = ku + Q; (Eq. (6.4)), is the same as the corresponding 
subroutine of the beam analysis program (see flowchart in Fig. 5.32); the 
subroutine MFORCEG, which computes F using the relationship F = T'Q 
(Eq. (6.23)), remains the same as the corresponding subroutine of the plane 
truss program (see flowchart in Fig. 4.20). Finally, the program stores the per- 
tinent elements of F in the support reaction vector R by calling the subroutine 
STORER, which remains the same as the corresponding subroutine of the 
plane truss program (see flowchart in Fig. 4.21). The computational process 
depicted in Fig. 6.31 can be somewhat expedited by calling the subroutines 


K K KKK KKK K K KKK KKK KKK KKK KKK KKK KKK KKK KKK KKK KAR KKK KXXX 


t Results of Analysis t 
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK 


Joint No. X Translation Y Translation Rotation (Rad) 


1 0.0000E+00 0. 0000E+00 0. 0000E+00 
2 3.4472E+00 -9.1684E- 03 -1.9513E-02 
3 3.9520E+00 -1.3152E+00 7.0646E-03 
4 4.42471E+00 -2.1160E-02 -9,2709E-03 
5 0.0000E+00 0.0000E+00 -2. 3019E- 02 
Nember End Forces in Local Coordinates 
Member Joint Axial Force Shear Force Moment 
1 1 3.3014E+01 6.7356E+01 1.3789E+04 
2 -3.3014E+01 -6.7356E+01 2.3767E+03 
2 2 1,.9358E+01 2.7814E+01 -2.3767E+03 
3 -1,9358E+01 3, 6808E+01 1.2142E+03 
3 4 5.9404E+01 -5.8303E+01 -8.0403E+03 
3 -3.9404E+01 1.3303E+01 -1.2142E+03 
4 5 7.6195E+01 3, 3501E+01 1, 5378E- 03 
4 -7.6195E+01 -3.3501E+01 8.0403E+03 
Support Reactions 
Joint No. X Force Y Force Moment 
1 -6.7356E+01 3. 3014E+01 1.3789E+04 
5 -3. 3501E+01 7,6195E+01 0.0000E+00 


KARKKKKKKKKKKKKKKE End of Analysis KARKKKKKKKKKKKKKKK 


Fig. 6.32 A Sample Printout of Analysis Results 
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MFORCEG and STORER for only those members of the frame that are at- 
tached to supports. To check whether or not a member is attached to a support, 
its beginning and end joint numbers (i.e., J B and J E) can be compared with the 
support joint numbers stored in the first column of the support data matrix 
MSUP. 

A sample printout, showing the results of analysis for the example gable 
frame of Fig. 6.19, is presented in Fig. 6.32, and the entire computer program for 
the analysis of plane frames is summarized in Table 6.1. As indicated in this 
table, the computer program consists of a main program (which is divided into 
twelve parts) and twelve subroutines. Of these, eight parts of the main program 
and six subroutines can be replicated from the previously developed plane truss 
and beam analysis programs without any modifications. Finally, it should be re- 
alized that the computer program, developed herein for the analysis of plane 
frames, can also be used to analyze beams, although itis notas efficient for beam 
analysis as the program developed specifically for that purpose in Chapter 5. 


Table 6.1 Computer Program for Analysis of Plane Frames 


Main 

program part Description 

| Reads and stores joint data (Fig. 4.3(a)) 

II Reads and stores support data (Fig. 4.3(b)) 

II Reads and stores material properties (Fig. 4.3(c)) 

IV Reads and stores cross-sectional properties (Fig. 6.22(a)) 

V Reads and stores member data (Fig. 4.3(e)) 

Vla Reads and stores joint loads (Fig. 5.20(b)) 

VIb Reads and stores member loads (Fig. 6.22(b)) 

VII Determines the number of degrees of freedom ND OF of the 
structure (Fig. 4.8(a)) 

VIII Forms the structure coordinate number vector NSC 
(Fig. 4.8(b)) 

IX Generates the structure stiffness matrix S and the structure 
load vector P = Pe = —P; due to member loads (Fig. 6.24) 
Subroutines called: MSTIFFL, MTRANS, MSTIFFG, 
STORES, MFEFLL, MFEFG, and STOREPF 

X Stores joint loads in the structure load vector P (Fig. 5.29) 

XI Calculates the structure's joint displacements by solving the 
stiffness relationship, Sd = P, using Gauss-] ordan elimina- 
tion. The vector P now contains joint displacements 
(Fig. 4.13). 

XII Determines the member end force vectors Q and F, and the 


support reaction vector R (Fig. 6.31) 
Subroutines called: MDISPG, MTRANS, MDISPL, 
MSTIFFL, MFEFLL, MFORCEL, MFORCEG, and 


STORER 
(continued) 
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Table 6.1 (continued) 


Subroutine Description 

MDISPG Forms the member global displacement vector V from the joint dis- 
placement vector P (Fig. 4.15) 

MDISPL Evaluates the member local displacement vector U = TV (Fig. 4.17) 

MFEFG Determines the member global fixed-end force vector FF = T'QF 
(Fig. 6.29) 

MFEFLL Calculates the member local fixed-end force vector QF (Fig. 6.28) 


MFORCEG Evaluates the member global force vector F = TT Q (Fig. 4.20) 
MFORCEL Calculates the member local force vectorQ = BK U + QF 


(Fig. 5.32) 
MSTIFFG Determines the member global stiffness matrix GK = T! BK T 
(Fig. 6.27) 
MSTIFFL Forms the member local stiffness matrix BK (Fig. 6.25) 
MTRANS Forms the member transformation matrix T (Fig. 6.26) 


STOREPF Stores the negative values of the pertinent elements of the member 
global fixed-end force vector FF in the structure load vector P 


(Fig. 6.30) 

STORER Stores the pertinent elements of the member global force vector F in 
the reaction vector R (Fig. 4.21) 

STORES Stores the pertinent elements of the member global stiffness matrix 


GK in the structure stiffness matrix S (Fig. 4.11) 


SUMMARY 


In this chapter, we have developed the matrix stiffness method for the analysis 
of rigidly connected plane frames subjected to external loads. A block diagram 
summarizing the various steps of the analysis is shown in Fig. 6.33. 


Identify degrees of freedom d and 
restrained coordinates of the plane frame 


For each member: 
Evaluate K and F f 
Store K in S and F; in P, 


Form joint load vector P 


Solve P — P,= Sd for d 


For each member: 
Obtain v from d 
Calculate u = Tv, Q = ku + Qy and F = T7Q 
Store F in R 


Fig. 6.33 
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PROBLEMS 


Section 6.1 


6.1 through 6.6 Identify by numbers the degrees of freedom 3 k/ft 
and restrained coordinates of the frames shown in Figs. P6.1 
through P6.6. Also, form the joint load vector P for these © f i LiT i i KO 
frames. 1 


: NN 
m 1.5 k/ft 4 S ® | 


15k 


(CERERE ESE 
— 
©) 2 3)" p 18 ft -|— 6 ft +. 6 ft J 
10 ft E, A, I = constant 
E = 10,000 ksi 
A = 8.84 in? 
F 0k — t 1 I =170in. 
ibi Fig. P6.3, P6.9, P6.18, P6.26, P6.34, P6.44 
t 
| © 
< 30 ft - 
E, A, I = constant 
E = 29,000 ksi 
A = 10.3 in? 
I=510 in. 


Fig. P6.1, P6.7, P6.16, P6.24, P6.32, P6.42 


p 24m J 


E, A, I = constant 

E = 200 GPa 

A = 16,000 mm? 

I = 1,186(106) mm4 


E, A, I = constant 
E = 200 GPa 

A = 13,000 mm? 
I = 762(106) mm 


Fig. P6.2, P6.8, P6.17, P6.25, P6.33, P6.43 Fig. P6.4, P6.10, P6.19, P6.27, P6.35, P6.45 
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2 k/ft 6.13 Using the integration approach, derive the equations of 
f f Ff F fF ¥ F F 4 fixed-end forces due to the concentrated axial member load 
— 


30 k——>+ 


1@) 


2 @} 


20 ft 


shown in Fig. P6.13. Check the results using the fixed-end force 


expressions given inside the front cover. 


— i =A 


©] = 


* L 


E, A, I = constant 


Fig. P6.13 


6.14 Assume that the local end displacements for the mem- 


bers of the frame shown in Fig. P6.14 are 


j- 25 ft - 
E = 4,500 ksi 0 9.2888 mm 
Columns: Girder: 0 —9 5586 mm 
A = 80 in? A = 108 in? 

1= 550 in4 I= 1,300 in. u = 0 ; u = =the irad 

—5.2507 mm 0 

Fig. P6.5, P6.11, P6.20, P6.28, P6.36, P6.48 —12.251 mm 0 

—0.12416 rad 0 


Calculate the member local end force vectors. A re the members 


in equilibrium under these forces? 
2 k/ft 


© 


—> T 3 
©) 7 A =9.12 in? : 
I= 375 inf 
Sy 
yN 
45 
=103 in2 5 
1 k/ft A= 10.3 in. m 
20 ft I=285 inf T 
4 
160 kN —— © 7 
pa aes 
10 ft—— 25 ft 
O} I i‘ 


E = 10,000 ksi 


Fig. P6.6, P6.12, P6.21, P6.29, P6.37, P6.47 


~ 12m > 
Section 6.2 E, A, I = constant 
‘ ; À E = 70 GPa 
6.7 through 6.12 Determine the local stiffness matrix k, and 2 
A = 4,570 mm 


the fixed-end force vector Q;, for each member of the frames 
shown in Figs. P6.7 through P6.12. Use the fixed-end force 
equations given inside the front cover. 


I = 34.5(10°) mmt 


Fig. P6.14, P6.22, P6.30 
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6.15 Assume that the local end displacements for the mem- 6.23 Using the local end displacements given in Problem 6.15 


bers of the frame shown in Fig. P6.15 are for the members of the frame of Fig. P6.23, calculate the global 
end displacement vector and the global end force vector for 
0 2.0184 in. each member of the frame. Are the members in equilibrium 
| 0 | 0.14398 in. under the global end forces? 
0 0.0028882 rad 
"=| _0.05147in |? =] 1.9526in i 
: wa : 7 Section 6.4 
2.0939 in. —0.75782 in. 
0.0079542 rad 0.0079542 rad 6.24 through 6.29 Determine the global stiffness matrix K, 
0 and fixed-end force vector Fr, for each member of the frames 
0 shown in Figs. P6.24 through P6.29. 
0 6.30 Calculate the member global end force vectors required 
u; = , in Problem 6.22 using the member global stiffness relationship 
0.04847 in. 
: F = Kv + Fy. 
2.023 in. 


6.31 Calculate the member global end force vectors required 
in Problem 6.23 using the member global stiffness relationship 
F = Kv-+ Fy. 


0.0028882 rad 


Calculate the member local end force vectors. A re the members 


in equilibrium under these forces? 
Section 6.5 


6.32 through 6.37 Determine the structure stiffness matrix, 
~<— 150k ————— the fixed-joint force vector, and the equivalent joint loads for the 
frames shown in Figs. P6.32 through P6.37. 

6.38 Assume that the joint displacements for the frame of 
Fig. P6.38 are 


75k 


| 
e 


15 ft 


|- 12 ft 8 ft | 


E, A, I = constant 
E = 29,000 ksi 


A= 10.3 in? 

T= 285 inf 
Fig. P6.15, P6.23, P6.31 
Section 6.3 
6.16 through 6.21 Determine the transformation matrix T for 
each member of the frames shown in Figs. P6.16 through P6.21. i Sni | 
6.22 Using the local end displacements given in Problem 6.14 E = 30 GPa 

Columns: Girder: 


for the members of the frame of Fig. P6.22, calculate the global 
end displacement vector and the global end force vector for 
each member of the frame. Are the members in equilibrium 
under the global end forces? Fig. P6.38 


A = 75,000 mm? A = 52,000 mm? 
T= 468(10% mm* I= 225(10°) mmt 
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0.1965 m 30 kN/m 


0.00016452 m E: +} 4} F} F ve) 


—0.017932 rad 
0.19637 m 
—0.00016452 m 


—0.023307 rad 
Calculate the joint loads causing these displacements. (N o loads | 


; 100 kN——> 
are applied to the members of the frame.) 


6.39 Assume that the joint displacements for the frame of 
Fig. P6.39 are 


—0.059209 rad 
4.1192 in. 
—2.7371 in. a 


ga | 00041099 rad . gmi | 
3.3212 in. ZAI 
i , A, / = constant 
1.7637 in. E = 200 GPa 
0.02198 rad A = 11,800 mm? 


—0.048502 rad I = 554(106) mmt 


Fig. P6.40 


Calculate the joint loads causing these displacements. (N o loads 
are applied to the members of the frame.) 


12 ft 


I— 6 ft —|- lift J— 6 ft d l 15 ft +. 5 ft — 
E, A, I = constant E, A, I = constant 
E = 10,000 ksi E = 4,000 ksi 
A= 14.1 in? A=96in? 
I= 184 int I=512in.f 
Fig. P6.39 Fig. P6.41 
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Section 6.6 12 kN/m 


6.40 through 6.50 Determine the joint displacements, mem- 
ber local end forces, and support reactions for the frames shown 3 
in Figs. P6.40 through P6.50, using the matrix stiffness method. z] -a 
Check the hand-calculated results by using the computer pro- : 
gram which can be downloaded from the publisher's website 


: 6m 
for this book, or by using any other general purpose structural f 12 kN/m al il 


Bel 


analysis program available. 


2 k/ft 80 k-ft f: 


24 ft l 12m | 
E = 30 GPa 
Columns: Girders: 
A = 93,000 mm? A = 140,000 mm? 
I = 720(106) mm I = 2,430(10°) mm 
Fig. P6.50 
< 25 ft === 7 ft 
E, A, I = constant Section 6.7 
E = 29,000 ksi 
A=147 in? 6.51 Develop a general computer program for the analysis of 
1 = 800 inf rigidly connected plane frames by the matrix stiffness method. 
abede Use the program to analyze the frames of Problems 6.40 
19: ro: through 6.50, and compare the computer-generated results to 


those obtained by hand calculations. 


L 30 ft -+ 30 ft | 
E = 29,000 ksi 
Columns: Girders: 
A = 20 in? A= 20.1 in? 
[T= 723 int I = 1,830 in.t 
Fig. P6.49 
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MEMBER RELEASES AND 
SECONDARY EFFECTS 


7.1 Member Releases in Plane Frames and Beams 


7.2 Computer Implementation of Analysis 
for Member Releases 


7.3 Support Displacements 


7.4 Computer Implementation of Support 
Displacement Effects 


7.5 Temperature Changes and Fabrication Errors 
Summary 
Problems 


Earthquake-D amaged Bridge 
(Courtesy of the USGS) 


340 
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The matrix stiffness analysis of beams and plane frames, as developed in Chap- 
ters 5 and 6, is based on the assumption that each member of a structure is 
rigidly connected to joints at both ends, so that the member end rotations are 
equal to the rotations of the adjacent joints. Whereas these methods of analy- 
sis, aS presented in preceding chapters, cannot be used to analyze beams and 
plane frames containing members connected by hinged connections, they can 
be modified relatively easily to include the effects of member hinges in the 
analysis. W hen the end of a member in a plane frame or beam is connected to 
the adjacent joint by a hinged connection, the moment at the hinged end must 
be zero. Because of this moment-releasing characteristic, member hinges are 
often referred to as member releases. In this chapter, we discuss modifications 
of the matrix stiffness methods that allow them to be used to analyze plane 
frames and beams containing members connected to joints by rigid (i.e., 
moment-resisting) and/or hinged (i.e., simple or shear) connections. 

In this chapter, we also consider the procedures for including in matrix 
stiffness methods of analysis the effects of support displacements (due to weak 
foundations), temperature changes, and fabrication errors. Such secondary ef- 
fects can induce significant stresses in statically indeterminate structures, and 
must be considered in their designs. 

We begin the chapter by deriving the stiffness relationships for members 
of plane frames and beams with hinges. A procedure for the analysis of struc- 
tures containing member releases is also developed in Section 7.1; the com- 
puter implementation of this procedure is presented in Section 7.2. We develop 
the analysis for the effects of support displacements in Section 7.3, and discuss 
the extension of the previously developed computer programs to include the ef- 
fects of support displacements in Section 7.4. Finally, the procedure for in- 
cluding in the analysis the effects of temperature changes and fabrication 
errors is presented in Section 7.5. 


7.1 MEMBER RELEASES IN PLANE FRAMES AND BEAMS 


The effects of member releases can be conveniently incorporated in our stiff- 
ness methods by modifying the member local stiffness relationships to account 
for such releases. Only moment releases, in the form of hinges located at one 
or both ends of a member (see Fig. 7.1), are considered herein, because such 
releases are by far the most commonly encountered in civil engineering prac- 
tice. However, the concepts presented can be readily used to introduce the ef- 
fects of other types of member releases (e.g., shear and axial force releases) 
into the analysis. 

Figure 7.1 depicts the types of member releases considered herein. From a 
computer programming viewpoint, it is usually convenient to classify each 
member of a beam or a plane frame into one of the four member types (MT) 
shown in the figure. Thus, as indicated in Fig. 7.1(a), a member that is rigidly 
connected to joints at both ends (i.e., has no hinges), is considered to be of 
type 0 (i.e, MT = 0). If end b of a member is connected to the adjacent joint 
by a hinged connection, while its opposite end e is rigidly connected to the 
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y 

| 

| 

| 

| 

| TAIN 

© © 

(a) Member with No Hinges—Member 


Type Zero (MT = 0) 


Hinge 


© © 


(b) Member with a Hinge at Its Beginning— 
Member Type One (MT = 1) 


po 


Hinge 


| AT = 
(c) Member with a Hinge at Its End— 
Member Type Two (MT = 2) 


y Hinge Hinge 
| / 

| 

| 

| ered 

| 


O-—_———c i“ O aaia 


© © 


(d) Member with Hinges at Both Ends— 
Member Type Three (MT = 3) 


Fig. 7.1 Member Releases 


adjacent joint (Fig. 7.1(b)), then the member is classified as type 1 (i.e, 
MT = 1). Conversely, if end b of a member is rigidly attached to the adjacent 
joint, but its end e is connected by a hinged connection to the adjacent joint 
(Fig. 7.1(c)), then the member is considered to be of type 2 (i.e, MT = 2). 
Finally, if a member is attached to joints at both ends by hinged connections 
(Fig. 7.1(d)), then it is classified as type 3 (i.e, MT = 3). 

The expressions for the member local stiffness matrices k (Eqs. (5.53) and 
(6.6)) and the member local fixed-end force vectors Qr (Eqs. (5.99) and (6.15)) 
derived for beams and plane frames can be used only for members of type 0 
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(MT = 0), because they are based on the condition that the member is rigidly 
connected to joints at both ends, so that the member end rotations are equal to 
the rotations of the adjacent joints. When an end of a member is connected to 
the adjacent joint by a hinged connection, the moment at the hinged end must 
be zero. The previous expressions for k and Q; can be easily modified to reflect 
the conditions of zero moments at the hinged member ends, as explained in the 
following paragraphs. 


Local Stiffness Relations for Plane Frame 
Members with Hinges 


We begin the development of the modified expressions by first writing the 
previously derived stiffness relations for a plane frame member with no hinges, 
in explicit form. By substituting the expressions for k and Q; from Eqs. (6.6) 
and (6.15), respectively, into the member local stiffness relation Q = ku + Q; 
(Eq. (6.4)), and carrying out the necessary matrix multiplication and addition, 


we obtain 

EA 

Qi= T Wa — Ua) + FAp (7.1a) 
E| 

Q2 = ga (12u2 +6Lu3 — 12us + 6L u6) + F Se (7.1b) 
El 

Q3 = g3 6Luz +4Lĉ°uz — 6Lus + 2L*ug) + FM, (7.1c) 
EA 

Q4 = p +U4)+F Ae (7.1d) 
El 

Qs = pg (Luz — 6L u3 + 12us — 6L us) + F Se (7.1e) 

Qe = gz (6Luz + 2b u3 — 6L us +4L‘us) + FM, (7.1f ) 


Members with a Hinge at the Beginning (MT = 1) W hen end b of a member 
is connected to the adjacent joint by a hinged connection, then from Fig. 6.3(b) 
we can see that its end moment Q3 must be 0. By substituting Q3 = 0 into 
Eq. (7.1c), and solving the resulting equation for the end rotation uz, we obtain 


L 

JE] F Mp (7.2) 
This equation indicates that the rotation u3 (of the hinged end b of the member) 
is no longer an independent member coordinate (or degree of freedom), but is 
now a function of the end displacements uz, Us, and Ug. Thus, the number of 
independent member coordinates— that is, the independent end displacements 
required to define the displaced member configuration— is now reduced to five 
(i.e., Uy, Uz, U4, Us, and Us). To eliminate the released coordinate u3 from the 


ee eae 4 
a= 5. 2 5 ao 
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member stiffness relations, we substitute Eq. (7.2) into Eqs. (7.1). This yields 
the following member stiffness equations: 


EA 

Qi= q“: — U4) + F Ap (7.3a) 

Q2= 2 3 3 3L FS 3 FM (7.3b) 

2 = q3 U2 — Us + 3LU6) + ee Mb : 

Q3=0 (7.3c) 
EA 

Q4 = q + u4) + FAe (7.3d) 
El 3 

Qs = Tp 3U + 3U5 — 3L uo) + ( FSe + FM» ) (7.3e) 
El : 1 

Qe = jz GLuz —3Lus + 3L%u6) + | FMe — SFMb (7.3f) 


Equations (7.3), which represent the modified local stiffness relations for 
member type 1 (MT = 1), can be expressed in matrix form as 


ey (Ee TD patin 
Q2 0 3 0 0 +3 BL FS- FM, 
i al 0 0 0 0 0 0 “|g 
i = 0 0 os 0 0 | rs | 
Qs | 0 30 0 3 -1 | Ft gF" 
lon i 0 3L 0 0 -3L 3L? us | | Fme tems | 
(7.4) 
or, symbolically, as 
Q=ku+Q; 
with 
= 0 0 T 0 0 
© 3 0o. 0 a 3l 
k= Fy ce 0 0 pa 0 0 (75) 
Eaa 0 0 tg 0 0 
0 -3 0 0 3 -3L 
0 3L 0 0 —3L 3L? 
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and 


Q; = F Ae (7.6) 


1 


The k matrix in Eq. (7.5) and the Q ; vector in Eq. (7.6) now represent the 
modified local stiffness matrix and the modified local fixed-end force vector, 
respectively, for plane frame members of type 1 (MT = 1). 


Members with a Hinge at the End (MT = 2) When end e of a member is 
hinged, then its end moment Q¢ (Fig. 6.3(b)) must be 0. By substituting Qs = 0 
into Eq. 7.1(f), and solving the resulting equation for the end rotation us, we 
obtain 


3 1 L 
Se ee ene 7.7 
Us = 5p (U2 + Us) — 5U3 — ggr FMe (7.7) 
Next, we substitute Eq. (7.7) into Eqs. (7.1) to eliminate ug from the member 
stiffness relations. This yields 


EA 

Qi = 7 Wi — Ua) F Ag (7.8a) 

Q2: = 2 (3u2 + 3Lu3 — 3u5) FSp — 2 FM ) (7.8b) 

2=T3 2+ 3 5)+ b aL e ' 
El : 1 

Q3 = Ty Glu + 3L u3 — 3L u5) + FMp—>FMe (7.8c) 
EA 

Qa= T (—U1 + U4) +FAe (7.8d) 
El 3 

Qs = Ez C3ua~ 3L us +3U5) + (FS. + FMe) (7.8e) 

Qg=0 (7.8f) 


The foregoing equations can be expressed in matrix form as 


Q=ku+Q; 
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with 
2 2 
Ae gg Ag 
0 3 3L 0 =3 0 
2 = 
Res, Ae 3L 3L ka 3L 0 (7.9) 
a 0 0 EE 0 0 
0 =3 =3L 0 3 0 
0 0 0 0 0 0 
and 
F Ap 
3 
FSp— sp FMe 
FM -lem 
Q= eet aks (7.10) 
FAe 
3 
FSe + zp FMe 
0 


The k matrix as given in Eq. (7.9) and the Q; vector in Eq. (7.10) represent the 
modified local stiffness matrix and fixed-end force vector, respectively, for 
plane frame members of type 2 (MT = 2). 


Members with Hinges at Both Ends (MT = 3) |f both ends of a member are 
hinged, then both of its end moments, Q3 and Qs, must be 0. Thus, by substi- 
tuting Q3 = 0 and Q6 = 0 into Eqs. 7.1(c) and (f), respectively, and solving the 
resulting simultaneous equations for the end rotations u3 and us, we obtain 


1 L 

U3 = (U2 + Us) — ggr @F Mb — FM.) (7.11a) 
Us = SiE OMF (7.11b) 
=T 2 +Us5 BET e= b $ 


Next, we substitute the foregoing equations into Eqs. (7.1) to obtain the local 
stiffness relations for the member type 3: 


EA 
Qi= et — U4) + FAp (7.12a) 
Q2 = FS — EFM + Me) (7.12b) 
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Q3=0 (7.12c) 
EA 
Q4= gr + u4) + F Ae (7.12d) 
1 
Qs = FSe + (FM + FMe) (7.126) 
Qs =0 (7.12f) 
Equations (7.12) can be expressed in matrix form as 
Q =ku +Q; 
with 
1 0 0 -1 0 0 
000 000 
EA 000 000 
ST |b 0 41.0 4 (raia 
000 000 
000 000 
and 
F Ap 
1 
FSp — CF Mp + FMe) 
0 
Qi = (7.14) 
F Ae 


1 
FSe + CF Mb + FMe) 
0 


The foregoing k matrix (Eq. (7.13)) and Q; vector (Eq. (7.14)) represent 
the modified local stiffness matrix and fixed-end force vector, respectively, 
for plane frame members of type 3 (MT = 3). Interestingly, from Eq. (7.13), 
we observe that the deletion of the third and sixth rows and columns (which 
correspond to the rotational coordinates of the plane frame members) from the 
k matrix for MT = 3 reduces it to the k matrix for members of plane trusses 
(Eq. (3.27)). 

It should be realized that, although the number of independent member 
coordinates is reduced due to member releases, the orders of the modified 
stiffness matrices k (Eqs. (7.5), (7.9), and (7.13)) and the fixed-end force vec- 
tor Qç (Eqs. (7.6), (7.10), and (7.14)) are maintained as 6 x 6 and 6 x 1, 
respectively, with 0 elements in the rows and columns that correspond to 
the released coordinates. This form of k and Q; eliminates the need to modify 
the expression for the member transformation matrix, T, derived in Chapter 6 
(Eq. (6.19)), and provides an efficient means of incorporating the effect of 
member releases in the computer program developed in Section 6.7. 
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Local Stiffness Relations for 
Beam Members with Hinges 


As discussed in Chapter 5, in beams subjected to lateral loads, the axial dis- 
placements of members are 0. Thus, a member of a beam can have up to four 
degrees of freedom: namely, a translation perpendicular to the member’s cen- 
troidal axis and a rotation, at each end. The modified stiffness relations for 
beam members with releases can be derived by applying the same procedure 
just used for members of plane frames. However, it is more convenient to ob- 
tain the modified member stiffness matrices k for beams by simply deleting the 
first and fourth rows and columns of the corresponding k matrices for plane- 
frame members. Similarly, the modified fixed-end force vectors Q; for beam 
members can be obtained by deleting the first and fourth rows of the corre- 
sponding Q; vectors for plane-frame members. 


Members with a Hinge at the Beginning (MT = 1) To obtain the modified 
stiffness matrix k for beam members of type 1, we delete rows 1 and 4 and 
columns 1 and 4 from the k matrix given in Eq. (7.5) for plane-frame members 
of the same type. This yields 


3 0-3 3L 
EL} 0 0 0 0 
ie ieee 0 3 -3L (5) 
3L 0 -3L 3L? 


k 


Similarly, the modified fixed-end force vector Q; for beam members of type 1 
can be obtained by deleting rows 1 and 4 from the Q; vector given in Eq. (7.6) 
for plane-frame members of type 1. Thus, 


3 
FS» — =F My 
0 
Qi = 3 (7.16) 
: FSe + 5 F Mp 
1 


The rotation u2 of the hinged end b of the member, if desired, can be evaluated 
by using the following relationship: 


3 1 L 
a es 5 Sipes 7.17 
U2 = 5p (U1 + U3) — 5 U4 ae; Me (7.17) 


Equation (7.17) is obtained simply by replacing uz, u3, Us, and Ug in Eq. (7.2) 
with u1, Uz, U3, and Ug, respectively. 


Members with a Hinge at the End (MT = 2) By deleting the first and fourth 
rows and columns from the k matrix given in Eq. (7.9), we obtain the modified 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 7.1 Member Releases in Plane Frames and Beams 349 


stiffness matrix for the beam members of type 2 (i.e, MT = 2): 


(7.18) 


and by deleting the first and fourth rows from the Q; vector given in Eq. (7.10), 
we determine the modified fixed-end force vector for beam members of type 2 
(MT = 2): 


3 
FSp — a F Me 


1 
FMp — aFMe 


Qi = (7.19) 


3 
FSe + a FMe 


0 


The expression for the rotation uy, of the hinged end e of the member, can be 
obtained by substituting the subscripts 1, 2, 3, and 4 for the subscripts 2, 3, 5, 
and 6, respectively, in Eq. (7.7). This yields 


3 1 L 
in A S pee 7.2 
u4 = 5, (Ui + Us) — 542 — Ger Me (7.20) 
Members with Hinges at Both Ends (MT = 3) By deleting the first and 
fourth rows and columns from the k matrix given in Eq. (7.13), we realize that 
the modified stiffness matrix for beam members of type 3 (i.e, MT = 3) isa 

null matrix; that is, 


k=0 (7.21) 


which indicates that a beam member hinged at both ends offers no resistance 
against small end displacements in the direction perpendicular to its centroidal 
axis. (Recall from Section 3.3 that the members of trusses behave in a similar 
manner when subjected to lateral end displacements— see Figs. 3.3(d) and (f).) 
By deleting the first and fourth rows from the Q; vector given in Eq. (7.14), 
we obtain the modified fixed-end force vector for beam members of type 3 
(i.e, MT = 3): 


FS) — > (FMp + FMe) 
0 
Q; = 1 (7.22) 
FSe+ 7 (FM + FMe) 


0 
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and from Eqs. (7.11) we obtain the following expressions for the rotations uz 
and ug of the hinged ends b and e, respectively, of the member. 


1 L 

U2 = (ur + U3) — GF My — FMe) (7.23a) 

ipa OFM, — FM (7.23b) 
4 = p41 + Ug) = GET í e— b) : 


Procedure for Analysis 


The analysis procedures developed in Chapters 5 and 6 can be applied to 
beams and plane frames, respectively, containing member releases, provided 
that the modified expressions for the stiffness matrices k and fixed-end force 
vectors Q;, developed in this section are used for the members with releases 
(i.e, MT = 1, 2, or 3). Furthermore, in the analysis of plane frames, the global 
stiffness matrix K for members with releases is now evaluated using the matrix 
triple product K = T'kT (Eq. (6.29)), instead of the explicit form of K given 
in Eq. (6.31), which is valid only for members with no releases (i.e., MT = 0). 
Similarly, the global fixed-end force vector F; for plane frame members with 
releases is evaluated using the relationship F; = T'Q; (Eq. (6.30)), instead of 
the explicit form given in Eq. (6.33). The rotations of the hinged member ends, 
if desired, can be evaluated using Eqs. (7.2), (7.7), and (7.11) when analyzing 
plane frames, and Eqs. (7.17), (7.20), and (7.23) in the case of beams. 


Hinged Joints in Beams and Plane Frames 

If all the members meeting at a joint are connected to it by hinged connections, 
then the joint is considered to be a hinged joint. For example, joint 4 of the two- 
story plane frame shown in Fig. 7.2(a) is considered to be a hinged joint, 


Nota 
hinged joint 


Hinged E 
d A 


(a) Plane Frame 


Fig. 7.2 
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12 


—_—— 
sal al 
13 16 


(b) Analytical Model 
(11 Degrees of Freedom) 


(c) Alternative Analytical Model 
(12 Degrees of Freedom) 


Fig. 7.2 (continued) 
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because all three members meeting at this joint are attached to it by hinged con- 
nections. However, joint 3 of this frame is not considered to be hinged, because 
only one of the three members meeting at this joint is attached by a hinged con- 
nection; the remaining two members are rigidly connected to the joint. 

As hinged joints cannot transmit any moments and are free to rotate, their 
rotational stiffnesses are 0. Thus, inclusion of the rotational degrees of freedom 
of such joints in the analysis causes the structure stiffness matrix S to become 
singular, with 0 elements in the rows and columns that correspond to the rota- 
tional degrees of freedom of the hinged joints. (Recall from your previous 
course in college algebra that the coefficient matrix of a system of linear equa- 
tions is considered to be singular if its determinant is 0; and that such a system 
of equations does not yield a unique solution.) Perhaps the most straightforward 
and efficient way to remedy this difficulty is to eliminate the rotational degrees 
of freedom of hinged joints from the analysis by modeling such joints as re- 
strained (or fixed) against rotations. This approach is based on the realization 
that because hinged joints are not subjected to any moments, their rotations are 0; 
even though the released ends of the members connected to such a joint can, and 
do, rotate. In Fig. 7.2(b), the hinged joint 4 of the example frame is modeled using 
this approach. A s indicated in this figure, an imaginary clamp is applied to hinged 
joint 4 to restrain (or fix) itagainst rotation, while allowing it to freely translate in 
any direction. J oint 4, therefore, has two degrees of freedom— the translations in 
the X and Y directions— which are identified as d4 and ds, respectively; and one 
restrained coordinate, Rig, which represents the reaction moment that develops at 
the imaginary clamp. It should be realized that because hinged joints are not sub- 
jected to any external moments (or couples), the magnitudes of the imaginary 
reaction moments at such joints are always 0. However, the assignment of 
restrained coordinate numbers to these imaginary reactions, in accordance with 
the previously established scheme for numbering structure coordinates, enables 
us to include the effect of hinged joints in the computer programs developed in 
Chapters 5 and 6 without any reprogramming. 

An alternative approach that can be used to overcome the problem of sin- 
gularity (due to the lack of rotational stiffnesses of a hinged joint) is to model 
such a joint as rigidly connected to one (and only one) of the members meeting 
at the joint. This approach is based on the following concept: as no external 
moment is applied to the hinged joint, and because the moments at the ends of 
all but one of the members meeting at the joint are 0, the moment at the end of 
the one member that is rigidly connected to the joint must also be 0, to satisfy 
the moment equilibrium equation (>` M = 0) for the joint. This alternative ap- 
proach is used in Fig. 7.2(c) to model hinged joint 4 of the example frame. As 
shown in this figure, whereas members 2 and 4 are still attached by hinged con- 
nections to joint 4, the third member 5 is now rigidly connected to this joint. 
Note that because the end of member 5 is now rigidly connected, its member 
type, which was 3 (i.e., MT = 3) inthe previous analytical model (Fig. 7.2(b)), 
is now 1 (i.e, MT = 1), as shown in Fig. 7.2(c). Joint 4 can now be treated as 
any other rigid joint of the plane frame, and is assigned three degrees of free- 
dom, d4, ds, and de, as shown in the figure— with ds representing the rotation of 
joint 4, which in turn equals the rotation of the end of member 5. 
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Needless to state, the two approaches we have discussed for modeling 
hinged joints yield identical analysis results. However, the first approach gen- 
erally provides a more efficient analytical model in terms of the number of de- 
grees of freedom of the structure. From Figs. 7.2(b) and (c), we can see that the 
analytical models of the example frame, based on the first and the alternative 
approaches, involve 11 and 12 degrees of freedom, respectively. 


EXAMPLE 7.1 Determine the joint displacements, member end forces, and support reactions for the 
plane frame shown in Fig. 7.3(a), using the matrix stiffness method. 


SOLUTION Analytical Model: The analytical model of the frame is depicted in Fig. 7.3(b). Since 
both members 1 and 2, meeting at joint 2, are attached to it by hinged connections, joint 2 
is modeled as a hinged joint with its rotation restrained by an imaginary clamp. Thus, 
joint 2 has two degrees of freedom— the translations in the X and Y directions— which are 
identified as dı and da, respectively. Also, for member 1, MT = 2, because the end of this 
member is hinged, whereas MT = 1 for member 2, which is hinged at its beginning. 

As far as the modeling of joint 4 is concerned, recall that in Chapters 5 and 6 (e.g., 
see Examples 5.7 and 6.5) we modeled such a joint as arigid joint, free to rotate, with 
its rotation treated as a degree of freedom of the structure. However, in light of the dis- 
cussion of member releases and hinged joints presented in this section, we can now 
eliminate the rotational degree of freedom of joint 4 from the analysis by modeling 
member 3 as hinged at its beginning (i.e., MT = 1), which allows us to model joint 4 
as a hinged joint with its rotation restrained by an imaginary clamp. Note that the end 


WIS 
25k —> >E | - 

m oe 

= Hinged joint 

>| 

>| 

1.2 k/ft LJ 20 ft 

>| 

mra 

ra 

= 


re 10 ft ii 10 ft = 
E, A, I = constant 
E = 29,000 ksi 
A=147 in? 
I = 800 in.* 


(a) Frame 


Fig. 7.3 
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X 
(b) Analytical Moda 
1 2 3 4 5 
| 5.0347 + 1,776.3 0 —1,776.3 0 0 1 
0 1,776.3 + 5.0347 0 —5.0347 1,208.3 2 
S= ITEA 0 1,776.3 + 5.0347 0 1,208.3 3 
0 —5.0347 0 5.0347 + 1,776.3 —1,208.3 4 
L 0 1,208.3 1,208.3 —1,208.3 290,000 + 290,000 | 5 
1 2 3 4 5 
iL FBI 0 =i, 762 0 ® Jil =9 1 
0 1,781.3 0 —5.0347 1,208.3 |2 23.438 | 2 
= || =1,7763 0 1,781.3 0 1,208.3 | 3 be = 0 3 
0 —5.0347 0 1,781.3. 1,208.3 |4 51.563 |4 
0 1,208.3 1,208.3 1,208.3 580,000 |5 3395 5 


(c) Structure Stiffness Matrix and Fixed-Joint Force Vector 


Fig. 7.3 (continued) 
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Fig. 7.3 (continued) 
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of member 3, which is connected to joint 4, can be considered to be hinged, because 
there is only one member connected to the joint that is not subjected to any external 
couple. Furthermore, the joint is supported by a hinged support which cannot exert any 
reaction moment at the joint. Thus, the moment at the end of member 3, which is con- 
nected to joint 4, must be 0; therefore, the member end can be treated as a hinged end. 
With its rotation restrained by the imaginary clamp, and its translations in the X and 
Y directions restrained by the actual hinged support, joint 4 is modeled as if it is at- 
tached to a fixed support, with no degrees of freedom, as depicted in Fig. 7.3(b). 

Thus, the entire frame has five degrees of freedom and seven restrained coordi- 
nates, as shown in Fig. 7.3(b). 


Structure Stiffness M atrix and Fixed-] oint Force Vector: 


Member 1(M7T=2) BecauseMT = 2 for this member, we use Eqs. (7.9) and (7.10) 
to determine its local stiffness matrix k and fixed-end force vector Q;, respectively. 
Thus, by substituting E = 29,000 ksi, A = 14.7 in.?, | = 800 in.4, and L = 20 ft = 
240 in. into Eq. (7.9), we obtain 


17768 0 0  —1,776.3 0 0 
0 5.0347 1,208.3 0 —5.0347 0 
k= 0 1,208.3 290,000 0 1,208.3 0 (1) 
—1,776.3 0 0 TSS) 0 0 
0 —5.0347 —1,208.3 0 5.0347 0 
0 0 0 0 0 0 


To determine the local fixed-end force vector due to the member load w = 1.2 k/ft = 
0.1 k/in., we first evaluate the fixed-end axial forces, shears, and moments in a corre- 
sponding rigidly connected member by using the expressions given insidethefrontcover: 


FAy = FAe <0 
Gy hoe ee =k 

2 
i = Fi = HEV eet 


12 


Next, we substitute the foregoing values into Eq. (7.10) to obtain the local fixed-end 
force vector for the released member under consideration: 


0 0 
> _ 36480) T 
2240) 
Q, = | 480- 5 (480) DL a 
0 0 
3(—480) ae 
2(240) 
0 0 


To obtain the member's stiffness matrix K and the fixed-end force vector F; in the 
global coordinate system, we first substitute its direction cosines, cos 6 = 0 and 
sin 6 = 1, into Eq. (6.19), to obtain the transformation matrix. 
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010 000 
-1 00 000 
001 000 
= — 3 
Wa = Wa a 0 0 010 (3) 
000-10 0 
000 0041 


Next, by substituting kı (Eq. (1)) and Tı (Eq. (3)) into the relationship K = T'kT 
(Eq. (6.29)), and performing the necessary matrix multiplications, we obtain 


6 7 8 1 2 9 

5.0347 0  —1,208.3 —5.0347 0 016 

0 1,776.3 0 0 -1,776.3 0 |7 
aala O 290,000 1,208.3 0 048 
—5.0347 0 1,208.3 | 5.0347 0 joj 

0 1,776.3 Oe EO notes 1,776.3 | 0 |2 

0 0 0 0 0 o|9 


Note that K ı is symmetric. 
Similarly, by substituting Q;ı (Eq. (2)) and Tı (Eq. (3)) into the relationship 
F; = T'Q; (Eq. (6.30)), we obtain 


oN rr ow 


From Fig. 7.3(b), we observe that the code numbers for member 1 are 6, 7, 8, 1, 2, 9. 
Using these code numbers, we store the pertinent elements of Kj and Fr; in their proper 
positionsinthe5 x 5 structure stiffness matrix S and the5 x 1 structure fixed-joint force 
vector P;, respectively, as shown in Fig. 7.3(c). 


Member 2 (MT = 1) No coordinate transformations are needed for this horizontal 
member; thatis, T2 =1, K2 = kp, and F2 = Qf2. ASMT = 1, we use Eq, (7.5) to obtain 


1 2 9 3 4 5 

1,776.3 0 O S 0 @ ya 

aes eee: 5.0347 (0 | 0 5.0347 1,208.3 | 2 

0 0 0 0 0 0 9 

ae ae ais W NO ies, (nn 0 |3 

0 —5.0347 10 | 0 5.0347 —1,208.3 |4 

0 1,208.3 10 | 0 —1,208.3 290,000 |5 

(4) 

Using the fixed-end force expressions given for loading type 1 for the 75 k member load, 
we obtain 

FAp = FAe=0 


PSfy = FS = B/S 
FMp = —FMe =2,250k-in. 
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Substitution of the foregoing values into Eq. (7.6) yields 


LN 
32,250) 
AEST 0 1 
E 23.438k |2 
0 9 
Fi2=Qi2= 0 Se aT ; (5) 
gga LC 51.563k l4 
2(240) —3,375k-in. |5 


—2,250 — 5 2,250) 


The relevant elements of K2 and F+2 are stored in S and Py, respectively, using the mem- 
ber code numbers 1, 2, 9, 3, 4, 5. 


Member 3 (MT = 1) AsE,A,1,L,andMT for member 3 are the same as for member 
2, k3 = kz as given in Eq. (4). Also, since the member is not subjected to any loads, 

Ff = Q= 0 
Furthermore, since the direction cosines of member 3 are identical to those of member 1, 
T3 = T1 as given in Eq. (3). 

To determine the member global stiffness matrix, we substitute k3 from Eq. (4), and 
T; from Eq. (3), into the relationship K = T'kT (Eq. (6.29)), and perform the necessary 
matrix multiplications. This yields 


10 1 122 3 4 5 
5.0347 0 0 — —5.0347 O  —1,208.3 |10 
0 1,776.3 0 0 -1,776.3 0 {11 
K; 0 Dies OS se SDS LT aoe ite ire 0 {12 
—5.0347 0 0; 5.0347 0 1,208.3 | 3 
0 -1,7763 0: 0 1,776.3 0 l 4 
—1,208.3 0 0 {1,208.3 0 290,000 | 5 


The pertinent elements of K 3 are stored in S using the member code numbers 10, 11, 12, 
3, 4, 5. The completed structure stiffness matrix S and the structure fixed-joint force vec- 
tor P; are given in Fig. 7.3(c). 


J oint Load Vector: By comparing Figs. 7.3(a) and (b), we write 


J oint Displacements: By solving the system of simultaneous equations representing the 
structure stiffness relationship P — P; = Sd (Eq. (6.42)), we obtain the following joint 
displacements: 
3.5801 in. 
—0.012118 in. 
d= 3.5711 in. 
—0.030106 in. 
—0.0016582 rad 


Ans 


Omer WN 
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Member End Displacements and End Forces: 


Member 1 (MT = 2) Using the member code numbers 6, 7, 8, 1, 2, 9, we write the 
global end displacement vector as 


ale Fo 0 
v |7 0 0 
æ e la 0 
asla lamas a (6) 
a das —0.012118 
wio lo 0 


Next, we obtain the local end displacement vector u by substituting the foregoing vı 
and T: (Eq. (3)) into the relationship u = Tv (Eq. (6.20)). This yields 

0 

0 

0 
—0.012118 (7) 

—3.5801 
0 

We can now determine the member local end forces Q by substituting u;, Kı (Eq. (1)), 
and Q¢1 (Eq. (2)) inthe member stiffness relationship Q = ku + Q+ (Eq. (6.4)). Thus, 


21.525 k 
33.025 k 
5,045.8k-in. 
SDT | G08 a 
-9.0247 k 


0 
These end forces for member 1 are depicted in Fig. 7.3(d). 


To generate the support reaction vector R for the frame, we evaluate the global 
end forces F for the member by applying Eq. (6.23) as 


M= = 


-33.025 16 

21.525 |7 

_ Tio, |2058 8 
AE 9.0247 |1 
ees |2 

0 9 


The pertinent elements of F, are stored in R, as shown in Fig. 7.3(e). 

It should be realized that because the member end displacement vectors v and u 
are based on the compatibility of the joint and the member end displacements, such 
vectors (in the case of members with releases) contain 0 elements in the rows that cor- 
respond to the rotations of the released (or hinged) member ends. Thus, we can see 
from Eqs. (6) and (7) that the vectors vı and u; for member 1 (with MT = 2) contain 0 
elements in their sixth rows. We can evaluate the rotation us of the released end of this 
member by using Eq. (7.7), as 

3 1 240(—480) 


= Fag C T 3-580) — 5 — Fog p00 Bo) 


= —0.021134 rad = 0.021134 rad ) 


U6 
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Because the member end rotations are the same in the local and global coordinate systems, 
ve = Ug = 0.021134 rad D 
Member 2 (MT = 1) 


vı |1 dı 3.5801 

v2 |2 d2 —0.012118 
Pee v3 |9 = 0 >i 0 

v4 |3 d3 3.5711 

vs |4 d4 —0.030106 

ve |5 d5 —0.0016582 


By using k2 from Eq. (4) and Q¢2 from Eq. (5), we compute the member end forcesto be 


15.976 k 1 
21.525 k 


Fp = lp = Lol EO) ip = ee 


2 

9 Ans 
—15.976 k 3 

4 

5 


53.476 k 
—3,834.1 k-in. 


The rotation, u3, of the released end of this member, if desired, can be calculated by 
using Eq. (7.2). 


Member 3 (MT = 1) 


vı |10 0 0 
v2 |11 0 0 
Wwe v3 | 12 = 0 = 0 
v4 | 3 d3 3.5711 
v5 | 4 d4 —0.030106 
ve | 5 d5 —0.0016582 


By using T3 from Eq. (3), we obtain 


0 
0 
0 
us =T3¥3=| _ 4 930106 
-3.5711 
—0.0016582 


Using k; from Eq. (4) and Q {3 = 0, we obtain the member local end forces as 


53.477k 
15.976 k 
0 
Q3=Kous=| 3477k HE 
—15.976k 


3,834.1 k-in. 
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The member local end forces are shown in Fig. 7.3(d). 


—15.976 | 10 
53.477 | 11 
ee ed ee ees 12 
e iecia | s 
—53.477 | 4 
3,834.1 5 

Support Reactions: See Figs. 7.3(e) and (f). Ans 


7.2 COMPUTER IMPLEMENTATION OF 
ANALYSIS FOR MEMBER RELEASES 


The computer programs developed in Chapters 5 and 6 for the analysis of 
rigidly connected beams and plane frames can be extended, with only minor 
modifications, to include the effects of member releases. In this section, we 
discuss the modifications in the program for the analysis of plane frames (Sec- 
tion 6.7) that are necessary to consider member releases. While the beam 
analysis program (Section 5.8) can be modified in a similar manner, the imple- 
mentation of these modifications is left as an exercise for the reader. 

The overall organization and format of the plane frame analysis program, 
as summarized in Table 6.1, remains the same when considering member re- 
leases. However, parts V, IX, and XII, and the subroutines MSTIFFL and 
MFEFLL, must be revised as follows: 


Member Data (Part V) This part of the program (see flowchart in Fig. 4.3(e)) 
should be modified to include the reading and storing of the member type, MT, 
for each member of the frame. The number of columns of the member data ma- 
trix MPRP should be increased from four to five, with the value of MT (= 0, 
1, 2, or 3) for a member i stored in the fifth column of the ith row of MPRP. 


Generation of the Structure Stiffness Matrix and Equivalent Joint Load 
Vector (Part IX), and Calculation of Member Forces and Support Reactions 
(Part XII) In parts IX and XII of the computer program (see flowcharts in 
Figs. 6.24 and 6.31, respectively) a statement should be added to read, for each 
member, the value of MT from the fifth column of the MPRP matrix (i.e., 
MT =MPRP (IM, 5)), before the subroutines MSTIFFL and MFEFLL are 
called to form the member local stiffness matrix BK, and the local fixed-end 
force vector QF, respectively. 


Subroutine MSTIFFL A flowchart for programming the modified version of 
this subroutine is given in Fig. 7.4 on the next page. As this flowchart indicates, 
the subroutine calculates the BK matrix using Eq. (6.6) if MT equals 0, Eq. (7.5) 
if MT equals 1, Eq. (7.9) if MT equals 2, or Eq. (7.13) if MT equals 3. 


Subroutine MFEFLL A flowchart of the modified version of this subroutine is 
shown in Fig. 7.5 on page 363. The subroutine first calculates the fixed-end forces 
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( Start Subroutine MSTIFFL ) 


/ Arguments: E, A, ZI, BL, NCJT, MT, BK / 


Initialize all elements of BK to zero 


Z= E*A/BL 
BK(1, 1) = Z, BK(4, 1) = -Z 
BK(1, 4) = —Z, BK(4, 4) = Z 


Z = E*ZI/(BL‘3) 

BK(2, 2) = 12*Z, BK(3, 2) = 6*BL*Z 

BK(5, 2) = —12*Z, BK(6, 2) = 6*BL*Z 

yes BK(2, 3) = 6*BL*Z, BK(3, 3) = 4*(BL‘2)*Z 
MT=0? BK(5, 3) = —6*BL*Z, BK(6, 3) = 2*(BL2)*Z 
BK(2, 5) = —12*Z, BK(3, 5) = —6*BL*Z 
BK(5, 5) = 12*Z, BK(6, 5) = —6*BL*Z 

BK(2, 6) = 6*BL*Z, BK(3, 6) = 2*(BL‘2)*Z 
Ae BK(5, 6) = —6*BL*Z, BK(6, 6) = 4*(BL2)*Z 


Z = E*ZI/(BL‘3), BK(Q, 2) = 3*Z 

BK(5, 2) = —3*Z, BK(6, 2) = 3*BL*Z 

MT= 1? BK(, 5) = —3*Z, BK(5, 5) = 3*Z 

BK(6, 5) = —3*BL*Z, BK(2, 6) = 3*BL*Z 
BK(5, 6) = —3*BL*Z, BK(6, 6) = 3*(BL‘2)*Z 


no 


Z = E*ZI/(BL‘3), BK(2, 2) = 3*Z 

BK(3, 2) = 3*BL*Z, BK(5, 2) = —3*Z 
BK(, 3) = 3*BL*Z, BK(3, 3) = 3*(BL‘2)*Z 
BK(5, 3) = —3*BL*Z, BK(2, 5) = —3*Z 
BK(3, 5) = —3*BL*Z, BK(5, 5) = 3*Z 


End Subroutine MSTIFFL 
Return to calling program 


< < 


Fig. 7.4 Flowchart of Subroutine MSTIFFL for Determining M ember Local Stiffness 
M atrix for Plane Frames with M ember Releases 


(FAB, FSB, FMB, FAE, FSE, and FME) in a corresponding rigidly connected 
member using the equations given inside the front cover. The QF vector is then 
formed in accordance with Eq. (6.15) if MT = 0, Eq. (7.6) if MT =1, 
Eq. (7.10) if MT = 2, or Eq. (7.14) if MT = 3. 


7.3 SUPPORT DISPLACEMENTS 


The effect of small support displacements, due to weak foundations or other 
causes, can be conveniently included in the matrix stiffness method of analysis 
using the concept of equivalent joint loads [14]. This approach, which was dis- 
cussed in Sections 5.6 and 6.5 for the case of member loads, essentially in- 
volves applying the prescribed external action (such as a system of member 
loads, support settlements, etc.) to the structure, with all of its joint displace- 
ments restrained by imaginary restraints. The structure fixed-joint forces that 
develop in the hypothetical fixed structure, as reactions at the imaginary 
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(Start Subroutine MFEFLL D 


Arguments: IML, BL, MT, MP, PM, QF PA 


Initialize FAB, FSB, FMB, FAE, FSE, FME to zero 


LDTYPE = MP(IML, 2) 


Calculate FAB, FSB, FMB, FAE, FSE and FME, for 
the value of LDTYPE, using the equations given 
inside the front cover 
(See flowchart in Fig. 6.28 for details.) 


QF(1) = QF(1) + FAB 
QF(4) = QF(4) + FAE 


QF(2) = QF(2) + FSB 
QF(3) = QF(3) + FMB 
QF(5) = QF(5) + FSE = 
QF(6) = QF(6) + FME | 
E QF(2) = QF(2) + FSB — 3*FMB/(2*BL) 
If MT = 1? >—| QF(5) = QF(5) + FSE + 3*FMB/(2*BL) > 
QF(6) = QF(6) + FME — (FMB/2) 
no y 
yes QF(2) = QF(2) + FSB — 3*FME/(2*BL) 
If MT = 2? >— QF(3) = QF(3) + FMB — (FME/2) > 
QF(5) = QF(5) + FSE + 3*FME/(2*BL) 
no 
> yes QF(2) = QF(2) + FSB — (FMB + FME)/BL 
EMT=3? QF(5) = QF(5) + FSE + (FMB + FME)/BL| T 
no 
y 
End Subroutine MFEFLL\ 
Return to calling program 1) = < 


Fig. 7.5 Flowchart of Subroutine MFEFLL for Determining M ember Local Fixed-E nd 
Force Vector for Plane Frames with M ember Releases 


restraints (i.e., at the location and in the direction of each degree of freedom of 
the actual structure), are then evaluated. The structure fixed-joint forces, with 
their directions reversed, now represent the equivalent joint loads, in the sense 
that when applied to the actual structure, they cause the same joint displace- 
ments as the original action (i.e. member loads, support settlements, etc.). 
Once the response of the structure to the equivalent joint loads has been deter- 
mined, the actual structural response due to the original action is obtained by 
superposition of the responses of the fixed structure to the original action and 
the actual structure to the equivalent joint loads. 

Theforegoing approach isillustrated inF ig. 7.6 on the next page, for the caseof 
support displacements, using an arbitrary three-degree-of-freedom frame as an ex- 
ample. Figure 7.6(a) shows the actual frame, whosesupports 3 and 4 undergo small 
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(c) Actual Frame Subjected to Equivalent Joint Loads 


Fig. 7.6 
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settlements A, and A3, respectively, causing the displacements dj, d2, and d3 of 
free joint 1. To determine the response (i.e., joint displacements, member forces, 
and support reactions) of the frame to the support settlements, we first restrain 
all the joint displacements of the frame by applying an imaginary restraint at 
joint 1, and subject this completely fixed frame to the prescribed support settle- 
ments A; and A», as shown in Fig. 7.6(b). As joint 1 of the frame, initially free, 
is now restrained from translating and rotating by the imaginary restraint, the 
structure fixed-joint forces P ¢1, P t2, and P ¢3 develop at the imaginary restraint at 
this joint. (A procedure for evaluating structure fixed-joint forces due to support 
settlements is developed in a subsequent part of this section.) Next, as shown in 
Fig. 7.6(c), we apply the foregoing structure fixed-joint forces P51, P2, and P53, 
with their directions reversed, as external loads at joint 1 of the actual frame. 

A comparison of Figs. 7.6(a), (b), and (c) indicates that the superposition 
of the support settlements and joint loads applied to the frame in Figs. 7.6(b) 
and (c) yields only the support settlements the frame is subjected to in 
Fig. 7.6(a), because each of the fixed-joint forces in Fig. 7.6(b) is canceled by 
its negative counterpart applied as a load in Fig. 7.6(c). Thus, according to the 
principle of superposition, the joint displacements dı, d2, and d3 of the frame 
due to the support settlements A; and A> (Fig. 7.6(a)) must equal the algebraic 
sums of the corresponding joint displacements of the fixed frame subjected to 
the support settlements (Fig. 7.6(b)), and the actual frame, subjected to no set- 
tlements, but to the negatives of the fixed-joint forces (Fig. 7.6(c)). However, 
since the displacements of joint 1 of the fixed frame (Fig. 7.6(b)) are 0, the joint 
displacements of the frame subjected to the negatives of fixed-joint forces 
(Fig. 7.6(c)) must equal the actual joint displacements dı, d2, and d3 of the 
frame due to the support settlements A; and A> (Fig. 7.6(a)). In other words, 
the negatives of the structure fixed-joint forces cause the same displacements 
at the locations and in the directions of the frame’s degrees of freedom as the 
prescribed support settlements; and, in that sense, such forces can be consid- 
ered as equivalent joint loads. 

It should be realized that the foregoing equivalency is valid only for joint 
displacements. From Fig. 7.6(b), we can see that the end displacements of the 
members of the fixed frame are not 0. Therefore, the member end forces and sup- 
port reactions of the actual frame due to settlements (Fig. 7.6(a)) must be 
obtained by superposition of the corresponding responses of the fixed frame 
(Fig. 7.6(b)) and the actual frame subjected to the equivalent joint loads 
(Fig. 7.6(c)). 

It may be recalled from Chapters 5 and 6 that, in the case of member loads, 
the response of the fixed structure was evaluated using the fixed-end force ex- 
pressions for various types of member loads, as given inside the front cover; 
and that the fixed-joint force vector P; was obtained by algebraically adding 
the fixed-end forces of members meeting at the joints (via the member code 
numbers). A procedure for evaluating the member fixed-end forces, and the 
structure fixed-joint forces, due to support settlements is presented in the fol- 
lowing paragraphs. With the fixed-joint forces known, the response of the 
structure to the equivalent joint loads can be determined, using the standard 
matrix stiffness methods described in Chapters 3 through 6. 
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Evaluation of Structure Fixed-Joint Forces Due to 
Support Displacements 


We begin by establishing a systematic way of identifying the support displace- 
ments of a structure. For that purpose, let us reconsider the three-degree-of- 
freedom frame of Fig. 7.6(a), subjected to the support settlements A; and Ap. 
The frame is redrawn in Fig. 7.7(a), with its analytical model depicted in 
Fig. 7.7(b). From Fig. 7.7(b), we observe that the frame has nine support reac- 
tions, which are identified by the restrained coordinate numbers 4 through 12. 
Thus, the frame can be subjected to a maximum of nine support displacements. 
The numbers assigned to the restrained coordinates are also used to identify the 
support displacements, with a support displacement at the location and in the 
direction of a support reaction R; denoted by the symbol dsi. Thus, a compari- 
son of Figs. 7.7(a) and (b) shows that for the frame under consideration, 


dog = — A1 and doy = —A? (7.24) 
with the remaining seven support displacements being 0. The negative signs 


(a) Frame Subjected to Support Settlements 


2 


(b) Analytical Model 


Fig. 7.7 
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(c) Fixed Frame Subjected to Support Settlements 


(2) (3) 
Fess Fha 
(e) Free Body of Joint 1 —Fixed Frame 


Fig. 7.7 (continued) 
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assigned to the magnitudes A; and Aj of dsg and ds11 indicate that these sup- 
port displacements occur in the negative Y (i.e, downward) direction. 

To illustrate the process of evaluating a structure’s fixed-joint forces due to 
a prescribed set of support settlements, we restrain the joint displacements of 
the example frame by applying an imaginary restraint atjoint 1, and subject this 
hypothetical completely fixed frameto the given support settlements A; and Az, 
as shown in Fig. 7.7(c). The structure fixed-joint forces that develop at the imag- 
inary restraint at joint 1 are denoted by P 1, P¢2, and P¢3 in the figure, with the 
fixed-joint force corresponding to an ith degree of freedom denoted by P;;. To 
evaluate the fixed-joint forces, we first determine the displacements that the 
support settlements A; and A; cause at the ends of the members of the fixed 
frame. The free-body diagrams of the three members of the hypothetical fixed 
frame are depicted in Fig. 7.7(d). From Figs. 7.7(c) and (d), we observe that, 
while the settlements of supports 3 and 4 do not cause any displacement in 
member 1, they induce downward displacements of magnitudes A; and Ao, re- 
spectively, atthe lower ends of members 2 and 3. Note that all other member end 
displacements are 0, because all the joint displacements of the fixed frame are 0, 
with the exception of the known support settlements. Thus, the end displace- 
ments of members 2 and 3, respectively, can be expressed in vector form, as 


0 7 0 1 
—A, |8 0 2 
Vis2 = : ; and = Vfs3 = A i (7.25) 
0 2 —A? |11 
0 3 0 12 


in which vfs represents the member global fixed-end displacement vector due 
to support displacements. The foregoing member global fixed-end displace- 
ment vectors can be directly generated using the member code numbers, which 
define the member compatibility equations. For example, from Fig. 7.7(b), we 
can see that the code numbers for member 2 are 7, 8, 9, 1, 2, 3. By comparing 
these member code numbers with the support displacements of the frame, 
dss = —Az and ds1ı = — A? (See Eq. (7.24)), we conclude that all the elements 
of Vfs2 are zero, with the exception of the element in the second row which 
equals — Aj (i.e., ve = dsg = — A1). Similarly, by examining the code num- 
bers 1, 2, 3, 10, 11, 12 of member 3, we realize that the only nonzero element 
of vfs3 is in the fifth row and it equals — A3 (i.e., vÊ? = d;11 = — A2). 

Once the member fixed-end displacement vectors vfs have been deter- 
mined, they are used to calculate the corresponding member global fixed-end 
force vectors due to support displacements, Fts, through the member global 
stiffness relationship (Eq. (6.28)) derived in Chapter 6. By substituting 
F = Fi, V = Ws, and Fy = O into Eq. (6.28), we obtain the following relation- 
ship between Fr, and vis: 


Fi; = K Wis (7.26) 
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With the member global fixed-end forces known, the structure fixed-joint 
forces due to the support displacements can be evaluated using joint equilib- 
rium equations. Thus, for the example frame, we apply the three equations of 
equilibrium, X` Fx =0, >> Fy = 0,and ` M = 0, to the free body of joint 1 
(see Fig. 7.7(e)) to obtain the following expressions for the fixed-joint forces in 
terms of the member fixed-end forces: 


Pra = Fat Fi (7.27a) 
Pra = FRF 270) 
Pr3= FS + FS (7.27¢) 


The structure fixed-joint force vector for the support settlements of the exam- 
ple frame can, therefore, be expressed as 


2) G) 
F fs4 T Ffi 
P; = Fe + F8 (7.28) 
(2) (3) 
Fise + Fess 


As demonstrated in Chapters 5 and 6 for the case of member loads, the 
structure fixed-joint force vectors P; can be conveniently generated by employ- 
ing the member code number technique. The application of the technique re- 
mains the same in the case of support displacements, except that the elements 
of the member global fixed-end force vectors due to support displacements, Fts, 
must now be added into P;. When a structure is subjected to more than one type 
of action requiring evaluation of fixed-joint forces (e.g., member loads and 
support settlements), then the fixed-joint forces representing different types of 
actions can be conveniently combined into a single P; vector. For example, in 
the case of a frame subjected to member loads and support settlements, the el- 
ements of the two types of member fixed-end force vectors— that is, due to 
member loads (F+) and support displacements (F;)— can be stored in a single 
P; vector using the member code number technique. 

Once the structure fixed-joint forces due to support displacements have 
been evaluated, the structure stiffness relations P — P; = Sd (Eq. (6.42)) can 
be solved for the unknown joint displacements d. With d known, the member 
global end displacement vector v for each member is determined by applying 
the compatibility equations defined by its code numbers. For members that are 
attached to the supports that undergo displacements, the displacements of the 
supported ends, due to the corresponding support displacements, must be in- 
cluded in the member global end displacement vectors v. The inclusion of 
support displacements in the v vectors automatically adds the response of the 
fixed structure to support settlements (see, for example, Fig. 7.6(b)) into the 
analysis, thereby enabling us to evaluate the member local and global end 
forces, and support reactions, using the procedures developed in previous 
chapters. 
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Procedure for Analysis 


Based on the discussion presented in this section, we can develop the follow- 
ing step-by-step procedure for the matrix stiffness analysis of framed struc- 
tures due to support displacements. 


1. Prepare an analytical model of the structure, and determine its structure 
stiffness matrix S. If the structure is subjected to member loads, then 
evaluate its fixed-joint force vector P; due to the member loads. If the 
structure is subjected to joint loads, then form its joint load vector P. 


2. Calculate the structure fixed-joint force vector P: (NDOF x 1) due to 
the given support displacements. If a P; vector was formed in step 1 for 
member loads, then store the member fixed-end forces due to support 
displacements in the previously formed P; vector. For each member 
that is attached to the supports that undergo displacements, perform the 
following operations: 


a. Identify the member code numbers, and form the member global 
fixed-end displacement vector, Vis, from the specified support dis- 
placements, ds. Note that the support translations are considered 
positive when in the positive directions of the global X and Y axes, 
and support rotations are considered positive when counterclock- 
wise. For beams, form the member local fixed-end displacement 
vector due to support displacements, Urs, using the same process. 

b. Evaluate the member global fixed-end force vector due to support 
displacements, Fts, using the relationship Fts = Kv, (Eq. (7.26)). 
For beams, evaluate the member local fixed-end force vector due to 
support displacements, Q;;, using the relationship Qfs = kuks. 

c. Using member code numbers, store the pertinent elements of Fy, or 
Qr; for beams, in their proper positions in the structure fixed-joint 
force vector Py. 


3. Determine the unknown joint displacements d by solving the structure 
stiffness relationship, P — P; = Sd. 


4. Compute member end displacements and end forces, and support reac- 
tions. For each member of the structure, carry out the following steps. 


a. Obtain member end displacements in the global coordinate system, 
v, from the joint displacements d and the specified support dis- 
placements dsi, by using the member code numbers. For beams, ob- 
tain the member local end displacements, u, using the same process, 
and then go to step 4c. 

b. Determine the member end displacements in the local coordinate 
system, u, by using the transformation relationship u = Tv. 

c. Calculate the member end forces in the local coordinate system, Q, by 
using the stiffness relationship Q = ku + Qr. If the member is not 
subjected to any member loads, then Q; = 0. For beams, go to step 4e. 

d. Compute the member end forces in the global coordinate system, F, 
using the transformation relationship F = T'Q. 
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e. If the member is attached to a support joint, then use the member 
code numbers to store the pertinent elements of F, or Q for beams, 
in their proper positions in the support reaction vector R. 


EXAMPLE 7.2 Determine the joint displacements, member axial forces, and support reactions for the 
plane truss shown in Fig. 7.8(a) due to a settlement of 5 in. of support 4. Use the 
matrix stiffness method. 


+ 12ft +/+ 12 ft = 


(b) Analytical M oda 


Fig. 7.8 
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—49.039 
—65.386 
0 
130.78 
49.039 
—65.386 


oN o Nf WwW 


(c) Support Reaction Vector 


© 


49.039 k 49.039 k 
—_—/— SS 


65.386 k 130.78 k 65.386 k 
(d) Support Reactions 


Fig. 7.8 (continued) 


SOLUTION This truss was analyzed in Example 3.8 for joint loads. In this example, we use the 
same analytical model of the truss, so that the various member and structure matrices 
calculated in the previous example can be reused herein. 


Analytical Model: See Fig. 7.8(b). The truss has two degrees of freedom and six re- 
strained coordinates. 


Structure Stiffness M atrix: From Example 3.8, 


696 0 a 
s= 0 a] Kjin: (1) 
Joint Load Vector: As the truss is not subjected to any loads, 
P—0 (2) 


Structure Fixed-] oint Force Vector Due to Support Displacements: From the analytical 
model of the truss in Fig. 7.8(b), we can see that the given .5 in. settlement (i.e., verti- 
cally downward displacement) of support joint 4 occurs at the location and in the direc- 
tion of the reaction Rg. Thus, the given support displacement can be expressed as 


dsg = —0.5 in. 


From Fig. 7.8(b), we observe that member 3 is the only member attached to support 4 
that undergoes displacement. Thus, using the member's code numbers 7, 8, 1, 2, we 
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form its global fixed-end displacement vector due to support displacement as 


visi | 7 0 0 
_ | Ufs2 8 = dsg _ | =05 | , 
Vis3 = Se item 0 = 0 In. 
Uf s4 2 0 0 


Next, we evaluate the global fixed-end force vector F fs3 due to the support settle- 
ment, for member 3, using the member global stiffness matrix K 3 calculated in Ex- 
ample 3.8, and Eq. (7.26). Thus, 


348 —464 —348 464 0 ] [ 232 ie 
—464 618.67 464 -—618.67 || —0.5 —309.33 | 8 
Frs3 =K3V453 = = |S 
—348 464 348 —464 0 —232 1 
464 —618.67 —464 618.67 0 309.33 | 2 


From the member code numbers, which are written on the right side of Ffs3, we real- 
ize that the elements in the third and fourth rows of Ffs3 should be stored in rows 1 and 
2, respectively, of the P; vector. Thus, the structure fixed-joint force vector, due to the 
support settlement, is given by 


Fey 
He | ae i 2 


Joint Displacements: By substituting P (Eq. (2)), Ps (Eq. (3)), and S (Eq. (1)) into the 
structure stiffness relationship, we write 


P — P; = Sd 


0] [-232 ]_f 232 ] f6 0 Jfa 
o] | 309.33] |-30933]~ | 0 2,143.6] La 


By solving these equations, we determine the joint displacements to be 


Ie s 
=| 0.14431 |2 ` i 


M ember End Displacements and End Forces: 


Member 1 Using the member code numbers 3, 4, 1, 2, we write the global end dis- 
placement vector as 


v |3 0 0 

ns v2 |4 = 0 = 0 in 
v3 |1 dı 0.33333 
v4 |2 d2 —0.14431 


Next, we determine the member local end displacement vector uy, using the 
transformation matrix Tı from Example 3.8, and Eq. (3.63), as 


06 08 0 0 0 0 
merme —0.8 06 0 0 0 |o in. 

0 0 0.6 0.8 0.33333 0.08455 

0 0 -0.8 0.6 } | —0.14431 —0.35325 
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We can now calculate the member local end forces Q, by applying the member 
stiffness relationship, Q = ku (Eq. (3.7)). Thus, using kı from Example 3.8, we obtain 


966.67 0 —966.67 0 0 -81.732 
o 0 a 0 0 

Qı=ku =| 96667 0 966.67 0 0.08455 | 5| 81.732 |“ 
o o0 o o || —0.35325 0 


Recall from Chapter 3 that the member axial force equals the first element of the Qı 
vector; that is, 


Qa = —81.732 k 
in which the negative sign indicates that the axial force is tensile, or 
Qai = 81.732 k (T) Ans 
By applying Eq. (3.66), we determine the member global end forces as 
0.6 -0.8 0 0 —81.732 —49.039 |3 
SUS en ‘i a a ae nee = Sn : k 
0 0 08 06 0 65.386 |2 


U sing the member code numbers 3, 4, 1, 2, we store the pertinent elements of F in the 
support reaction vector R (see Fig. 7.8(c)). 


Member 2 
vı |5 0 0 
A N E Z 
ama a l I a 
v4 |2 d2 —0.14431 
Using T2 from Example 3.8, we calculate 
01 00 0 0 ] 
—1 0 0 0 0 0 , 
wE a a a Eaa Ea 
0 0 —1 0|] —0.14431 —0.33333 
Next, using kz from Example 3.8, we determine the member local end forces to be 
906.25 0 906.25 0 0 130.78 
0o 0 Oe 0 0 0 
Q@2=ku =| 99625 0 906.25 0 || -0.14431 | 7 | -130.78 |“ 
0 0 0 0 | | —0.33333 0 
Qa? = 130.78 k (C) Ans 
=f Os A 130.78 Y Js 
oTo 0 o |_| 130.78 |6 
PERR o o ee Oe lacs 
0 01 0 0 —130.78 |2 
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Member 3 
v |7 0 0 
v2 |8 _ | dss | _ | —0.5 p 
W= lam S al os 
ala |e —0.14431 


Note that the support settlement dss = —0.5 in. is included in the foregoing global 
end displacement vector v3 for member 3. Next, using the member's direction cosines, 
cos 6 = —0.6 and sin 6 = 0.8, and Eq. (3.61), we evaluate its transformation matrix: 


—0.6 08 0 0 

—0.8 —0.6 0 0 
0 0 —06 08 
0 0  —0.8 —0.6 


and determine the member local end displacements as 


—0.6 08 0 0 0 —0.4 
ee —0.8 —0.6 0 0 —0.5 _| 03 ini 
0 0 —0.6 08 0.33333 —0.31545 
0 0 -0.8 —0.6 | | —0.14431 —0.18008 


To obtain the member local stiffness matrix, we substitute E = 29,000 ksi, 
A = 8 in.?, and L = 240 in. into Eq. (3.27): 


966.67 0 —966.67 0 
0 0 0 0 
—966.67 0 966.67 0 
0 0 0 0 


k3 = k/in. 


The member local end forces can now be computed as 


966.67 0 —966.67 0 —0.4 —81.732 
0 0 0 0 0.3 0 
Q3=ksts=| 966.67 0 966.67 0 || -031545|~ | 81.732 
0 0 0 0 —0.18008 0 
Thus, 
Qa3 = —81.732 k = 81.732 k (T) Ans 
Finally, we calculate the member global end forces as 
—06 -08 0 0 —81.732 49.039 |7 
Eo To 0.8 —0.6 0 0 0 _ | —65.386 | 8 
ee 0 0 —0.6 —0.8 81.732 | | -49.039 |1 
0 0 0.8 —0.6 0 65.386 | 2 


and store the pertinent elements of F3 in the reaction vector R, as shown in Fig. 7.8(c). 


Support Reactions: The completed reaction vector R is shown in Fig. 7.8(c), and the 
support reactions are depicted on a line diagram of the truss in Fig. 7.8(d). Ans 
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Equilibrium Check: Applying the equilibrium equations to the free body of the entire 
structure (Fig. 7.8(d)), we write 


+>} FfFx=0 —49.039 + 49.039 = 0 Checks 
dt pS ley =) —65.386 + 130.78 — 65.386 = 0.008 ~ 0 Checks 
+ CY Mo=0 130.78(12) — 65.386(24) = 0.096 k-ft ~ 0 Checks 


EXAMPLE 7.3 Determine the joint displacements, member end forces, and support reactions for the 
continuous beam shown in Fig. 7.9(a), due to the combined effect of the uniformly 
distributed load shown and the settlements of 45 mm and 15 mm, respectively, of 
supports 3 and 4. Use the matrix stiffness method. 


SOLUTION Analytical Model: See Fig. 7.9(b). The structure has two degrees of freedom and six 
restrained coordinates. N ote that member 3 is modeled as being hinged at its right end 


15 kN/m 
Sale ee ee 
© eo G Ci 


8m =i 8m | 8 m —] 
EI = constant 
E =70GPa 
| = 102(10°) mm4 
(a) Beam 


(b) Analytical M odel 


1 2 1 2 
g- | 350 3.570 1,785 1 | 7,140 1,785 |1 
g 1,785 3,570 + 2,677.5 |2 | 1,785 6,247.5 |2 


(c) Structure Stiffness Matrix 


el eee ay on 
A | —80+120]2 ~ | 40 2 


(d) Structure Fixed-Joint Force Vector Due to Member Loads 


Fig. 7.9 
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P= 0+ 30.122 |) XO 22 |i 
T T | 404 30.122 — 10.041 |2 | 60.081 |2 
(e) Structure Fixed-Joint Force Vector Due to Member Loads and 
Support Displacements 


15 kN/m 15 kN/m 15 kN/m 


a » C 2 T 
76.512 86.976 86.976 jornoe™ sO ETO 


58.692 61.308 60.159 59.841 TOTS 49.287 
(f) M ember End Forces 


58.692 3 58.692 KN 
76.512 4 76.512 kN-m 
_ | 61.308 + 60.159 |5 _ | 121.47 kN 
~ | 59.841+70.713 }6 | 130.55 kN 
49.287 7 49.287 KN 
0 8 0 


(g) Support Reaction Vector 


15 kN/m 


ES! ene as ete eT te 
£ © OQ QO C 


(h) Support R eactions 


Fig. 7.9 (continued) 


(i.e, MT = 2), because the moment at that end of the member must be 0. This 
approach enables us to eliminate the rotational degrees of freedom of joint 4 from the 
analysis, by modeling it as a hinged joint with its rotation restrained by an imaginary 
clamp. 


Structure Stiffness M atrix and Fixed-] oint Forces Due to M ember Loads: 


Members 1and 2 (MT = 0) By substituting E = 70(10°) kN/m?, I = 102(10-*) m4, 
and L = 8 m into Eq. (5.53), we evaluate the member stiffness matrices k as 


Member 2 — 5 1 6 2 
Member 1 — 3 4 5 1 
167.34 669.38 —167.34 669.38 |3 i 5 
669.38 3,570 —669.38 1,785 A Hil 
kı = k = i (1) 
—167.34 —669.38 167.34 —669.38 |5 ‘6 
669.38 1,785 —669.38 3,570 il #2 
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Using the equations given inside the front cover, we evaluate the fixed-end shears and 
moments due to the 15 kN/m uniformly distributed load as 


FSp=FSe=60kKN FMp=—-FM,.=80kN-m (2) 
Thus, using Eq. (5.99), we obtain the member fixed-end force vectors: 
60 |3; 5 
80 |4: 1 
Qn = Q= 60 |5 : 6 (3) 
—80 |1; 2 


M ember A L M ember 2 


Next, using the code numbers for member 1 (3, 4, 5, 1) and member 2 (5, 1, 6, 2), we 
store the pertinent elements of kı and kz into the structure stiffness matrix S, as shown 
in Fig. 7.9(c). Similarly, the pertinent elements of Qfı and Q¢2 are stored in the struc- 
ture fixed-joint force vector P;, as shown in Fig. 7.9(d). 


Member 3 (MT = 2) Because MT = 2 for this member, we use Eqs. (7.18) and 
(7.19) to determine its stiffness matrix k and fixed-end force vector Q;, respectively. 
Thus, by applying Eq. (7.18), we obtain 


6 2 7 8 
41.836 334.69 —41.836 01/6 
k= 334.69 2,677.5 —334.69 0 |2 (4) 
—41.836 —334.69 41.836 0 |7 


0 0 0 0 


Next, by substituting the values of the fixed-end shears and moments from Eq. (2) into 
Eq. (7.19), we obtain the fixed-end force vector for the released member 3 as 


[eo] 


3(—80) 75 16 

60 — a l 
1 120 | 2 

80 — =(—80) 

Q= 2 = | (5) 

3(—80) 45 |7 

60 + 78) 
0 0/8 


The relevant elements of k3 and Q¢3 are stored in S and Py, respectively, using the 
member code numbers 6, 2, 7, 8. The completed structure stiffness matrix S, and the 
P; vector containing the structure fixed-joint forces due to member loads, are shown in 
Figs. 7.9(c) and (d), respectively. 


Structure Fixed-] oint Forces Due to Support Displacements: From the analytical 


model given in Fig. 7.9(b), we observe that the given support displacements can be 
expressed as 


ds6 = —0.045 m ds7 = —0.015 m 


A s members 2 and 3 are attached to the supports that undergo displacements, we com- 
pute, for these members, the fixed-end forces due to support displacements, and add 
them to the previously formed P; vector due to member loads. 
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Member 2 Using the member code numbers 5, 1, 6, 2, we form its fixed-end dis- 
placement vector due to support displacements, as 


Ufsi |5 0 0 

_ || Gi |_|] © | 0 
OES Wie le | Gy eames. | 

te Ve la 0 


Next, using the member stiffness matrix from Eq. (1) and the member stiffness relation- 
ship Qy; = kus, we evaluate the fixed-end force vector due to support displacements, as 


167.34 669.38 —167.34 669.38 0 


Ore = korn =| 90938 3.570 669.38 1,785 0 
fs =e fs2 =) 167.34 —669.38 167.34 —669.38 | | —0.045 
669.38 1,785  —669.38 3,570 0 


30.122 | 2 


The relevant elements of Q;.2 are now added into the previously formed P;, using the 
member code numbers, as indicated in Fig. 7.9(e). 


Member 3 Based on the member code numbers 6, 2, 7, 8, its fixed-end displace- 
ment vector, due to support displacements, is written as 


Ufs1 | 6 dse —0.045 
Iwel lol l| 
w=] ka ly l T l ams 
Ufs4 8 0 0 


Using k; from Eq. (4), we calculate 


41.836 334.69 —41.836 0 |[ —0.045 
Oca e = | 33469. 2.6775 a 0 || 0 
fs3 = oi = | 41.836 —334.69 41.836 0 || —0.015 
0 0 0 oll o 
=1.2551 |6 
=10.041 |2 
1.2551 |7 
0 8 


The pertinent elements of Qts3 are stored in P; using the member code numbers. The 
completed structure fixed-joint force vector Ps, due to member loads and support dis- 
placements, is given in Fig. 7.9(e). 


Joint Load Vector: Since no external loads are applied to the joints of the beam, its 
joint load vector is 0; that is 


P=0 
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Joint Displacements: By substituting the numerical values of P, P;, and S into 
Eq. (5.109), we write the stiffness relations for the entire beam as 
P — P; = Sd 


0] [30.122] [—30.122] _ [7,140 1,785 ]fd: 
o| [60.081] | —60.081 | | 1,785 6,247.5 | | do 
By solving these equations, we determine the joint displacements to be 


a 
~ [| —9.0585 


Member End Displacements and End Forces: 


lk x 10-3 rad Ans 


Member 1 Using the member code numbers 3, 4, 5, 1, we write its end displacement 


vector as 
u1 |3 0 0 
u2 14 0 0 5 
— — — 1 
ael lmla 0 a (6) 
ug |1 dı —1.9541 


The member end forces can now be calculated using the member stiffness rela- 
tionship Q = ku + Qç (Eq. (5.4)). Thus, using k; from Eq. (1), Q¢1 from Eq. (3), and 
u; from Eq. (6), we calculate 


58.692 kN 
76.512 kN -m 
61.308 kN 


—86.976 kN -m 


The end forces for member 1 are depicted in Fig. 7.9(f). To generate the support re- 
action vector R, we store the pertinent elements of Q; in R, using the member code 
numbers, as shown in Fig. 7.9(g). 


Qi =kin +Q = Ans 


om A w 


m. 


M ember 2 
u |5 0 0 
u2 |1 dı —1.9541 = 
= = = 1 
k U3 6 ds6 —45 x 10 (7) 
Ua 2 d2 —9.0585 


Note that the support displacement dss is included in the foregoing end displacement 
vector for member 2. Using k2 from Eq. (1), Q¢2 from Eq. (3), and uz from Eq. (7), we 


determine 
„60.159 KN | 5 
86.976 kN -m | 1 
Qa= Kote FO "50.841 KN | 6 oi 
—85.705 kN -m | 2 
Member 3 
ui |6 ds6 —45 
U2 |2 d2 —9.0585 = 
= = — 8 
u3 feta ce 45 x 10 (8) 
u4 |8 0 0 
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The rotation, u4, of the released end of this member, if desired, can be evaluated using 
Eq. (7.20). Finally, using k; from Eq. (4), Qf3 from Eq. (5), and u; from Eq. (8), we 
calculate the member end forces as 


10.713 KN | 6 
85.705 KN -m |2 
RSE eee ay | ss 
0 8 
The member end forces are shown in Fig. 7.9(f). 


Support Reactions: The completed reaction vector R is shown in Fig. 7.9(g), and the 
support reactions are depicted on a line diagram of the beam in Fig. 7.9(h). Ans 


EXAMPLE 7.4 Determine the joint displacements, member local end forces, and support reactions for 
the plane frame of Fig. 7.10(a), due to the combined effect of the loading shown and 
a settlement of 1 in. of the left support. Use the matrix stiffness method. 


SOLUTION This frame was analyzed in Example 6.6 for external loading. In this example, we use 
the same analytical model of the frame, so that the various member and structure 
matrices calculated previously can be reused in the present example. 


Analytical Model: See Fig. 7.10(b). The frame has three degrees of freedom and six 
restrained coordinates. 


2 
a oe 1.5 k/ft y sA i 
$y Te yt yy 
ry 1 , 
© fa] © 3 
10 ft 90k | 
8 
| | 
A 
10 ft 
Y r ; 
< 10 ft s= | = 20 ft = A 
E, A, | = constant 
E = 29,000 ksi 5 
A= 11.8 in2 l 
| = 310 in.4 (b) Analytical M odel 
(a) Frame 
Fig. 7.10 
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a oo ee eet 
25.325 k } N 25.325 k 
7.4235 k 22.576 k 


(c) M ember Local End Forces 


1,500 kin. 


G 0.125 k/in. 
Fy yey yyy ty 25.325 k 
© 21 © ae 


| 1,537 kin. 


22.576 k 


25.313 k 


4 
97.404k |5 
1,431.7 k-in. | 6 533k @) 
7 
8 
9 


—25.325k 
aan kin. 


22.576 k 
—1,537k-in. 
as 97.404 k 
(d) Support Reaction Vector (e) Support Reactions 


RZ 


Fig. 7.10 (continued) 
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Structure Stiffness M atrix: As determined in Example 6.6, the structure stiffness ma- 
trix for the frame, in units of kips and inches, is given by 


1,685.3 507.89 670.08 
S= 507.89 1,029.2 601.42 (1) 
670.08 601.42 2,838.48 
Structure Fixed-] oint Forces Due to Member Loads: From Example 6.6, 
0]1 
PE = 60 |2 (2) 
—750 13 
Joint Load Vector: From Example 6.6, 
071 
= 0 |2 (3) 
—1,500 ] 3 


Structure Fixed-] oint Forces Due to Support Displacement: From Fig. 7.10(b), we 
observe that the given 1 in. downward displacement of support 1 can be expressed as 


dos = —lin. 
As member 1 is the only member attached to support 1, we form its global fixed-end 


displacement vector due to support displacement, using the member code numbers 4, 
5,6, 1, 2h, BS 


0 


Ufs1 
Ufs2 


4 
5 ols 

— | Ufs3 6 e 0 
Visl = Pei o 
vess |2 0 

vise | 3 0 

Next, we substitute the member global stiffness matrix Kı (given in Example 6.6) and 
the foregoing vs; vector into Eq. (7.26), to evaluate the member global fixed-end 


force vector, Ffsı, due to support settlement: 


—507.89 | 4 


Fis. = KiWps1 = | mena 


ul 

© 

S 

[ee] 

wo 
WNr DD UI 


Based on the member code numbers, we add the elements in the fourth, fifth, and 
sixth rows of Ffsı into rows 1, 2, and 3, respectively, of the previously formed P; vec- 
tor (Eq. (2)), to obtain the structure fixed-joint force vector due to the combined effect 
of the member loads and support displacement, as 


0 + 507.89 1 507.89 
P; =| 60+1,0214 |2 = 1,081.4 (4) 


—750 — 335.04 ] 3 —1,085.04 
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Joint Displacements: By substituting P (Eq. (3)), Py (Eq. (4)), and S (Eq. (1)) into 
Eq. (6.42), we write the stiffness relations for the entire frame as 


P—P; = Sd 


0 507.89 —507.89 1,685.3 507.89 670.08] [di 
0 — | 1,081.4 |= | —1,081.4 | = 507.89 1,029.2 601.42 | | d2 
—1,500 —1,085.04 —414.96 670.08 601.42 283,848 | | d3 
Solving these equations, we determine the joint displacements to be 
0.017762 in. 1 
d = | —1.0599 in. 2 Ans 
0.00074192 rad _| 3 
Member End Displacements and End Forces: 


Member 1 
vı |4 0 0 
v2 |5 ds5 —1 
nele 6 a 0 = 0 
v4 |1 dı 0.017762 
vs |2 d2 —1.0599 
ve |3 d3 0.00074192 
U sing the member transformation matrix Tı from Example 6.6, and Eq. (6.20), 
we calculate 
—0.89443 
—0.44721 
u = T1Vv) = : 
—0.94006 
—0.48988 
0.00074192 


Next, we use the member local stiffness matrix kı and fixed-end force vector Qt 
from Example 6.6, and Eq. (6.4), to compute the local end forces as 


98.441 k 
20.919 k 
1,431.7 k-in. 
Qi = kiu, + Qf = 17.943 k Ans 
19.331 k 


—1,218.6 k-in. 


The local member end forces are depicted in Fig. 7.10(c). 
Themember global end forces F can now be determined by applying Eq. (6.23), as 


25.313 | 4 


5 
6 
—25.314 | 1 
2 
3 


—1,218.6 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 7.4 Computer Implementation of Support Displacement Effects 385 


Using the member code numbers, the pertinent elements of F are stored in the reac- 
tion vector R (see Fig. 7.10(d)). 


Member 2 The global and local end displacements for this horizontal member are 


vı |1 dı 0.017762 

v2 |2 d2 —1.0599 
Tene v3 |3 = d3 E 0.00074192 

v4 |7 0 0 

vs |8 0 0 

ve |9 0 0 


Using k2 and Q;2 from Example 6.6, we compute the member local and global 
end forces to be 
25.325 k 
7.4235 k 
—281.39 k-in. 
F2 = Q2 = kuz + Qf2 = p 55 305 k E 
22.576 k 
—1,537 k-in. 


The pertinent elements of F2 are stored in R. 


oon wn ere 


Support Reactions: See Figs. 7.10(d) and (e). Ans 


7.4 COMPUTER IMPLEMENTATION OF 
SUPPORT DISPLACEMENT EFFECTS 


The computer programs developed previously can be extended with relative 
ease, and without changing their overall organization, to include the effects of 
support displacements in the analysis. From the analysis procedure developed 
in Section 7.3, we realize that inclusion of support displacement effects essen- 
tially involves extension of the existing programs to perform three additional 
tasks: (a) reading and storing of the support displacement data, (b) evaluation 
of the structure fixed-joint forces due to support displacements, and (c) inclu- 
sion of support displacements in the member end displacement vectors, before 
calculation of the final member end forces and support reactions. 

In this section, we consider the programming of these tasks, with particu- 
lar reference to the program for the analysis of plane frames (Section 6.7). The 
modifications necessary in the plane truss and beam analysis programs are also 
described. 


Input of Support Displacement Data The process of reading and storing the 
support displacements is similar to that for inputting the joint load data (e.g., 
see flowcharts in Figs. 4.3(f) and 5.20(b)). This process can be conveniently 
programmed using the flowchart given in Fig. 7.11 on the next page. The support 
displacement data consists of (a) the number of supports that undergo displace- 
ments (NSD), and (b) the joint number, and the magnitudes of the displace- 
ments, for each such support. A s indicated in Fig. 7.11, thejoint numbers of the 
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CStart Support Displacement Input) 


á Read NSD 


Dimension JSD(NSD), SDJ(NSD, NCJT) 


IT=1 


I< NSD? ro 


yes 
A Read JSD), SDJ(/, 1), SDJQ, 2), ..., 
SDJ(U, NCJT) y 


< I=I+1 


Print Support Displacement Input Data }~<— 


Continue to Next Part 


Fig. 7.11 Flowchart for Reading and Storing Support 
Displacement Data 


supports that undergo displacements are stored in an integer vector J SD of order 
NSD x 1, with their displacements stored in the corresponding rows of a real 
matrix SDJ of order NSD x NCJT. For example, in the case of plane frames, 
the support displacement matrix SDJ would be of order NSD x 3, with the sup- 
port translations in the X and Y directions and the rotations being stored in the 
first, second, and third columns, respectively, of the matrix SDJ . 

This subprogram for inputting support displacement data can be conve- 
niently added as Part Vic in the computer programs for the analysis of plane 
frames (see Table 6.1) and beams (see Table 5.1); and it can be inserted be- 
tween Parts VI and VII of the plane truss computer program (see Table 4.1). 


Evaluation of Structure Equivalent Joint Loads Due to Support Displace- 
ments |n this part of the program, the equivalent joint loads, or the negatives 
of the structure fixed-joint forces (i.e., —P;) due to support displacements, are 
added to the structure load vector P. A flowchart for constructing this part of 
the plane frame analysis program is presented in Fig. 7.12. As this flowchart 
indicates, the program essentially performs the following operations for each 
member of the structure. 


1. First, the program determines whether the member under consideration, 
IM, is attached to a support that undergoes displacement, by comparing the 
member beginning and end joint numbers to those stored in the support 
displacement vector J SD. If the member is not attached to such a support, then 
no further action is taken for that member. 
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C Start Part IXb ) 


Dimension GK(2*NCJT, 2*NCJT), BK(2*NCJT, 2*NCJT), 
FF(2*NCJT), V(2*NCJT) 


M=! 
IM=IM+1 > IM < NM? = > 
yes 
JB = MPRPUM, 1) R T= 1 
JE = MPRP(IM, 2) ICOUNT = 0 


yes 


I = MPRP(IM, 3), E = EM(/) 


I = MPRP(IM, 4), A = CPU, 1) TB or JE = JSD)? no 
ZI = CPU, 2), MT = MPRP(IM, 5) 
XB = COORD(JB, 1) yes | 
YB = COORD(JB, 2) 
XE = COORD(JE, 1) ICOUNT = 1 > 
YE = COORDVE, 2) | 


BL = SQR((XE — XB)^2 + (YE — YB)^2) 
CX = (XE — XB)/BL 
CY = (YE — YB)/BL 


Call, in order, Subroutines: 


MSTIFFL, MTRANS MSTIFFG 


Initialize all elements of V to zero 


Call Subroutine MFEDSD 


Call Subroutine MFEF SD 


Call Subroutine STOREPF 


Continue to Part X -4 


Fig. 7.12 Flowchart for Generating Structure Equivalent J oint Load Vector Due to Support 
Displacements 


2. If the member is attached to a support that undergoes displacement(s), 
then its global stiffness matrix GK (= K) is obtained by calling, in order, the 
subroutines MSTIFFL (Fig. 7.4), MTRANS (Fig. 6.26), and MSTIFFG 
(Fig. 6.27). 

3. Next, the program calls the subroutine MFEDSD to form the member 
global fixed-end displacement vector, V (= vts), due to support displacements. 
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CStart Subroutine MFEDSD ) 


Arguments: JB, JE, NCJT, NSD, JSD, SDJ, V 


no 


“a J< NCIT? > 
T=I+1 JSD() = JE? 
yes 


[ Vu) = Vi) + SDI. J) 


> 
mS 
ll 

Š 
& 
mj 
+ 


J=J+1 


no 
J < 2*NCJT? y 


VV) = VV) + SDJ, J — NCJT) 


> 


J=J+1 > 


< 


End Subroutine MFEDSD\ 
Return to calling program 1) 


Fig. 7.13 Flowchart of Subroutine MFEDSD for Determining M ember Global Fixed- 
End Displacement Vector Due to Support Displacements 


As the flowchart in Fig. 7.13 indicates, this subroutine first checks the support 
displacement vector J SD to determine if the beginning joint of the member, 
JB, is a support joint subjected to displacements. If J B is such a joint, then the 
values of its displacements are read from the corresponding row of the support 
displacement matrix SDJ , and stored in the appropriate elements of the upper 
half of the member fixed-end displacement vector V. The process is then re- 
peated for the end joint of the member, J E, with any corresponding support dis- 
placements being stored in the lower half of V. 


4. Returning our attention to Fig. 7.12, we can see that the program then 
calls the subroutine MFEFSD (Fig. 7.14), which evaluates the member global 
fixed-end force vector due to support settlements FF ( = Fts), using the rela- 
tionship Fr; = K vfs (Eq. (7.26)). 

5. Finally, the negative values of the pertinent element of FF are added in 
their proper positions in the structural load vector P, using the subroutine 
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CStart Subroutine MFE FSD) 


ZL Arguments: NCIT, GK, V, FE / 


Initialize all elements of FF to zero 


FE) = FFU) + GK, J)*VJ) >~ J=J+1 


End Subroutine MFEFSD 4 
Return to calling program 1) 
Fig. 7.14 Flowchart of Subroutine MFEFSD for Determining 


Member Global Fixed-End Force Vector Due to Support 
Displacements 


STOREPF, which was developed in Chapter 6 (Fig. 6.30). When these 
operations have been completed for each member of the frame, the structure load 
vector P contains the equivalent joint loads (or the negatives of the structure 
fixed-joint forces) due to support displacements. 


This subprogram, designated Part IX b in Fig. 7.12, can be conveniently in- 
serted between Parts IX and X of the program for the analysis of plane frames 
(see Table 6.1). The flowcharts given in Figs. 7.12 through 7.14 can be used to 
develop the corresponding part of the beam analysis program (see Table 5.1), 
provided that: (a) the member global vectors V (= vts) and FF (= Fj.) are re- 
placed by the local vectors U (= us.) and QF (= Qs), respectively; (b) the 
member local stiffness matrix BK (= k) is used, instead of the global matrix 
GK (= K), in subroutine MFEFSD; and (c) the subroutine STOREPF devel- 
oped in Chapter 5 (Fig. 5.28) is employed to store the negative elements of QF 
in the structure load vector P. The process of programming the corresponding 
part of the plane truss analysis program is essentially the same as discussed 
herein for the case of plane frames, except that the subroutine STOREPF 
(Fig. 6.30) should be copied from the plane frame analysis program and added 
to the plane truss program. 


Calculation of Member Forces and Support Reactions (Part XII) Parts X || of 
the programs developed previously (see flowcharts in Figs. 6.31, 5.30, and 4.14) 
should be modified to include support displacements in the end displacement 
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vectors of members attached to supports, before the end forces for such mem- 
bers are calculated. This can be achieved by simply calling the subroutine 
MFEDSD (Fig. 7.13) in these programs, to add the compatible support dis- 
placements to the member end displacement vectors. In the plane frame and 
truss analysis programs (Figs. 6.31 and 4.14, respectively), the subroutine 
MFEDSD should be called after the subroutine MDISPG has been used to form 
the member global end displacement vector V (= v) due to the joint displace- 
ments d, but before the subroutine MDISPL is called to evaluate the member 
local end displacement vector U (= u). In the program for the analysis of beams 
(Fig. 5.30), however, the subroutine MFEDSD should be called after the sub- 
routine MDISPL has been used to form the member end displacement vector 
U (= u) from the joint displacements d, but before the member end forces are 
calculated using the subroutine MFORCEL. Furthermore, as discussed previ- 
ously, before it can be used in the beam analysis program, the subroutine 
MFEDSD (as given in Fig. 7.13) must be modified to replace V with U. 

It may be of interest to note that the program for the analysis of plane 
frames, which was initially developed in Chapter 6 and has been extended in 
this chapter, is quite general, in the sense that it can also be used to analyze 
beams and plane trusses. W hen analyzing a truss using the frame analysis pro- 
gram, all of the truss members are modeled as hinged at both ends with 
MT = 3, and all the joints of the truss are modeled as hinged joints restrained 
against rotations by imaginary clamps. 


7.5 TEMPERATURE CHANGES AND 
FABRICATION ERRORS 


Like support displacements, changes in temperature and small fabrication 
errors can cause considerable stresses in statically indeterminate structures, 
which must be taken into account in their designs. However, unlike support 
displacements, which are generally specified with reference to the global coor- 
dinate systems of structures, temperature changes and fabrication errors, like 
member loads, are usually defined relative to the local coordinate systems of 
members. Therefore, the stiffness methods developed previously for the analy- 
sis of structures subjected to member loads, can be used without modifications 
to determine the structural responses to temperature changes and fabrication 
errors. The only difference is that the fixed-end forces, which develop in mem- 
bers due to temperature changes and fabrication errors, must now be included 
in the member local fixed-end force vectors QF. 

In this section, we derive the expressions for the fixed-end forces that de- 
velop in the members of framed structures due to temperature changes and two 
common types of fabrication errors. The application of these fixed-end force 
expressions in analysis is then illustrated by some examples. 


Member Fixed-End Forces Due to Temperature Changes 


We can develop the desired relationships by first determining the displace- 
ments caused by temperature changes at the ends of members that are free to 
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Temperature increase = T; 


—_ =a 


Temperature 
increase = Tp Ay 


(b) Temperature Variation 
(a) Simply Supported Member over Member Depth 
Subjected to Temperature Change 


(c) Member End Rotation 


Fig. 7.15 


deform. The fixed-end forces required to suppress these member end displace- 
ments can then be obtained, using the member stiffness matrices. 

To examine member end displacements due to temperature changes, let us 
consider an arbitrary simply supported member of a plane frame, as shown in 
Fig. 7.15(a). Now, assume that the member is heated so that the temperature in- 
crease of its top surface is T; and that of its bottom surface is Tẹ, with the tem- 
perature increase varying linearly between T; and Tp over the depth d of the 
member cross-section, as shown in Fig. 7.15(b). N ote that the temperature does 
not vary along the length of the member. B ecause the member is simply sup- 
ported (so that it is statically determinate), it is free to expand in the longitudi- 
nal direction. If we assume that the member cross-section is symmetric about 
the xz plane (Fig. 7.15(b)) containing its centroidal axis, then the temperature 
increase at the level of the centroidal axis (i.e., at the distance d/2 from the top 
or bottom of the member) would be (T, + T+)/2. This temperature increase 
causes the member's centroidal axis to elongate by an amount Az: 


To +T 
Ay =a (5 ‘) L (7.29) 


in which œ denotes the coefficient of thermal expansion. 
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In addition to the axial deformation Az , the member also undergoes bend- 
ing as its top and bottom surfaces elongate by different amounts (because they 
are subjected to different temperature increases). For example, as depicted in 
Fig. 7.15, if Te > Tt, then the member bends concave upward, causing the 
cross-sections at its ends b and e to rotate inward, as shown. Since the temper- 
ature increase is uniform along the member's length, the rotations of its two 
end cross-sections must be equal in magnitude. From Fig. 7.15, we can see that 
these member end rotations can be related to the temperature change by divid- 
ing one-half of the difference between the elongations of the bottom and top 
fibers of the member, by its depth. Thus, 
a(Tp — Tt) 

2d 
in which 6; represents the magnitude of the rotations of the member end cross- 
sections which, in turn, equal the slopes of the elastic curve of the member at 
its ends, as shown in Figs. 7.15(a) and (c). 

Using the sign convention for member local end displacements estab- 
lished in Chapter 6, we can express the local end displacement vector ur for the 
simply supported member, due to the temperature change, as 


= (7.30) 


0 1 0 
0 2 0 
_|-@ |3_ 2L | -(>-TH/d 
UT =) Ap [4 To +Tt vn) 
0 5 0 
Or | 6 (Tp — Tr) /d 


in which the rotation of the beginning, b, of the member is negative, because it 
is clockwise, whereas the rotation of the member end, e, which has a counter- 
clockwise sense, is positive. 

The member fixed-end forces necessary to suppress its end displacements 
ur can now be established by applying the principle of superposition, as illus- 
trated in Fig. 7.16. Figure 7.16(a) shows a fixed member of a plane frame sub- 
jected to a temperature increase, causing fixed-end forces to develop at its 
ends. In Fig. 7.16(b), the corresponding simply supported member is subjected 
to the same temperature change, causing the displacements ur (Eq. (7.31)) at 
its ends, but no end forces; in Fig. 7.16(c), the simply supported member is 
subjected to the same fixed-end forces that develop in the fixed member of 
Fig. 7.16(a), but no temperature change. By comparing Figs. 7.16(a) through 
(c), we realize that the response of the fixed member of Fig. 7.16(a) must equal 
the superposition of the responses of the two simply supported members of 
Figs. 7.16(b) and (c). Therefore, since the end displacements of the fixed 
member due to the temperature change are 0 (Fig. 7.16(a)), its fixed-end 
forces, when applied to the simply supported beam (Fig. 7.16(c)), must cause 
the end displacements, —ur, that are equal in magnitude but opposite in direc- 
tion to those due to the temperature change, ur (Fig. 7.16(b)). The forces that 
can cause the end displacements —ur in the simply supported member can be 
conveniently obtained by premultiplying the negative of the ur vector given in 
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Temperature 


increase = T, 7 
© ©] ~" 
m RS e J 
FM, T Temperature 


increase = T, | 


(a) Fixed Member Subjected to Temperature Change 
and Fixed-End Forces (No End Displacements) 


© ao increase = T, 


Temperature increase = T, 


(b) Simply Supported Member Subjected to Temperature 
Change Only (End Displacements = u7) 


(c) Simply Supported Member Subjected to Fixed-End 
Forces Only (End Displacements = —u,) 


Fig. 7.16 


Eq. (7.31), by the member local stiffness matrix k (Eq. (6.6)). Thus, 


ad E- 0 0 = 0 0 ° | 
val 0 12 6L 0 -12 6L o 
FMp | El 0 6L 4? 0 -6L  2L?|/ al\ j|- -Td 
a [TEJ a o t o a ce 
FSe | 0 -12 -6l 0 12 -6l 0 
| | 0 6L 2L? 0 —6L AL? (To — Ti) /d 
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From which we obtain 


F Ab A (Tb + Tt) /2 

F Sp 0 

FMp | | (To — Tt) /d 

Fae | | Ady + 10/2 ven 
F Se 0 

FM. —| (Tp — Tt) /d 


Thus, the fixed-end forces for the members of plane frames can be expressed as 


fee een (==) 


P (7.33) 
FMs = -FMe = Ela ( a E) 


The expressions for the fixed-end moments, given in Eqs. (7.33), can also be 
used for the members of beams. H owever, as the beam members are free to ex- 
pand axially, their fixed-end axial forces are 0 (i.e., F Ap = FAe = 0). Similarly, 
the expressions for the fixed-end axial forces, given in Eqs. (7.33), can be used 
for the members of trusses; however, the fixed-end moments must now be set 
equal to 0 (i.e, FM, =FMe=0) in Eqs. (7.33), because the ends of truss 
members are free to rotate. 

The fixed-end force expressions given in Eqs. (7.33) are based on a lin- 
early varying temperature change over the depth of the member cross-section. 
If the member is subjected to a uniform temperature increase, Tu, over its 
depth, then the corresponding expressions for fixed-end forces can be obtained 
by simply substituting Tp = Tt = Ty into Eqs. (7.33). This yields 


F Ap = —F Ae = EAaTy (7.34) 


As Eqs. (7.34) indicate, the member fixed-end moments would be 0 in the case 
of a uniform temperature change, because such a temperature change has no 
tendency to bend the member, but only to cause axial deformation. Equa- 
tions (7.34) can be used to determine the fixed-end forces for the members of 
plane frames and trusses subjected to uniform temperature changes. A s stated 
previously, the members of beams are free to expand in their axial directions; 
therefore, a uniform temperature change does not cause any fixed-end forces in 
such members. 


Member Fixed-End Forces Due to Fabrication Errors 


In structural analysis terminology, fabrication error is used to refer to a small 
initial deformation of a member in its unstressed state. The expressions for 
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Be |® O) Or 


Ik Design length = L >|: 7 
Fabrication error = e, 


Fig. 7.17 


member fixed-end forces due to fabrication errors can be derived in a manner 
similar to that for the case of temperature changes. In the following paragraphs, 
we develop the fixed-end force expressions for two common types of fabrica- 
tion errors. 


Errors in Initial Member Length Consider amember of a plane frame with 
a specified design length L. Now, suppose that the member is fabricated so that 
its initial unstressed length is longer than the specified length L by an amount 
€a, as shown in Fig. 7.17. As the distance between the fixed supports is L, the 
supports must exert a compressive axial force of magnitude EAe,/L on the 
member to reduce its length from L + ea to L, so that it can fit between the sup- 
ports. Thus, the fixed-end forces that develop in the member due to its fabri- 
cated length being too long by an amount e, are 


Equations (7.35) can also be used to obtain fixed-end forces for the members 
of trusses due to fabrication errors in their lengths. 


Errors in Initial Member Straightness A nother type of fabrication error com- 
monly encountered in structural design involves a lack of initial straightness of 
the members of beams and plane frames. Figure 7.18(a) on the next page shows 
such a member of a beam, which somehow has been fabricated with an initial 
bend, causing a small deflection e at a distance |; from the member's left end. To 
determine the fixed-end forces for this member, we first express the member end 
rotations æ and ĝe in terms of the fabrication error ep, as (see Fig. 7.18(a)) 


_ & _ & 
h hk 


Using the sign convention established for beam members in Chapter 5, we 
write the local end displacement vector ue for the member, due to the fabrication 


Ob and Oe (7.36) 
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\_ Design configuration 


po 


(a) Unstressed Member with Fabrication Error 


Initial configuration 
due to fabrication error 


y 


FM, 
FS, FS, 
B L | 
(b) Fixed Member with Fabrication Error 
Fig. 7.18 
error, aS 
0 |1 0 
— |2 —1/l 
Ue = 0. 3 =e i 1 (7.37) 


in which the rotation of the beginning, b, of the member is considered to be 
negative, because it has a clockwise sense. The member fixed-end forces 
(Fig. 7.18(b)) necessary to suppress the end displacements ue can now be de- 
termined by premultiplying the negative of the Ue vector by the member local 
stiffness matrix k (Eq. (5.53)). Thus, 


FS, 12 6L —12 6L 0 

FM, | EL 6L 4L? -6L 2L? hae —1/lı 

FS. | L3 | -12 —6L 12 —6L 2 0 

FMe 6L 2L? —6L 4L? WAP 
3(l2 — l1) 


— 2El & | L(2l2— l1) 
~ L lil, 3(11 — l2) 
L (lo — 2l1) 


(7.38) 
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Therefore, the fixed-end forces for the members of beams are: 


GEI e, 
FM, = 2E e o lp (7.39) 
Lll 
Pia = a ai 
Llil2 


As the fabrication error e, is assumed to be small, it does not cause any axial 
deformation of the member; therefore, no axial force develops in the fixed 
member (i.e., FAp = F Ae = 0). Thus, the expressions for the fixed-end forces 
given in Eq. (7.39) can also be used for the members of plane frames. 


Procedure for Analysis 


As stated at the beginning of this section, the procedures for the analysis of 
beams and plane frames, including the effects of temperature changes and fabri- 
cation errors, remain the same as developed in Chapters 5 and 6, respectivel y— 
provided that the member fixed-end forces caused by the temperature changes 
and fabrication errors are now included in the member local fixed-end force 
vectors Q;. In the case of plane trusses, however, the member and structure 
stiffness relationships must now be modified, to include the effects of 
temperature changes and fabrication errors, as follows: (a) the member local 
stiffness relationship given in Eq. (3.7) should be modified to Q = ku + Qç, 
(b) the member global stiffness relationship (Eq. (3.71)) now becomes 
F = Kv + Fy, and (c) the structure stiffness relationship (Eq. (3.89)) should be 
updated to include the structure fixed-joint forces as P — P; = Sd. The struc- 
ture fixed-joint force vector P; can be generated using the member code num- 
ber technique as discussed in Chapter 6 for the case of plane frames. 


EXAMPLE 7.5 Determine the joint displacements, member axial forces, and support reactions for 
the plane truss shown in Fig. 7.19(a) on the next page, due to the combined effect of the 
following: (a) the joint loads shown in the figure, (b) a temperature drop of 30° F in 
member 1, and (c) the fabricated length of member 3 being i in. too short. Use the 
matrix stiffness method. 


SOLUTION This truss was analyzed in Example 3.8 for joint loads only, and in Example 7.2 for a 
support displacement. 


Analytical Model: See Fig. 7.19(b). The analytical model used herein is the same as 
used in Examples 3.8 and 7.2. 


Structure Stiffness M atrix: From Example 3.8, 


696 0 A 
s-| 0 r] k/in. (1) 
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L 12 ft L 12ft d 
E = 29,000 ksi 
a = 6.5(10-6)/°F 
(a) Truss 
2 


6 
(b) Analytical Model 


27.144 — 72.5 1 —45.356 | 1 
i = = 
36.192 + 96.667 |2 132.86 |2 


(c) Structure Fixed-Joint Force Vector Due to Temperature 
Changes and Fabrication Errors 


Fig. 7.19 
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—31.125 ]3 
—41.5 4 
183 6 
—118.87 |7 
158.5 8 


(d) Support Reaction Vector 


300 k 


| 


150 k——> 


| | | 


415k 183k 5851K 
(e) Support Reactions 


Fig. 7.19 (continued) 


Joint Load Vector: From Example 3.8, 
150 
E= E K (2) 
Structure Fixed-] oint Force Vector Due to Temperature Changes and 
Fabrication Errors: 


Member 1 By substituting E = 29,000 ksi, A = 8 in.?, æ = 6.5(10-®)/° F, and 
Ty = —30° F into Eqs. (7.34), we evaluate the member fixed-end forces, due to the 
specified temperature change, as 

FAp = —F Ae = —45.24 k 
Thus, the local fixed-end force vector for member 1 can be expressed as 


F Ap —45.24 
_ || e 0 
Qn= FA. | | 45.24 ‘ (3) 
F Se 0 


Next, we obtain the global fixed-end force vector for this member by applying the 
transformation relationship F; = T'Q;, while using the transformation matrix Tı from 
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Example 3.8. Thus, 


0.6 —0.8 0 0 —45.24 ~27.144 |3 
amn os aG 0 o |_| —36.192 |4 
R 0 06 —0.8 45.24 5 37144 | 1 * 

0 0 08 06 0 36.192 |2 


From the member code numbers 3, 4, 1, 2, which are written on the right side of 
F;1, we realize that the elements in the third and fourth rows of Fr should be stored 
in rows 1 and 2, respectively, of the 2 x 1 structure fixed-joint force vector P;, as 
shown in Fig. 7.19(c). 


Member 3 By substituting ea = — in. into Eq. (7.35), we obtain 


— 29,0008) / 1\_ 
RAPE RAR 2002 ( 3) = 120.83 k 
Thus, 
F Ap —120.83 
akap |) 0 
SO oN =) lice ie (4) 
re} [a 
Using T3 from Example 7.2, we calculate 
—0.6 -08 0 0 —120.83 72.5 7 
LTT _| 08 -06 0 0 0 _ | —96.667 | 8 
Be N a ie auc oes | apes ia 
0 0 0.8 —0.6 0 | 96.667 |2 


The relevant elements of Fr3 are stored in P; using the member code numbers. The 
completed structure fixed-joint force vector P;, due to temperature change and fabri- 
cation error, is given in Fig. 7.19(c). 


Joint Displacements: By substituting P (Eq. (2)), Py (Fig. 7.19(c)), and S (Eq. (1)) 
into the structure stiffness relationship, we write 


P — P; = Sd 


150] f —45.356] [ 195.36] [69 0 Jfa 
-300 132.86 |~ |—432.86| 7| 0 2,143.6] | dz 


Solving the foregoing equations, 


Ja 0.28068 1. A 
= | —0.20193 |2 ` 5 
M ember End Displacements and End Forces: 
Member 1 
0 |3 0 
Vv = Oakes 0 in 
fee [17] 0.28068 | ` 
d |2 —0.20193 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 7.5 Temperature Changes and Fabrication Errors 401 


0 


uy = Tiv = 0 in. 
0.006864 


—0.3457 


Next, we calculate the member local end forces by applying the member stiffness 
relationship Q = ku + Qs. Thus, using kı from Example 3.8, and Qf from Eq. (3), 


we obtain 
966.67 0 —966.67 0 0 —45.24 
0 0 0 0 0 0 
=k = 
Qi=Kin+Qn=! eor o 966.67 0 0.006864 | | 45.24 
0 0 0 0 —0.3457 0 
from which, 
—51.875 
0 
=| 51875 
0 
Thus, 
Qazi = —51.875 k = 51.875 k (T) Ans 
—31.125 |3 
kro NES e 
Fr = 1101 E a | 1 * 
41.5 2 
The pertinent elements of Fı are stored in the support reaction vector R in 
Fig. 7.19(d). 
Member 2 
015 0 
VY = = 0 in 
2= j d1] 028068] ~ 
dz |2 —0.20193 
Using T2 from Example 3.8, we obtain 
01 00 0 0 
=—1 0 00 0 0 ; 
“=T o Od 0.28068 | 7 | —0.20193 | '™ 
00 -1 0 —0.20193 —0.28068 


With Q¢2 = Oand k: obtained from Example 3.8, we determine the member local end 
forces to be 


906.25 0 —906.25 0 0 183 
0o 0 0 0 0 0 
Q2=ku2 =| 49625 0 906.25 0 | | -0.20193 |= | -183 | © 
0 0 0 0| | —0.28068 0 
Qaz = 183 k (C) Ans 
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015 
_ Io. | 1836 
F2 =T,Q,= 011 
—183 |2 
Member 3 
017 0 
V3 = ae ee in 
3= jda |17] 0.28068 |e 
da |2 | —0.20193 
0 
0 , 
u Te | _9 39995 |! 
—0.10339 


Using k; from Example 7.2 and Q;3 from Eq. (4), we calculate 


966.67 0 —966.67 0 0 

0 0 0 0 0 
—966.67 0 966.67 0 | | —0.32995 
0 0 0 0 | | —0.10339 


Q3 = k3u3 + Q73 = 


—120.83 198.12 
0 0 
*) 120.83 | ~ | —198.12 
0 0 
Q 33 = 198.12 k (C) Ans 
—118.87 |7 
Ber gee (see ae 
fF Nese 118.87 | 1 
—158.5 |2 
Support Reactions: See Figs. 7.19(d) and (e). Ans 


EXAMPLE 7.6 Determine the joint displacements, member end forces, and support reactions for the 
three-span continuous beam shown in Fig. 7.20(a), due to a temperature increase of 
10° C at the top surface and 70° C at the bottom surface, of all spans. The temperature 
increase varies linearly over the depth d = 600 mm of the beam cross-section. Use the 
matrix stiffness method. 


SOLUTION This beam was analyzed in Example 7.3 for member loads and support settlements. 


Analytical Model: See Fig. 7.20(b). The analytical model used herein is the same as 
used in Example 7.3. 
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ay 10°C 
@ © @ o 
mm 
< 8m =j- 8m -j 8m | | 
E, I, a = constant 
E=10GPa 70°C 
I= 102(10°) mm4 Temperature Variation 
a = 2.36(10-5)/*C 
(a) Beam 


p —16.85+ 16.85 ] 1 0 1 
f — | -16.854+25.276|2 ~ | 8.4252 ]2 
(c) Structure Fixed-Joint Force Vector 

Due to Temperature Change 


(b) And ytical Model 


17.498 15.554 = 15.554 21.387 = 21.387 


> NEN a 


0.243 0.243 0.7291 0.7291 9.6734 2.6734 
(d) M ember End Forces 


0.243 3 0.243 KN 
17.498 4 17.498 kN.m 
R —0.243 — 0.7291 |5 = —0.9721 kN 
0.7291 + 2.6734 | 6 3.4025 kN 
—2.6734 7 —2.6734 kN 
0 8 0 


(e) Support Reaction Vector 


apee 
t } t I 


0.243 kN 0.9721 kN 3.4025 kN 2.6734 kN 
(£) Support Reactions 


Fig. 7.20 
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Structure Stiffness M atrix: As determined in Example 7.3, the structure stiffness matrix 
for the beam, in units of KN and meters, is 


a 1,785 | 


1,785 6,247.5 (2) 


J oint Load Vector: 
P—0 (2) 
Structure Fixed-] oint Force Vector Due to Temperature Change: 


Members 1 and 2 (MT = 0) By substituting the numerical values of E, I, L, a, 
d = 0.6m, Tt = 10°C and Tp = 70°C into Eq. (7.33), we evaluate the member fixed- 
end moments due to the given temperature change as 


FM p = —FMe = 70(10°)(102)(10~*)(2.36)(10->) (=) = 16.85kN-m (3a) 
FSp = FS. = 0 (3b) 
Thus, 
0 215 
16.85 | 4/1 
Qi =Qr2 = 0 5 6 (4) 
—16.85]} 1:2 


M ember 1— i L --M ember 2 


N ext, using the member code numbers, we store the pertinent elements of Q {1 and Q f2 in 
their proper positions in the structure fixed-joint force vector P; , as shown in Fig. 7.20(c). 


Member 3 (MT = 2) Because MT = 2 for this member, we substitute the values of 
fixed-end moments and shears from Eqs. (3) into Eq. (7.19) to obtain the fixed-end 
force vector for the released member 3 as 


316.85) 
~ 2(8) 
1 3.1595 J 6 
aoe 16.85 — 5(-16.85) | | 25.276 | 2 
a 9 4. 316.85) =| -3.1595 | 7 (5) 
a o s 
0 


The relevant elements of Q f3 are stored in Py using the member code numbers. The 
completed structure fixed-joint force vector P; due to the temperature change, is 
shown in Fig. 7.20(c). 


Joint Displacements: The structure stiffness relationship P — P; = Sd for the entire 
beam can be written as 


O J] [7,140 1,785 ][d 
8.4252 }~ 1,785 6,247.5 | | de 
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By solving these equations, we determine the joint displacements to be 


d= | Eo x 10~ rad Ans 
Member End Displacements and End Forces: 
Member 1 
073 0 
Ma = : : = x 1074 
di jl 3.6308 
Using kı from Example 7.3 and Q¢1 from Eq. (4), 
0.243 KN 3 
Qı = kit + Qf = oie : Ans 
—15.554kN-m_} 1 


The end forces for member 1 are depicted in Fig. 7.20(d). To generate the support 
reaction vector R, the pertinent elements of Qı are stored in R, as shown in 


Fig. 7.20(e). 
Member 2 
075 0 
ar | 2 _ | 3.6308 A 
U2 = ale = 0 x10 
d2 |2 —14.523 


Using kz from Example 7.3 and Q ¢2 from Eq. (4), 


—0.7291 kN 75 
Q2 = kauz + Qf2 = : Cains 
—21.387 kN-m | 2 
Member 3 
076 0 
ne r 2 a x 10-4 
018 0 
Using k3 from Example 7.3 and Q;3 from Eq. (5), 
2.6734 KN") 6 
EE e m 
0 8 
The member end forces are shown in Fig. 7.20(d). 
Support Reactions: See Figs. 7.20(e) and (f). Ans 
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EXAMPLE 7.7 Determine the joint displacements, member end forces, and support reactions for the 
plane frame shown in Fig. 7.21(a) due to the combined effect of the following: (a) a 
temperature increase of 75° F in the girder, and (b) the fabricated length of the left 
column being i in. too short. Use the matrix stiffness method. 


SOLUTION This frame, subjected to joint and member loads, was analyzed in Example 7.1. 


Analytical Model: See Fig. 7.21(b). The analytical model used herein is the same as 
used in Example 7.1. 


Structure Stiffness M atrix: As determined in Example 7.1, the structure stiffness ma- 
trix for the frame, in units of kips and inches, is 


1,781.3 0 —1,776.3 0 0 
0 1,781.3 0 —5.0347 1,208.3 
S=] -1,776.3 0 1,781.3 0 1,208.3 (1) 
0 —5.0347 0 1,781.3 —1,208.3 
0 1,208.3 1,208.3 —1,208.3 580,000 
Joint Load Vector: 
P=0 (2) 


Structure Fixed-J oint Force Vector Due to Temperature Changes and 
Fabrication Errors: 


Member 1 (MT = 2) By substituting the numerical values of E, A, L, and ea = -} in. 
into Eq. (7.35), we obtain the member fixed-end forces, due to the specified fabrica- 
tion error, as 

FAp = —F Ae = —444.06 k 

FSp =F = F= FMe=0 


ASMT = 2, we use Eq. (7.10) to form the member local fixed-end force vector. Thus, 
—444.06 


(3) 


Using the member transformation matrix, Tı, from Example 7.1, we evaluate the 
global fixed-end force vector as 


Pp NG |= 


oO 
NF ON DD 


oOo 
wo 


Next, using the member code numbers, we store the pertinent elements of Fr, in their 
proper positions in the 5 x 1 structure fixed-joint force vector Ps, as shown in 
Fig. 7.21(c). 
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S 


Hinged joint 


20 ft 


| 20 ft 4 
E, A, I, a = constant 
E = 29,000 ksi 
A=147 in? x 
I = 800 in.* 
a = 6.5(10~)/°F 
(a) Frame 
(b) Analytical Model 
0.60671 0.61419 
0.61418 | 0.6048 0604s 0.61416 
——— e IM — 
| 2 147.4 147.4 
eae 0.61416 0.61416 
444.06 | 2 ` Í 
P; =| —207.82 |3 
0 4 
0.61418 0.61416 
0 5 ee ae 
(c) Structure Fixed-Joint Force Vector 147.4 | 
Due to Temperature Changes 0.60671 0.61419 


and! Fabrication Errors (d) Member Local End Forces 


Fig. 7.21 
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[ 061418k | 6 
Bay osek _ |O O| osek 
R= 0 9 
—0.61416k |10 147.4 k-in. 
0.61419k |11 
L l2 pens 0.61419 k 
(e) Support Reaction Vector (f) Support Reactions 


Fig. 7.21 (continued) 


Member 2 (MT = 1) By substituting thenumerical valuesofE,A,a, and Tu = 75°F into 
Eq. (7.34), we evaluate the member fixed-end forces, due to the given temperature change: 
F Ap = —F Ae = 207.82k 
FSp = FSe =FMp =FMe=0 


AsMT = 1, we use Eq. (7.6) to form this horizontal member's local and global fixed- 
end force vectors: 


207.82 


(4) 


N 
oO 
N 
foe} 
N 
me WON FF 


The relevant elements of Fr2 are stored in P; using the member code numbers. The 
completed structure fixed-joint force vector P;, due to the temperature change and fab- 
rication error, is given in Fig. 7.21(c). 

Joint Displacements: Solving the structure stiffness relationship P — P; = Sd, we 
obtain the following joint displacements. 


—0.12199 in. 
—0.24965 in. 
d= | —0.0053343 in. 
—0.00034577 in. 
0.00053051 rad 


Ans 


OP WN Pe 
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Member End Displacements and End Forces: 


Member 1 (MT = 2) 


076 0 
o l7 0 
w-|° [8] 9 
dı |1 ~ | —0.12199 
də |2 | —0.24965 
0 |9 0 
0 
0 
0 
w Ta Aes 
0.12199 
0 


Using kı from Example 7.1 and Qfı from Eq. (3), 


—0.60671 k 
—0.61418 k 
—147.4 k-in. 
0.60671 k 
0.61418 k 
0 


Qi =kiu + Qf = Ans 


These end forces are depicted in Fig. 7.21(d). 


0.61418 
—0.60671 


—0.61418 
0.60671 


pany 
D 
ear 
P 
WoONr OND 


The pertinent elements of F, are stored in R, as shown in Fig. 7.21(e). 
Member 2 (MT = 1) 


di |1 —0.12199 

d |2 —0.24965 
Pene 0 J9_ 0 

d3 13 —0.0053343 

d4 |4 —0.00034577 

ds 15 0.00053051 


Using kz from Example 7.1 and Q;2 from Eq. (4), 
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0.60448k |1 
0.61416 k |2 
F= Q: = ku: + 0n = |--—-~ peed 4 Ans 
—0.60448 k |3 
0.61416k |4 
—147.4k-in. |5 
Member 3 (MT = 1) 
0 |10 0 
0 |11 0 
= 0 |12 _ 0 
71 d3 | 3 ~ | —0.0053343 
d4 | 4 —0.00034577 
ds || 5 0.00053051 
Using T3 from Example 7.1, 
0 
0 
uz = k3v3 = 0 
—0.00034577 
0.0053343 
0.00053051 
Using k; from Example 7.1 and Q;3 = 0, we calculate, 
0.61419 k 
0.61416 k 
0 
Q3 = k3u3 = _0.61419 k Ans 
—0.61416 k 
147.4 k-in. 
The member local end forces are shown in Fig. 7.21(d). 
—0.61416 | 10 
0.61419 |11 
ota. || 12 
S 6 
—0.61419 | 4 
147.4 5 
Support Reactions: See Figs. 7.21(e) and (f). Ans 
SUMMARY 


In this chapter, we have extended the matrix stiffness formulation so thatit can be 
used to analyze plane-framed structures containing member releases. F urther- 
more, the formulation has been extended to includein the analysis, thesecondary 
effects of support displacements, temperature changes, and fabrication errors. 
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In the presence of member releases, the overall analysis procedure remains 
the same as before, except that the modified expressions for the member local 
stiffness matrices k and the fixed-end force vectors Q;, developed in Section 7.1, 
must be used for members with releases. If all the members meeting at a joint 
are connected to it by hinged connections, then such a joint can be modeled as 
a hinged joint with its rotation restrained by an imaginary clamp. 

The effects of support displacements are included in the analysis using the 
concept of equivalent joint loads. The structure fixed-joint forces, due to the 
support displacements, are added to the P; vector by performing the following 
operations for each member that is attached to a support that undergoes 
displacements: (a) forming the fixed-end displacement vector vis from the sup- 
port displacements, (b) evaluating the fixed-end force vector Fi; = KV, and 
(c) storing the relevant elements of F¢s in P; using the member code numbers. 
Once the structure’s joint displacements have been determined by solving its 
stiffness relationship P — P; = Sd, the member end displacement vectors v are 
formed using both the joint displacements d and the specified support dis- 
placements. The rest of the procedure for evaluating member forces and sup- 
port reactions remains the same as for the case of external loads. 

The effects of temperature changes and fabrication errors can be included 
in the analysis methods developed previously, simply by including the member 
fixed-end forces due to these actions in the local fixed-end force vectors Qr. 
The expressions for member fixed-end forces, due to temperature changes and 
fabrication errors, are given in Section 7.5. 


PROBLEMS 

Section 7.1 200 KN 

7.1 and 7.2 Determine the joint displacements, member end | 

forces, and support reactions for the beams shown in Figs. P7.1 = | 
and P7.2, using the matrix stiffness method. —— Hinge 


< 8m | 


6m = 


EI = constant 
E = 70 GPa 
©) EREREREZEEEREERI [ I = 400(10°) mm‘ 


1 LA 2 g 
Fig. P7.2 
Hinge © 'g 


-< 20 ft |- 15 ft - 


10k 10k 
ao ponme ā ©ll]o 
I =350 inf G] O CIO G PAG 


Fig. P7.1 
as tlas testi estt -estt | 
EI = constant 
7.3 Determine the joint displacements, member end forces, A — ares 


and support reactions for the beam shown in Fig. P7.3, by mod- 
eling member 3 as being hinged at its right end. Fig. P7.3 
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7.4 Determine the joint displacements, member end forces, 
and support reactions for the beam shown in Fig. P7.4, by mod- 
eling member 1 as being hinged at its left end and member 3 as 
being hinged at its right end. 


30 kN/m 


7.7 and 7.8 Determine the joint displacements, member local 
end forces, and support reactions for the plane frames shown in 
Figs. P7.7 and P7.8, by modeling the horizontal member as 
being hinged at its right end. 


AmoOnmapDa7.k 
© © © © oun 
- 10 m———+|- 10 m———>- 10 m——> O 
8m N 
EI = constant 
E = 30 GPa 
I =500(10°) mmf 150 kN-m 24 kN/m 
Fig. P7.4, P7.20 {yy ett yy +0 
7.5 Determine the joint displacements, member end forces, © a 
and support reactions for the beam shown in Fig. P7.5 by mod- - 
eling member 1 as being hinged at its left end. cama ecco | oa j 
E, A, I = constant 
90 kN 90kN | 75 KNAn E = 200 GPa 
18 kN/m 120 kN-m A = 13,000 mm? 
ee ©) =) I = 762(10°) mmf 
1 O 2 O 3 Fig. P7.7 


5m-ļ- 5m-l- 5m 
15m >| 15m 


EI = constant 
E = 200 GPa 
I = 400(10°) mmf 


Fig. P7.5 


7.6 Determine the joint displacements, member local end i 
forces, and support reactions for the plane frame shown in 20 ft 
Fig. P7.6, using the matrix stiffness method. 


1.5 k/ft 


Fey PPT ye ety 


iS Hinged joint 


30 ft 


E, A, I = constant 
E = 29,000 ksi 
A= 10.3 in? 

I =510 inf 


Fig. P7.6 


© > A=9.12in? 
I=375 inf 
1 k/ft A = 10.3 in? 
I = 285 inf 
© l 10 ft——| 25 ft 


E = 10,000 ksi 


Fig. P7.8 


7.9 Determine the joint displacements, member local end 
forces, and support reactions for the plane frame shown in 
Fig. P7.9, by modeling the horizontal member as being hinged 
at its left end and the inclined member as being hinged at its 
lower end. 
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12 kN/m 


|= 10m >|< 


E, A, I = constant 
E = 30 GPa 

A = 35,000 mm? 
I = 152(10°) mm 


Fig. P7.9, P7.23, P7.33 


7.10 Determine the joint displacements, member local end 
forces, and support reactions for the plane frame shown in 
Fig. P7.10, using the matrix stiffness method. 


2 k/ft 
= 715 k— 
25 ft 
Hinged joints 
- 20 ft A 
E = 29,000 ksi 
Girder and columns: Diagonals: 
A = 80 in? A=45 in? 
I = 550 inf I =67 inf 
Fig. P7.10 


7.11 Using a structural analysis computer program, determine 
the joint displacements, member local end forces, and reactions 
for the frame shown in Fig. P7.11 for the value of the load para- 
meter P = 300 kN. W hat is the largest value of P that can be ap- 
plied to the frame without exceeding the drift (maximum hori- 
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zontal deflection) limitation of one percent of the frame height? 
Assume that the braces (inclined members) are connected by 
hinged connections at both ends. 

7.12 Solve Problem 7.11 by assuming that the braces are con- 
nected by rigid (moment-resisting) connections at both ends. 
7.13 Solve Problem 7.11 by assuming that the frame is un- 
braced. N ote that, instead of developing a new analytical model for 
the unbraced frame, the previously developed models of the corre- 
sponding braced frames can be modified to eliminate the effect of 
bracing by simply using a very small value for the modulus of 
elasticity, E, of the bracing members (e.g., E = 0.000001 kN/m?). 


N 6m >|+ 6m >| 

P —— 7 
8m 
T + 
8m 

P ý 
ER a Ta 
8m 
pons OES 

E= 200 GPa 
Columns: Beams: Braces: 
A = 18,200 mm? A = 7,590 mm? A = 1,340 mm? 


I = 348(106) mm4 I = 255(10°) mm4 I = 3.76(106) mmt 


Fig. P7.11, P7.12, P7.13 


Section 7.2 


7.14 Modify the computer program developed in Chapter 5 
for the analysis of rigidly connected beams, to include the effect 
of member releases. Use the modified program to analyze the 
beams of Problems 7.1 through 7.5, and compare the computer- 
generated results to those obtained by hand calculations. 

7.15 Modify the program developed in Chapter 6 for the 
analysis of rigidly connected plane frames, to include the effect 
of member releases. Use the modified program to analyze the 
frames of Problems 7.6 through 7.10, and compare the computer- 
generated results to those obtained by hand calculations. 
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Section 7.3 


7.16 Determine the joint displacements, member axial forces, 
and support reactions for the plane truss shown in Fig. P7.16, 
due to the combined effect of the loading shown and a settle- 
ment of 5 in. of support 2. Use the matrix stiffness method. 


75k 


EA = constant 
E = 29,000 ksi 
A=5in? 


24 ft 


E + 18 ft T 
Fig. P7.16, P7.28 


7.17 Determine the joint displacements, member axial forces, 
and support reactions for the plane truss shown in Fig. P7.17, 


< 16 ft > 


SEA 


. 75k — 
24 ft 
EA = constant 
3 E = 10,000 ksi 
+ 7 A=6in2 


Fig. P7.17, P7.29, P7.30 


due to the combined effect of the loading shown and a settle- 
ment of i in. of support 3. Use the matrix stiffness method. 
7.18 Determine the joint displacements, member axial forces, 
and support reactions for the plane truss shown in Fig. P7.18, 
due to the combined effect of the loading shown and settlements 
of 5 and 1 in., respectively, of supports 3 and 4. Use the matrix 
stiffness method. 


30k 
= 10K z P EA = constant 
E = 29,000 ksi 
A=6in? 
20 ft S 6l N 


®© 


30k 
15 ft -J 15 ft -|. 15 ft X 
Fig. P7.18 


7.19 Determine the joint displacements, member end forces, 
and support reactions for the three-span continuous beam 
shown in Fig. P7.19, due to settlements of 8 and 30 mm, re- 
spectively, of supports 2 and 3. U se the matrix stiffness method. 


= 7m >| 


El = constant 
E = 200 GPa 
l = 145(106) mm 


Fig. P7.19, P7.34 


7.20 Solve Problem 7.4 for the loading shown in Fig. P7.4 and 
settlements of 12,75,60 and 25 mm, respectively, of supports 1, 
2, 3, and 4. 

7.21 Determine the joint displacements, member end forces, 
and support reactions for the beam shown in Fig. P7.21, dueto the 
combined effect of the loading shown and a settlement of 14 in. 
of the middle support. Use the matrix stiffness method. 

7.22 Determine the joint displacements, member local end 
forces, and support reactions for the plane frame shown in 
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50k 50k 


2] OG 


| 20 ft—-}—15 ft + 15 ft—— 20 ft 
L425, I 1.25 
E = 29,000 ksi 
I =300in#4 
Fig. P7.21 


Fig. P7.22, due to a settlement of 25 mm of the right support. 
Use the matrix stiffness method. 


9m i 
© © 
o|] sm 
E, A, | = constant 
Er @| 


| = 216(10°) mmt 


Fig. P7.22, P7.31, P7.32 


7.23 Solve Problem 7.9 for the loading shown in Fig. P7.9 and 
a settlement of 50 mm of the right support. 

7.24 Determine the joint displacements, member local end 
forces, and support reactions for the plane frame shown in 
Fig. P7.24, due to the combined effect of the following: (a) the 
loading shown in the figure, (b) a clockwise rotation of 0.017 
radians of the left support, and (c) a settlement of 3 in. of the 
right support. Use the matrix stiffness method. 


Section 7.4 


7.25 Extend the program developed in Chapter 4 for the analy- 
sis of plane trusses subjected to joint loads, to include the effect of 
support displacements. Use the modified program to analyze the 
trusses of Problems 7.16 through 7.18, and compare the computer- 
generated results to those obtained by hand calculations. 
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io = © 

fi 

f 

ne 3 f 20 ft 


|- 25 ft | 
E = 4,500 ksi 
Columns: Girder: 
A= 80 in2 A= 108 in? 
| = 550 in.4 | = 1,300 int 
Fig. P7.24 


7.26 Extend the program developed in Problem 7.14 for the 
analysis of beams subjected to external loads, to include the ef- 
fect of support displacements. Use the modified program to an- 
alyze the beams of Problems 7.19 through 7.21, and compare 
the computer-generated results to those obtained by hand calcu- 
lations. 

7.27 Extend the program developed in Problem 7.15 for the 
analysis of plane frames subjected to external loads, to include 
the effect of support displacements. Use the modified program 
to analyze the frames of Problems 7.22 through 7.24, and com- 
pare the computer-generated results to those obtained by hand 
calculations. 


Section 7.5 


7.28 Determine the joint displacements, member axial forces, 
and support reactions for the plane truss shown in Fig. P7.28, 
due to a temperature drop of 100° F in member 2. Neglect the 
joint loads shown in the figure. Use the matrix stiffness method; 
a = 6.5(10~§)/° F. 

7.29 Determine the joint displacements, member axial forces, 
and support reactions for the plane truss shown in Fig. P7.29, 
due to the combined effect of the following: (a) the joint loads 
shown in the figure, (b) a temperature increase of 70° F in mem- 
ber 2, (c) a temperature drop of 30° F in member 5, and (d) the 
fabricated length of member 4 being i in. too long. Use the ma- 
trix stiffness method; œ = 1.3(1075)/° F. 
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7.30 Determine the joint displacements, member axial forces, 
and support reactions for the plane truss shown in Fig. P7.30, 
due to the fabricated lengths of members 3 and 4 being 4 in. too 
short. Neglect the joint loads shown in the figure, and use the 
matrix stiffness method. 

7.31 Determine the joint displacements, member local end 
forces, and support reactions for the plane frame of Fig. P7.31, 
due to a temperature increase of 50° C in the two members. Use 
the matrix stiffness method; a = 1.2(10-°)/° C. 

7.32 Determine the joint displacements, member local end 
forces, and support reactions for the plane frame of Fig. P7.32, 


due to the fabricated lengths of the two members being 15 mm 
too short. Use the matrix stiffness method. 

7.33 Determine the joint displacements, member local end 
forces, and support reactions for the plane frame of Fig. P7.33, 
due to the combined effect of the following: (a) the external loads 
shown in the figure, and (b) a temperature drop of 60° C in the 
two members. Use the matrix stiffness method; œ = 10-7/° C. 
7.34 Determine the joint displacements, member end forces, 
and support reactions for the beam of Fig. P7.34, due to a lin- 
early varying temperature increase of 55° C at the top surface 
and 5° C at the bottom surface, of all the members. Use the ma- 
trix stiffness method; a = 1.2(10~5)/° C and d = 300 mm. 
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FRAMED STRUCTURES 


8.1 Space Trusses 

8.2 Grids 

8.3 Space Frames 
Summary 
Problems 


Space Truss and its Analytical M odel 
(Courtesy of Triodetic) 
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Up to this point, we have focused our attention on the analysis of plane-framed 
structures. W hile many actual three-dimensional structures can be divided into 
planar parts for the purpose of analysis, there are others (e.g., lattice domes and 
transmission towers) that, because of the arrangement of their members or 
applied loading, cannot be divided into plane structures. Such structures are 
analyzed as space structures subjected to three-dimensional loadings. The ma- 
trix stiffness analysis of space structures is similar to that of plane structures— 
except, of course, that member stiffness and transformation matrices appropri- 
ate for the particular type of space structure under consideration are now used 
in the analysis. 

In this chapter, we extend the matrix stiffness formulation, developed for 
plane structures, to the analysis of three-dimensional or space structures. Three 
types of space-framed structures are considered: space trusses, grids, and space 
frames, with methods for their analysis presented in Sections 8.1, 8.2, and 8.3, 
respectively. 

The computer programs for the analysis of space-framed structures can be 
conveniently adapted from those for plane structures, via relatively straightfor- 
ward modifications that should become apparent as the analysis of space struc- 
tures is developed in this chapter. Therefore, the details of programming the 
analysis of space structures are not covered herein; they are, instead, left as 
exercises for the reader. 


8.1 SPACE TRUSSES 


A space truss is defined as a three-dimensional assemblage of straight pris- 
matic members connected at their ends by frictionless ball-and-socket joints, 
and subjected to loads and reactions that act only at the joints. Like plane 
trusses, the members of space trusses develop only axial forces. The matrix 
stiffness analysis of space trusses is similar to that of plane trusses developed 
in Chapter 3 (and modified in Chapter 7). 

The process of developing the analytical models of space trusses (and 
numbering the degrees of freedom and restrained coordinates) is essentially the 
same as that for plane trusses (Chapter 3). The overall geometry of the space 
truss, and its joint loads and displacements, are described with reference to a 
global Cartesian or rectangular right-handed XYZ coordinate system, with 
three global (X, Y, and Z) coordinates now used to specify the location of each 
joint. Furthermore, since an unsupported joint of a space truss can translate 
in any direction in the three-dimensional space, three displacements— the 
translations in the X, Y, and Z directions— are needed to completely establish 
its deformed position. Thus, a free joint of a space truss has three degrees of 
freedom, and three structure coordinates (i.e., free and/or restrained coordi- 
nates) need to be defined at each joint, for the purpose of analysis. Thus, 


NC|T =3 


NDOF =3(NJ)—NR | for space trusses (8.1) 
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The procedure for assigning numbers to the structure coordinates of a 
space truss is analogous to that for plane trusses. T he degrees of freedom of the 
space truss are numbered first by beginning at the lowest-numbered joint with 
a degree of freedom, and proceeding sequentially to the highest-numbered 
joint. If a joint has more than one degree of freedom, then the translation in the 
X direction is numbered first, followed by the translation in the Y direction, and 
then the translation in the Z direction. After all the degrees of freedom have 
been numbered, the restrained coordinates of the space truss are numbered in 
the same manner as the degrees of freedom. 

Consider, for example, the three-member space truss shown in Fig. 8.1(a). 
As the analytical model of the truss depicted in Fig. 8.1(b) indicates, the struc- 
ture has three degrees of freedom (NDOF = 3), which are the translations dj, 
d2, and d3 of joint 2 in the X, Y, and Z directions, respectively; and nine 
restrained coordinates (NR = 9), which are identified as R4 through R12 at the 
support joints 1, 3, and 4. 

Asin the case of plane trusses, a local right-handed xyz coordinate system 
is established for each member of the space truss. The origin of the local 
coordinate system is located at one of the ends (which is referred to as the 
beginning of the member), with the x axis directed along the member’s 
centroidal axis in its undeformed state. Since the space truss members can only 
develop axial forces, the positive directions of the y and z axes can be chosen 


(a) Space Truss 


(b) Analytical Model 


Fig. 8.1 
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Os 


Z 


Fig. 8.2 Local Coordinate System for M embers of Space Trusses 


arbitrarily, provided that the x, y, and z axes are mutually perpendicular and 
form a right-handed coordinate system (Fig. 8.2). 


Member Stiffness Relations in the Local 
Coordinate System 


To establish the member local stiffness relations, let us focus our attention on 
an arbitrary prismatic member m of a space truss. When the truss is subjected 
to external loads, member m deforms and axial forces are induced at its ends. 
The initial and displaced positions of the member are shown in Fig. 8.3(a). 
As this figure indicates, three displacements— translations in the x, y, and z 
directions— are needed to completely specify the displaced position of each 
end of the member. Thus, the member has a total of six degrees of freedom or 
end displacements. H owever, as discussed in Section 3.3 (see Figs. 3.3(d) and 
(f)), small end displacements in the directions perpendicular to a truss 
member’s centroidal axis do not cause any forces in the member. Thus, the end 
displacements Upy, Uz, Uey, ANd Uez in the directions of the local y and z axes of 
the member, as shown in Fig. 8.3(a), are usually not evaluated in the analysis; 
and for analytical purposes, the member is considered to have only two degrees 
of freedom, u and uz, in its local coordinate system. Thus, the local end 
displacement vector u for a member of a space truss is expressed as 


in which u, and uz represent the displacements of the member ends b and e, 
respectively, in the direction of the member's local x axis, as shown in 
Fig. 8.3(a). As this figure also indicates, the member end forces corresponding 
to the end displacements u; and uz are denoted by Qı and Q2, respectively. 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 8.1 Space Trusses 421 


y : aa 
Displaced position 
ae] 
oe ae ®© 
gar AT l 
@) peee a Initial position | 
= 
l u 
ey 
| © | | 
u | 
by c 
) Q, —— —_—— | ~z a 
Q2 | 7 Uez 


A A 


| 


up; 


l-z 
LZ 
uy n L uz 
EA = constant 


N 
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Fig. 8.3 


The relationship between the local end forces Q and the end displace- 
ments u, for the members of space trusses, is written as 


Q = ku (8.2) 
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in which k represents the 2 x 2 member stiffness matrix in the local coordinate 
system. The explicit form of k can be obtained by subjecting the member to the 
unit end displacements, u1 = 1 and uz = 1, as shown in Figs. 8.3(b) and (c), re- 
spectively, and evaluating the corresponding member end forces. Thus, the 
local stiffness matrix for the members of space trusses can be explicitly 
expressed as 


EA 1 -1 
k= [ty (8.3) 


Coordinate Transformations 


Consider an arbitrary member m of a space truss, as shown in Fig. 8.4(a), and 
let Xb, Yb, Zp, and Xe, Ye, Ze be the global coordinates of the joints to which the 
member ends b and e, respectively, are attached. The length and the direction 


Z 
(a) Space Truss 
e 
Y Displaced 
| position gee 
| 
| 
| 
| 
7 ai 
Initial posit: 
JA Oy nitial position 
of 
y Uy 
7 
Z 
(b) Member End Forces and End Displacements 
in the Local Coordinate System 
Fig. 8.4 
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(c) Member End Forces and End Displacements 
in the Global Coordinate System 


Fig. 8.4 (continued) 


cosines of the member can be expressed in terms of the global coordinates of 
its ends by the following relationships: 


L = y (Xe — Xp)? + (Ye — Yb)? + (Ze — Zp)? (8.4a) 
COS% = wat (8.4b) 
cost = a (8.4c) 
coséz = sma (8.4d) 


in which 8x, 6y, and 6z represent the angles between the positive directions of 
the global X, Y, and Z axes, respectively, and the positive direction of the 
member's local x axis, as shown in Fig. 8.4(b). Note that the origin of the 
global coordinate system is shown to coincide with that of the local coordinate 
system in this figure. With no loss in generality of the formulation, this conve- 
nient arrangement allows the angles between the local and global axes to be 
clearly visualized. It is important to realize that the member transformation 
matrix depends only on the angles between the local and global axes, regard- 
less of whether or not the origins of the local and global coordinate systems 
coincide. Also shown in Fig. 8.4(b) are the member end displacements u and 
end forces Q in the local coordinate system; the equivalent systems of end dis- 
placements v and end forces F, in the global coordinate system, are depicted in 
Fig. 8.4(c). As indicated in Fig. 8.4(c), the global member end displacements v 
and end forces F are numbered by beginning at member end b, with the trans- 
lation and force in the X direction numbered first, followed by the translation 
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and force in the Y direction, and then the translation and force in the Z direc- 
tion. The displacements and forces at the member’s opposite end e are then 
numbered in the same sequential order. 

Let us consider the transformation of member end forces and end displace- 
ments from a global to a local coordinate system. B y comparing Figs. 8.4(b) and (c), 
we observe that at end b of the member, the local force Qı must be equal to the al- 
gebraic sum of the components of the global forces F 1, F 2, and F 3 in the direction of 
the local x axis; that is, 


Qı =F 1coséy +F2coshy + F3cos6z (8.5a) 
Similarly, at end e of the member, we can express Q 2 in terms of F 4, Fs, and F gas 
Q2 = Facoséy +Fs5costhy + Fe coséz (8.5b) 
Equations 8.5(a) and (b) can be written in matrix form as 
Fy 
F2 
Qı |__| cosðx cosh coséz 0 0 0 F3 (8.6) 
Q2| | 0 0 0 coséx cosh coséz || Fa 
F5 
F6 


Equation (8.6) can be symbolically expressed as Q = TF, with the 2 x 6 
transformation matrix T given by 


_ | coséy cosø@y coséz 0 0 0 
T=| 0 0 0 cosdéy cose eA (8.7) 


Since member end displacements, like end forces, are vectors, which are defined 
in the same directions as the corresponding forces, the foregoing transforma- 
tion matrix T can also be used to transform member end displacements from 
the global to the local coordinate system; that is, u = Tv. 

Next, we examine the transformation of member end forces from the local 
to the global coordinate system. A comparison of Figs. 8.4(b) and (c) indicates 
that at end b of the member, the global forces F 1, F 2, and F 3 must be the com- 
ponents of the local force Q; in the directions of the global X, Y, and Z axes, 
respectively; that is, 


Fı = Q1 coséx F2 = Qı cosh F3 = Qı cos 8z (8.8a) 


Similarly, at end e of the member, the global forces F 4, Fs, and F 6 can be ex- 
pressed as the components of the local force Q2, as 


F4 = Q2 cos 6x Fs = Q2 cosh Fe = Q2 coséz (8.8b) 
We can write Eqs. 8.8(a) and (b) in matrix form as 


Fy Cos bx 0 

Fo COS Oy 0 

F3 = cos 0z 0 Qi 8.9 
Fa} | 0  coséy i Ha 
Fs 0 COS by 

Fe 0 cos 6z 
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As the first matrix on the right side of Eq. (8.9) is the transpose of the transfor- 
mation matrix T (Eq. (8.7)), the equation can be symbolically expressed as 


_ pī 
a Q (8.10) 
6x1 6x2 2xl 


It may be of interest to note that the transformation relationship analogous 
to Eq. (8.10) for member end displacements (i.e., v = T'u) is not defined for 
space truss members, with two degrees of freedom, as used herein. This is be- 
cause the local end displacement vectors u for such members do not contain 
the displacements of the member ends in the local y and z directions. As dis- 
cussed previously, while the end forces in the local y and z directions of the 
members of space trusses are always 0, the displacements of the member ends 
in the local y and z directions are generally nonzero (see Fig. 8.3(a)). However, 
the foregoing limitation of the two-degree-of-freedom member model has no 
practical consequences, because the transformation relation v = T'u is needed 
neither in the formulation of the matrix stiffness method of analysis, nor in its 
application. 


Member Stiffness Relations in the 
Global Coordinate System 


As in the case of plane trusses, the relationship between the global end forces 
F and the end displacements v for the members of space trusses is expressed as 
F = Kv, with the member global stiffness matrix K given by the equation 


K = T! k T 
6x6 6x2 2x2 2x6 


(8.11) 


The explicit form of the 6 x 6 K matrix can be determined by substituting 
Eqs. (8.3) and (8.7) into Eq. (8.11) and performing the required matrix multi- 
plications. The explicit form of the member global stiffness matrix K, thus 
obtained, is given in Eq. (8.12). 


cos? 0x cos 0x COS y COS Ox COS Oz —cos? 0x —COS 0x cosy —COS 8x COS 0z 
COS 0x COS Oy cos? Oy cosy COS 607z — COS 0x COS y — cos? Oy — COS Oy COS 67 
K = EA cos Oy COS 0z cosy Cos 6z cos? 0z —COS 0x cosdz —cos COS 0z — cos? 0z 
L — cos? Ox —COS 0x cos#y — COS 8x COS 0z cos? Ox COS 0x COS Oy COS 0x COS 67 
— COS 0x COS Oy — cos? y — COS Oy COS 67 COS 0x COS Oy cos? by cos @y COS 0z 
—COS 0x coséz —COS Oy COS 0z — cos? 0z cos 0x COS 67 cos & COS 0z cos? 0z 
(8.12) 


Procedure for Analysis 


The procedure for the analysis of plane trusses developed in Chapter 3 (see 
block diagram in Fig. 3.20), and modified in Chapter 7, can be used to analyze 
space trusses provided that: (a) three structure coordinates (i.e., degrees of 
freedom and/or restrained coordinates), in the global X, Y, and Z directions, are 
defined at each joint; and (b) the member stiffness and transformation matrices 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


426 Chapter 8 Three-Dimensional Framed Structures 


developed in this section (Eqs. (8.3), (8.7), and (8.12)) are used in the analysis. 
The procedure is illustrated by the following example. 


EXAMPLE 8.1 Determine the joint displacements, member axial forces, and support reactions for 
the space truss shown in Fig. 8.5(a) by the matrix stiffness method. 


SOLUTION Analytical Model: See Fig. 8.5(b). The truss has three degrees of freedom, which are 
the translations of joint 5 in the X, Y, and Z directions. These are numbered 1, 2, and 3, 
respectively. The twelve restrained coordinates of the truss are identified by numbers 
4 through 15 in the figure. 


Structure Stiffness M atrix: 


Member 1 From Fig. 8.5(b), we can see that joint 1 is the beginning joint, and joint 
5 is the end joint, for this member. By applying Eqs. (8.4), we determine 


L = Xs — Xa)? + (V5 — Yn)? + (Zs - 21? 


= (0 + 6)? + (24 — 0)? + (0 — 8)? = 26 ft = 312 in. 


EA = constant 
E = 10,000 ksi 
A=8.4in.? 

(a) Space Truss 


Fig. 8.5 
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(b) Analytical Model 
1 2 3 
(14.338 + 45.918 (57.351 — 91.837 (—19.117 + 30.612 
+14.338 + 45.918) —57.351 + 91.837) —19.117 + 30.612) |! 1 2 3 


120.51 0 AMY |\I11 
(isl = ST (229.4 + 183.67 (—76.468 — 61.224 


S= = iiin, 
57.351 + 91.837) +229.4 + 183.67) +76.468 + 61.224) |? 0 eale O Z ar 
22.99 0 91.794 |3 


(—19.117 + 30.612 (—76.468 — 61.224 (25.489 + 20.408 
—19.117 + 30.612) +76.468 + 61.224) +25.489 + 20.408) 


(c) Structure Stiffness Matrix 


3 


[ —5.5581 | 4 
= 2222) 5 
7.4108 | 6 
1.3838 | 7 
—2.7677 | 8 
R= 092255509 k 
— 19.442 10 
77.768 11 
251923 12 
23.616 13 
47.232 14 
L 15.744 15 


(d) Support Reaction Vector 
Fig. 8.5 (continued) 
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© 
a 19.442 


25.923 $ 77.168 


5.558] <—+~— © 4] 3838 
7.4108 f 0.92255 { 

Ve 2.7677 

Z 


(e) Support Reactions 


Fig. 8.5 (continued) 


coséx = aoe = = = 0.23077 
wae a E = z H = 0.92308 
cos 0z = Zs = al — = —0.30769 


By substituting E = 10,000 ksi, A = 8.4 in.?,L = 312 in., and the foregoing direction 
cosines, into Eq. (8.12), we calculate the member's global stiffness matrix to be 


4 5 6 1 2 3 
14.338 57.351 —19.117 —14.338 —57.351 19.117 
57.351 229.4 —76.468 —57.351 —229.4 76.468 
K= —19.117 —76.468 25.489 m guar 76.468 —25.489 
—14.338 —57.351 19.117 : 14.338 57.351 —19.117 
—57.351 —229.4 76.468 | 57.351 229.4 —76.468 


19.117 76.468 —25.489 |-19.117 —-76.468 25.489 


k/in. 


WNFrF DU & 


Next, by using the member code numbers 4, 5, 6, 1, 2, 3, we store the pertinent 
elements of K in the 3 x 3 structure stiffness matrix S in Fig. 8.5(c). 
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Member 2 


LaW (6 — OP ear ee = ay 


= y (0 — 12)? + (24 — 0)? + (0 — 8)? = 28 ft = 336 in. 
e 0 


coséy = L = 78 = —0.42857 
cosy = Boke = = 0.85714 
cos 67 = Zs T la = = —0.28571 
7 8 9 1 2 3 


45.918 —91.837 30.612 —45.918 91.837 —30.612 |7 
—91.837 183.67 —61.224 91.837 —183.67 61.224 |8 
K> = 30.612  -—61.224 20.408 30.612 eae 61.224 —20.408 |9 in 
—45.918 91.837 —30.612 : 45.918  —91.837 30.612 |1 
91.837 —183.67 61.224 | —91.837 183.67 —61.224 |2 
—30.612 61.224 —20.408; 30.612  -61.224 20.408 |3 
Member 3 


| SURO go ee avae 


(0-6)? + 24 — 0)? + 0 + 8)? = 26 ft = 312 in. 
Ge tee 


coséx = T = w 0.23077 
Ys=va M= 
Ce) = Z - = ae = 0.92308 
Teese 
cosy = 2 = cae = 0.30769 
10 11 12 1 2 3 


14.338 —57.351 -19.117 -14.338 57.351 ‘19.117 ] 10 
—57.351 2294 76.468 57.351 —229.4  -76.468 |11 

K;—| 19117? «76.468 «25.489 19.117 76.468 —25.489 ]12 | 
-14.338 57.351 19.117 f 14.338 -57.351 -19.117 | 1 
57.351 —229.4 —76.468 | —57.351 229.4 76.468 | 2 


19.117 —76.468 —25.489 ; —19.117 76.468 25.489 | 3 


M ember 4 


L a E Aa a 


= (0 +12)? + (24 — 0)? + (0 + 8)? = 28 ft = 336 in. 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


430 Chapter 8 Three-Dimensional Framed Structures 


X5— X4 0+12 


Yass 24-0 _ 
cosy = oe 0.85714 
Zs—-Z4 0+8 
13 14 15 1 2 3 


45.918 91.837 30.612 —45.918 —91.837 -30.612 ] 13 
91.837 183.67 61.224 —91.837 —183.67 61.224 | 14 
k=] 30612 61.224 20.408 — 30.612 61.224 —20.408 | 15 |, 
—45.918 —91.837 —30.612 ° 45.918 91.837 30.612 | 1 
—91.837 —183.67 61.224; 91.837 183.67 61.224 | 2 


—30.612 —61.224 —20.408: 30.612 61.224 20.408 | 3 

The complete structure stiffness matrix S, obtained by assembling the pertinent 
stiffness coefficients of the four members of the truss, is given in Fig. 8.5(c). 
Joint Load Vector: By comparing Fig. 8.5(a) and (b), we obtain 


0 
P = | —100 | k 
—50 


Joint Displacements: By substituting P and S into the structure stiffness relationship, 
P = Sd, we write 


0 120.51 0 22.99 dı 
—100 | = 0 826.14 0 d2 
—50 22.99 0 91.794 | Ld3 


By solving the foregoing equations, we determine the joint displacements to be 


0.10913 ]1 
d= | —0.12104 |2 in. Ans 
—0.57202 | 3 


Member End Displacements and End Forces: 


Member 1 Using its code numbers, we determine the member's global end dis- 
placements to be 


0 4 

0 5 

ê in 
0.10913 |1 ` 

—0.12104 |2 

—0.57202 |3 


To determine the member's end displacements in the local coordinate system, we 
first evaluate its transformation matrix as defined in Eq. (8.7): 


TA 0.23077 0.92308 —0.30769 0 0 0 
=o 0 0 0.23077 0.92308 —0.30769 
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The member local end displacements can now be calculated by using the relationship 
u = TV, as 


u = Tivi = 0 in. 
0.089459 


Before we can evaluate the member local end forces, we need to determine the 
local stiffness matrix k, using Eq. (8.3): 


ma) 20028 269.2877 
1= | 269.23 269.23 


Now, we can compute the member local end forces by using the relationship Q = ku, 
as 


24.085 


in which the negative sign of the first element of Q1 indicates that the member axial 
force is tensile; that is, 
Q a1 = 24.085 k (T) Ans 


By applying the relationship F = T'Q, we determine the member end forces in 
the global coordinate system to be 


—5.5581 


—24.085 
Qi = kiu; = | | k 


l 
N 
N 
N 
Ww 
N 
ous 


22.232 | 2 
—7.4108 1 3 


Using the member code numbers 4, 5, 6, 1, 2, 3, the pertinent elements of F are stored 
in their proper positions in the support reaction vector R, as shown in Fig. 8.5(d). 


Member 2 

0 7 

0 8 
V2 = : 2 in 
=] amwa inary 

—0.12104 |2 

—0.57202 | 3 
q, [0.42857 0.85714 —0.28571 0 0 0 
ER 0 0 —0.42857 0.85714 —0.28571 
=i = ¢ in 
p= tae | omaa ues 

250 —250] _.. 
Kas E A gan 

—3.2289 

Q = kaw =| a k 
Qa2 = 3.2289 k (T) Ans 
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1.3838 47 
—2.1677 |e 
0.92255 |9 
fp ts =e || ee eee 
FT apse |1 
2.7677 |2 
—0.92255 1 3 
M ember 3 
0 10 
0 11 
V 0 12 in 
3 0.10913 | 1 
—0.12104 | 2 
—0.57202 | 3 
_ [0.23077 0.92308 0.30769 0 0 0 
Eo 0 0 —0.23077 0.92308 0.30769 
uy = Tas =[ aie A 
k; = kı 
84.248 
3 us E : 
Q aa 84.248 k (C) Ans 
—19.442] 10 
77.768 |11 
TIo. — | ..29:923 | 12 
Ba ona ht 
—77.168 | 2 
—25.923 | 3 
Member 4 
0 13 
0 14 
V. 0 L3 in 
: 0.10913 | 1 
—0.12104 | 2 
—0.57202 | 3 
q, [042857 0.85714 0.28571 0 0 0 
RO 0 0 0.42857 0.85714 0.28571 
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55.104 
ps Si ea 
Qa4 = 55.104 k (C) Ans 
23.616 113 
47.232 |14 
Ton — B PES) 
aO 3361611 * 
—47.232 | 2 
~15.744 | 3 


Support Reactions: The completed reaction vector R is shown in Fig. 8.5(d), and the 
support reactions are depicted on a line diagram of the truss in Fig. 8.5(e). Ans 


Equilibrium Check: Applying the equations of equilibrium to the free body of the 
entire space truss (Fig. 8.5(e)), we obtain 


+—} Fx=0 —5.5581 + 1.3838 — 19.442 + 23.616 ~ 0 Checks 
+t} Fy =0 — 22.232 — 2.7677 + 77.768 + 47.232 — 100 ~ 0 Checks 
+ / Fz =0 7.4108 + 0.92255 + 25.923 + 15.744 — 50 ~ 0 Checks 
ais S My = 0 22.232(8) + 2.7677 (8) + 77.768(8) 


+ 47.232(8) — 50 (24) ~ 0 Checks 

F X My =O —5.5581(8) + 7.4108(6) + 1.3838 (8) — 0.92255(12) 
+ 19.442 (8) —25.923(6) —23.616(8) + 15.744(12) ~ 0 
Checks 


Oy Mz =e 22.232(6) — 2.7677(12) + 77.768(6) 
— 47.232(12) ~ 0 Checks 


8.2 GRIDS 


A grid is defined as a two-dimensional framework of straight members 
connected together by rigid and/or flexible connections, and subjected to loads 
and reactions perpendicular to the plane of the structure. B ecause of their wide- 
spread use as supporting structures for long-span roofs and floors, the analysis 
of grids is usually formulated with the structural framework lying in a horizon- 
tal plane (unlike plane frames, which are oriented in a vertical plane), and sub- 
jected to external loads acting in the vertical direction, as shown in Fig. 8.6(a) 
on the next page. 

Grids are composed of members that have doubly symmetric cross- 
sections, with each member oriented so that one of the planes of symmetry 
of its cross-section is in the vertical direction; that is, perpendicular to the 
plane of the structure, and in (or parallel to) the direction of the external 
loads (Fig. 8.6(a)). Under the action of vertical external loads, the joints of 
a grid can translate in the vertical direction and can rotate about axes in the 
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l of symmetry 
Section A-A 
Z Grid M ember cross-section 


(a) 


(b) Analytical Model 
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Section A-A 
(c) Member Local Coordinate Systems 


Fig. 8.6 (continued) 


(horizontal) plane of the structure, while the grid members may be sub- 
jected to torsion, and uniaxial bending out of the plane of the structure. 


Analytical Model and Degrees of Freedom 


The process of dividing grids into members and joints, for the purpose of 
analysis, is the same as that for beams and plane frames— that is, a grid is 
divided into members and joints so that all of the members are straight and 
prismatic, and all the external reactions act only at the joints. Consider, for ex- 
ample, the grid of Fig. 8.6(a). The analytical model of the grid, as depicted in 
Fig. 8.6(b), shows that, for analysis, the grid is considered to be composed of 
four members and five joints. The overall geometry of the grid, and its joint 
loads and displacements, are described with reference to a global right-handed 
XYZ coordinate system, with the structure lying in the horizontal XZ plane, as 
shown in Fig. 8.6(b). Two global (X and Z) coordinates are needed to specify 
the location of each joint. 

For each member of the grid, a local xyz coordinate system is established, 
with its origin at an end of the member and the x axis directed along the mem- 
ber’s centroidal axis in the undeformed state. The local y and z axes are 
oriented, respectively, parallel to the vertical and horizontal axes of symmetry 
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(or the principal axes of inertia) of the member cross-section. The positive di- 
rection of the local x axis is defined from the beginning toward the end of the 
member; the local y axis is considered positive upward (i.e. in the positive 
direction of the global Y axis); and the positive direction of the local z axis is 
defined so that the local xyz coordinate system is right-handed. The local coor- 
dinate systems selected for the four members of the example grid are depicted 
in Fig. 8.6(c). 

As discussed previously, an unsupported joint of a grid can translate in the 
global Y direction and rotate about any axis in the XZ plane. Since small rota- 
tions can be treated as vector quantities, the foregoing joint rotation can be con- 
veniently represented by its component rotations about the X and Z axes. T hus, 
a free joint of a grid has three degrees of freedom— the translation in the Y di- 
rection and the rotations about the X and Z axes. Therefore, three structure co- 
ordinates (i.e., free and/or restrained coordinates) need to be defined at each 
joint of the grid for the purpose of analysis; that is, 


NC)T =3 


re sinew for grids (8.13) 


The procedure for numbering the structure coordinates of grids is analo- 
gous to that for other types of framed structures. The degrees of freedom are 
numbered before the restrained coordinates. In the case of a joint with multiple 
degrees of freedom, the translation in the Y direction is numbered first, 
followed by the rotation about the X axis, and then the rotation about the Z axis. 
After all the degrees of freedom have been numbered, the grid’s restrained 
coordinates are numbered in the same manner as the degrees of freedom. In 
Fig. 8.6(b), the degrees of freedom and restrained coordinates of the example 
grid are numbered using this procedure. It should be noted from this figure that 
the rotations and moments are now represented by double-headed arrows 
(>>), instead of the curved arrows ( Ç) used previously for plane structures. 
The double-headed arrows provide a convenient and unambiguous means of 
representing rotations and moments in three-dimensional space. To represent a 
rotation (or a moment/couple), an arrow is drawn pointing in the positive di- 
rection of the axis about which the rotation occurs (or the moment/couple acts). 
The positive sense (i.e., clockwise or counterclockwise) of the rotation (or mo- 
ment/couple) is indicated by the curved fingers of the right hand with the ex- 
tended thumb pointing in the direction of the arrowheads, as shown in Fig. 8.7. 


Member Stiffness Relations in the 
Local Coordinate System 


When a member with a noncircular (e.g., rectangular or |-shaped) cross- 
section is subjected to torsion, its initially plane cross-sections become warped 
surfaces; restraint of this warping, or out-of-plane deformation, of cross- 
sections can induce bending stresses in the member. Thus, in the analysis of 
grids and space frames (to be developed in the next section), it is commonly 
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Axis of rotation 
or moment/couple j 
a 
— 
ma 
a 
S 


Pa 
- 


Fig. 8.7 Representation of Rotation or Moment/C ouple 
in Three-D imensional Space 


assumed that the cross sections of all the members are free to warp out of their 
planes under the action of torsional moments. This assumption, together with 
the previously stated condition about the cross-sections of grid members being 
doubly symmetric with one of the planes of symmetry oriented parallel to the 
direction of applied loads, has the effect of uncoupling the member's torsional 
and bending stiffnesses so that a twisting (or torsional deformation) of the 
member induces only torsional moments but no bending moments, and vice 
versa. With the torsional and bending effects uncoupled, the local stiffness 
relations for the members of grids can be obtained by simply extending the 
stiffness relations for beams (Chapter 5) to include the familiar torsional stiff- 
ness relations found in textbooks on mechanics of materials. 

Consider an arbitrary member m of a grid, as shown in Fig. 8.8(a) on the 
next page. Like a joint of a grid, three displacements are needed to completely 
specify the displaced position of each end of the grid member. Thus, the mem- 
ber has a total of six degrees of freedom. In the local coordinate system of the 
member, the six member end displacements are denoted by u; through us, and 
the associated member end forces are denoted by Qı through Q6, as shown in 
Fig. 8.8(a). Asindicated in this figure, a member's local end displacements and 
end forces are numbered by beginning atits end b, with the translation and the 
force in the y direction numbered first, followed by the rotation and moment 
about the x axis, and then the rotation and moment about the z axis. The dis- 
placements and forces at the member's opposite end e are then numbered in the 
same sequential order. 

The relationship between the end forces Q and the end displacements u, 
for the members of grids, can be expressed as 


Q=ku+Q; (8.14) 
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Q3; u3 Q6; U6 


pi L ie 
E, I, J = constant 


(a) Member Forces and Displacements 
in the Local Coordinate System 


y 


x 

x 
. kp=0 = 
Member cross-section we ky = 0 
at beginning Zz 
(c) u = 1, uy, = u3 = Uy = Us = Ug = O 
y 

x 


N 
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x 
(e) uy = 1, u; = Uy = u3 = Us = Ug = 0 
y 
ks = 2 
k u ©) Oma L x 
= T, 7 
A 0 kos = 0 ‘| i 
J Bo 45 Member cross-section 
z at end 
(£) us = 1, u] = uy = u3 = Uy = ug = 0 
y 
x 
(g) Ug = 1, uy = uy = u3 = Ug = us = 0 
y 
„io mm al © 
j J —> X 
ra aa 
Ors | Ore 
Qh Ors 


N 


(h) Member Fixed-End Forces in the Local 
Coordinate System 
(uy = Uy = u3 = Uy = Us = Ug = 0) 


Fig. 8.8 (continued) 
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in which k represents the 6 x 6 member stiffness matrix in the local coordinate 
system, and Q; denotes the 6 x 1 member local fixed-end force vector. 

Like the other types of framed structures, the explicit form of k for grid 
members can be obtained by subjecting a member, separately, to unit values of 
each of the six end displacements, as shown in Figs. 8.8(b) through (g), and 
evaluating the corresponding member end forces. 

The stiffness coefficients required to cause the unit values of the member 
end displacements u1, U3, U4, and Us, are shown in Figs. 8.8(b), (d), (e), and (g), 
respectively. The expressions for these stiffness coefficients were derived in 
Section 5.2. To derive the expressions for the torsional stiffness coefficients, 
recall from a previous course on mechanics of materials that the relationship 
between a torsional moment (or torque) My applied at the free end of a 
cantilever circular shaft, and the resulting angle of twist @ (see Fig. 8.9), can be 
expressed as 


o= (8.15) 


in which G denotes the shear modulus of the material, and | denotes the polar 
moment of inertia of the shaft. 

For members with noncircular cross sections, the relationship between the 
torsional moment My and the angle of twist can be quite complicated be- 
cause of warping [40]. However, if warping is not restrained, then Eq. (8.15) 
can be used to approximate the torsional behavior of members with noncircu- 
lar cross-sections— provided that] is now considered to be the Saint-Venant’s 
torsion constant, or simply the torsion constant, of the member's cross-section, 
instead of its polar moment of inertia. Although the derivation of the expres- 
sions for torsion constant | for various cross-sectional shapes is beyond the 
scope of this text, such derivations can be found in textbooks on the theory of 
elasticity and advanced mechanics of materials [40]. The expressions for] for 
some common cross-sectional shapes are listed in Table 8.1. Furthermore, the 
torsion constant for any thin-walled, open cross-section can be approximated 


Mr <- 


Mr 


GJ = constant 


Fig. 8.9 Circular Shaft Subjected to Torsional M oment 
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Table 8.1 Torsion Constants for Common M ember 
Cross-Sections [40, 52] 


Cross-Section Torsion Constant 
1 
J = =nr* 
2 
_ 43 
K J =r t 
t 
L— b —>| 
| J=ßbd for b<d 
d 1 b 1 (b\* 
= = — 0.21 1 
| 3 d 12 \d 
4b 
t 
roy | | 
ty — ke Za 3 3 
w h J 3 (2b; ty + ht) 
ty 
| m n 
f 
| k—b— 
{ 
ty 
j 2b7h? 
1 = — 
b/tf +h/tw 
i 
l m n 
t+ aby Ei ty 
by the relationship 
1 3 
= © bt (8.16) 


in which b and t denote, respectively, the width and thickness of each rectan- 
gular segment of the cross section. 

Returning our attention to Fig. 8.8(c), we realize that the expression for 
the stiffness coefficient k22 can be obtained by substituting œ = uz = 1 and 
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M+ = kz into Eq. (8.15), and solving the resulting equation for kz. This yields 


(8.17) 


The other torsional stiffness coefficient k52 can now be determined by applying 
the following equilibrium equation. 


>> My =0 Sl tks =0 
k=- (8.18) 


The expressions for coefficients k25 and kss (Fig. 8.8(f)) can be obtained in 
a similar manner. Substitution of @ = us = 1 and My; = kss into Eq. (8.15) 
yields 


kss = 7 (8.19) 


and by considering the equilibrium of the free body of the member, we obtain 
k25 as 
GJ 


5> EM; =0 Ker = 0 


(8.20) 


Thus, by arranging all the stiffness coefficients shown in Figs. 8.8(b) 
through (g) into a matrix, we obtain the following expression for the local stiff- 
ness matrix for the members of grids. 


12 0 6L -12 0 6L 


GJL? GJL? 
0 7 0 0 = 3 0 
ka El 6L 0 4L? —6L 0 2L? 
“iL? | 12 0 —6L 12 0 —6L (8.21) 
GJL? GJL? 
0 F] 0 0 a 0 


6L 0 2L? —6L 0 4L? 
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The local fixed-end force vector for the members of grids is expressed as 
(Fig. 8.8(h)) 


os? (8.22) 


in which the fixed-end shears (FS, and F Se) and bending moments (F M p and 
FM e) can be calculated by using the fixed-end force equations given for load- 
ing types 1 through 4 inside the front cover. (The procedure for deriving those 
fixed-end shear and bending moment equations was discussed in Section 5.4.) 

The expressions for the fixed-end torsional moments (F T, and F Te), due to 
an external torque M q applied to the member, are also given inside the front 
cover (see loading type 7). To derive these expressions, let us consider a fixed 
member of a grid, subjected to a torque Mz, as shown in Fig. 8.10(a). If the end 
e of the member were free to rotate, then its cross-section would twist clock- 
wise as shown in Fig. 8.10(b). Let œ be the angle of twist at end e of the 
released member. As portion Ae of the released member (Fig. 8.10(b)) is not 
subjected to any torsional moments, the angle of twist, @, at end e equals that 
at point A, and its magnitude can be obtained by substituting L = lı into 
Eq. (8.15); that is, 


Mrly 
_ 8.23 
$ GJ (8.23) 
y y 
M 
(a) FT, >> saa | >> FT, —* z <5) 
J © ©) 
~ i |. b j o=0 
$ p L 
y © Yo 
Ya 


(c) FT, << —> FT, —x 
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Since the angle of twist at end e of the actual fixed member (Fig. 8.10(a)) is 0, 
the fixed-end torsional moment F Te must be of such magnitude that, when ap- 
plied to the released member as shown in Fig. 8.10(c), it should twist the cross- 
section at end e by an angle equal in magnitude to the angle @ due to the torque 
M+, but in the opposite (i.e., counterclockwise) direction. The angle of twist 
due to FT. can be obtained by substituting Mt = FT, into Eq. (8.15); that is, 


Ma 
=a 


and the relationship between F Te and the external torque M 7 can be established 
by equating Eqs. (8.23) and (8.24), as 


(8.24) 


O FTeL Moly 
~ G GI 
from which we obtain the expression for the fixed-end torsional moment F Te: 
FT. = - (8.25) 


The expression for the other fixed-end torsional moment, F Tẹ, can now be 
determined by applying the equilibrium condition that the algebraic sum of the 
three torsional moments acting on the fixed member (Fig. 8.10(a)) must be 0; 
that is, 


—>YM,=0 FT,—-M,+FT.=0 


By substituting Eq. (8.25) into the foregoing equation and rearranging terms, 
we obtain the expression for F Tp: 


L —| My 
PTa = Mr ( =)= = (8.26) 


Member Releases The expressions for the local stiffness matrix k and the 
fixed-end force vector Qr, as given in Eqs. (8.21) and (8.22), respectively, are 
valid only for members of type 0 (i.e., MT = 0), which are rigidly connected to 
joints at both ends. For grid members with moment releases, the foregoing ex- 
pressions for k and Q; need to be modified using the procedure described in 
Section 7.1. If the member releases are assumed to be in the form of spherical 
hinges (or ball-and-socket type of connections), so that both bending and tor- 
sional moments are 0 at the released member ends, then the modified local 
stiffness matrices k and fixed-end force vectors Q; for the grid members with 
releases can be expressed as follows. 
For a member with a hinge at the beginning (MT = 1): 


3 00 -3 0 3L 
0 00 0 0 0 
El 0 00 0 0 0 
k= Ta -3 00 3 © -3L (Bian) 
0 00 0 0 0 
3L 0 0 =-3L 0 3L? 
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3 


Q; = 3 (8.28) 


F Te +FTp 


1 


For amember with a hinge at the end (MT = 2): 


3 0 3L -3 0 0 
0 0 0 0 00 
El 3L 0 3L? =3b 0 0 
e -3 0 —3L 3 00 623) 
0 0 0 0 00 
0 0 0 0 0 0 
3 
FSp — sp Me 
FTp +FTe 
1 
Q; = FMp — 5FMe 
3 (8.30) 
FSe + 3 FF Me 
0 
0 
For amember with hinges at both ends (MT = 3): 
k=0 (8.31) 
1 
FSp — 7 (FM + FMe) 
0 
0 
Q: = l (8.32) 
FSe + 7 (FMb + FMe) 
0 
0 


Note that the members of type 3 offer no resistance against twisting and, there- 
fore, cannot be subjected to any torques or torsional member loading. 
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Coordinate Transformations 

Consider an arbitrary member m of a grid, as shown in Fig. 8.11(a). The orien- 
tation of the member in the horizontal (XZ) plane is defined by an angle 0 
between the positive directions of the global X axis and the member's local 
x axis, as shown in the figure. The member's length, and its direction cosines, 
can be expressed in terms of the global coordinates of the member end joints, 
b and e, by the following relationships. 


L = V(Xe— Xb)? + (Ze — Zp)? (8.33a) 


X 
(a) Grid 
Yy 
Qj 
X 


. Wo wey Qu 
Z Qe 3 S 


t 


(b) Member End Forces and End Displacements 
in the Local Coordinate System 


Fig. 8.11 
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Yy 


F 6.6 x 


(c) Member End Forces and End Displacements 
in the Global Coordinate System 


: OJ © 


A 
N 


N 
N 


(d) Member Local and Global End Forces in the 
Horizontal (XZ) or (xz) Plane 


Fig. 8.11 (continued) 
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Xe— X 
coso = 2 ^b 


(8.33b) 
Ze — Z b 
L 


The member local end forces Q and end displacements u are shown in 
Fig. 8.11(b); Fig. 8.11(c) depicts the equivalent system of end forces F and end 
displacements v, in the global coordinate system. As indicated in Fig. 8.11(c), 
the global member end forces and end displacements are numbered by begin- 
ning at member end b, with the force and translation in the Y direction num- 
bered first, followed by the moment and rotation about the X axis, and then the 
moment and rotation about the Z axis. The forces and displacements at the 
member's opposite end e are then numbered in the same sequential order. 

By comparing Figs. 8.11(b) and (c), we realize that at member end b, the 
local forces Q1, Q2, and Q 3 must be equal to the algebraic sums of the compo- 
nents of the global forces F 1, F 2, and F 3 in the directions of the local y, x, and 
z axes, respectively; that is (also, see Fig. 8.11(d)), 


siné = 


(8.33c) 


Qi=Fi (8.34a) 
Q>=F,cosé + F3sing (8.34b) 
Q3 = —F2sin@ + F3cosé (8.34c) 


Similarly, the local forces at member end e can be expressed in terms of the 
global forces as 


Q4 = F4 (8.34d) 
Q5 = F5 cos + Fesino (8.34e) 
Qs = —F5 sin 0 + Fe coso (8.34f) 
Equations 8.34(a) through (f) can be expressed in matrix form as 
Q=TF (8.35) 
with the transformation matrix T given by 
1 0 0 0 0 0 
0 coso sing 0 0 0 
Aa ee Bas 
0 0 0 0 cosé sing 


0 0 0 0 —sin@ cosé 


Because the translations and small rotations of the member ends can be treated 
as vector quantities, the foregoing transformation matrix also defines the trans- 
formation of member end displacements from the global to the local coordinate 
system; that is, u = Tv. Furthermore, the transformation matrix T, as given in 
Eq. (8.36), can be used to transform member end forces and displacements 
from the local to the global coordinate system via the relationships F = T'Q 
and v = T'u, respectively. 
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Procedure for Analysis 


The procedure for analysis of grids remains the same as that for plane frames 
developed in Chapter 6 (and modified in Chapter 7); provided, of course, that 
the member local stiffness and transformation matrices, and local fixed-end 
force vectors, developed in this section are used in the analysis. The procedure 
is illustrated by the following example. 


EXAMPLE 8.2 Determine the joint displacements, member end forces, and support reactions for the 
three-member grid shown in Fig. 8.12(a), using the matrix stiffness method. 


SOLUTION Analytical Model: The grid has three degrees of freedom and nine restrained 
coordinates, as shown in Fig. 8.12(b). 


Structure Stiffness M atrix: 


Member 1 From Fig. 8.12(b), we can see that joint 1 is the beginning joint, and joint 
4 the end joint, for this member. By applying Eqs. (8.33), we determine the length, and 
the direction cosines, for the member to be 


L = Vs — Xa? + Za 21? = fO- 07 + 6-02 = 10m 


Xq—Xq 9—0 is 


Se ake = TE 
Zee 6-0 
L 10 


sing = 


A A 


ye 20kN/m 
A EE 


Z E, G, I, J = constant 
E = 200 GPa, G = 76 GPa 
I = 347(10°) mmf, J = 115(10°) mm 


(a) Grid 
Fig. 8.12 
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oe 
5 > OI == x 
6 
Z 
iil aS 
© a 9 
ve } 3 
12 1 
ve 10 
Z 
(b) Analytical Model 
il 2 3 
| 832.8 + 3,855.6 + 1,626.6 2,498.4 + 11,567 —3,331.2 — 6,506.3 1 6,315 14,065 —9,837.5 
S= 2,498.4 + 11,567 10,553 + 46,267 + 1,092.5 —12,905 2 =| 14,065 57,912 —12,905 
—3,331.2 — 6,506.3 —12,905 18,081 + 1,456.7 + 34,700 |3 —9,837.5 —12,905 54,238 
60+ 80 |1 140 
P; = 60 2= 60 
| —106.67 |3 —106.67 


(c) Structure Stiffness Matrix and Fixed-Joint Force Vector 
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(d) Member Local End Forces 


Fig. 8.12 (continued) 
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0.014686 kN 4 
—50.662kN-m |5 

59.14 kN - m 6 

144.67 kN 7 

R= | —445.06kN-m | 8 
7.9907 KN - m 9 

135.32 kN 10 
—12.378kN-m | 11 


375.52kN-m | 12 
(e) Support Reaction Vector 


K 


7.9907 
50.662 << — x 
© tas 6 
a $ 
7 0.014686 


20 kN/m 


7 
Ze 
A SS ee a 


Sie) = 


(f) Support Reactions 
Fig. 8.12 (continued) 


Since MT = 0 for this member, we use Eq. (8.21) to determine its local stiffness ma- 
trix k. Thus, by substituting E = 200(10°) kN/m?, G = 76(10°) kN/m2, L = 10 m, 
| = 347(10-®) m4, and) = 115(10-6) m‘ into Eq. (8.21), we obtain 


832.8 0 4,164  -—832.8 0 4,164 


0 874 0 0 -874 0 
k= 4,164 0 27,760 —4,164 0 13,880 (1) 
—832.8 0 —4,164 832.8 0 —4,164 
0  —874 0 0 874 0 
4,164 0 13,880 —4,164 0 27,760 


As the member is not subjected to any loads, its global and local fixed-end force 
vectors are 0; thatis, 


Fr; =Qr1=0 


Before we can calculate the member global stiffness matrix K, we need to evaluate 
its transformation matrix T. Thus, by substituting cos@ = 0.8 and sing = 0.6 into 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


452 Chapter 8 Three-Dimensional Framed Structures 


Eq. (8.36), we obtain 


vi ey 8 
o 08 060 0 0 
o —0.6 08 0 0 0 
— 2 
Troe woe a eon 0 (2) 
0 0 0 0 08 06 
0 0 0 0 -06 08 


Next, by substituting kı (Eq. (1)) and Tı (Eq. (2)) into the relationship K = T'kT, 
and performing the necessary matrix multiplications, we obtain the following global 
stiffness matrix for member 1: 


4 5 6 1 2 3 

832.8 —2,498.4 3,331.2 832.8 —2,498.4 3,331.24 

—2,498.4 10,553 —12,905 2,498.4 4,437.4 —7,081.9 |5 

weal S2 =L IQW ZREL UELI BRE E 
-832.8 2,498.4 3,331.2) 8328 2,498.4 -3,331.2 |1 
—2,498.4 4,437.4 —7,081.9 | 2,498.4 10,553 —12,905 |2 
3,331.2 —7,081.9 8,568.6 į —3,331.2 —12,905 18,081 |3 


From Fig. 8.12(b), we observe that the code numbers for member 1 are 4, 5, 6, 1, 2, 3. 
By using these code numbers, we store the pertinent elements of K, in the 3 x 3 
structure stiffness matrix S, as shown in Fig. 8.12(c). 


Member 2 L =6m,cosé = 0,sin0 =1 


3,855.6 O 11,567 —3,855.6 0 11,567 
0 1,456.7 0 0  —1,456.7 0 
e 0 46,267 —11,567 0 23,133 | 
—3,855.6 0 11,567 3,855.6 0 11,567 
0 1,456.7 0 O 1,456.7 0 
11,567 0 23,133 —11,567 0 46,267 
1 000 00 
© olia 0A 
0-100 00 
Uo aaa 90.0 (4) 
1 000 01 
0 0 00—10 
7 8 9 1 2 3 
3,855.6 —11,567 0 —3,855.6 —11,567 © 17 
-11,567 46,267 O 11,567 23,133 0 l 
Ko =T] kT: = | 0 0 1,456.7 See oft 
—3,855.6 11,567 0 Í 3,855.6 11,567 0o |1 
—11,567 23,133 0 | 11,567 46,267 0 2 
| 0 0 —1,456.7 | 0 0 wean 
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To determine the local fixed-end force vector due to the 20 kN/m member load, 
we first evaluate the fixed-end shears and moments by using the expressions for load- 
ing type 3 given inside the front cover. This yields 

F Sp = F Se = 60 KN 
FMp = —FM e = 60 kN -m 
Flp = FTe =0 
SinceMT = 0 for this member, we use Eq. (8.22) to obtain its local fixed-end force vector: 
60 


Qi2= at (5) 


—60 


Next, by substituting T2 (Eq. (4)) and Q¢2 (Eq. (5)) into the transformation relation- 
ship Ff = T'Q;, we obtain the global fixed-end force vector for member 2: 


60 |7 
—60 
0 
Fe = |----=-- 
f2 60 
60 
03 
The relevant elements of K 2 and Ff2 are stored in S and the 3 x 1 structure fixed-joint 
force vector P;, respectively, as shown in Fig. 8.12(c). 
Member 3 As the local x axis of this member is oriented in the positive direction of 
the global X axis, no coordinate transformations are needed; that is, T3 = I. By using 
Eq. (8.21) with L = 8 m, we obtain 


N e WoO œ 


10 11 12 1 2 3 
| 1,626.6 0 6,506.3 —1,626.6 0 o 10 
0 1,092.5 0 0  —1,092.5 0 /11 
Keke | 6,506.3 O 34,700 6,506.3 0 17,350 | 12 
—1,626.6 0 -—6,506.3 : 1,626.6 0 —-—6,506.3 ; 1 
0 —1,092.5 0 i 0 1,092.5 0 | 2 
6,506.3 0 17,350 | —6,506.3 0 34,700 3 
(6) 
F Sp = F Se = 80 kN 
FM» = —FM e = 106.67 kN -m 
FT) = FTe=0 
80 10 
0 11 
106.67 | 12 
Ff = Qf = |= 80 1 (7) 
0 2 
—106.67 | 3 
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The complete structure stiffness matrix S and the structure fixed-joint force vec- 
tor P; are given in Fig. 8.12(c). 


J ointLoad Vector: Because the grid is not subjected to any external loads at its joints, 
the joint load vector is 0; that is, 


P=0 


Joint Displacements: By substituting P, P{, and S into the structure stiffness relation- 
ship, P — P; = Sd, we write 


0 140 6,315 14,065 —9,837.5 | | dı 
0|- 60 =| 14,065 57,912 —12,905 d2 
0 —106.67 —9,837.5 —12,905 54,238 d3 
or 
—140 6,315 14,065 —9,837.5 dı 
—60 = 14,065 57,912 —12,905 d2 
106.67 —9,837.5 —12,905 54,238 d3 
By solving the foregoing simultaneous equations, we determine the joint displace- 
ments to be 
—55.951 m 
d=| 11.33rad | x10% Ans 
—5.4856 rad 
M ember End Displacements and End Forces: 
Member 1 
vı |4 0 0 
v |5 0 0 
v3 |6 0 0 -3 
bo — = 1 
elie ah Bessie oe 
vs |2 d2 11.33 
vg |3 d3 —5.4856 
0 
0 
uy =T1ivi = 0 x 103 
—55.951 
5.7728 
—11.187 
0.014686 kN 
—5.0455 kN-m 
77.709 kN-m 
Qr = Kaun = | _ 9 014686 kN 
5.0455 kN-m 
—77.562 kN-m 


The member local end forces are depicted in Fig. 8.12(d). 
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0.014686 | 4 
—50.662 5 
Sin, =| 2 Ie 
Fr Te | 0.004686 | 
50.574 2 
—59.022 3 
The pertinent elements of F; are stored in the reaction vector R, asshown in Fig. 8.12(e). 
Member 2 
0 7 | 0 ] 
0 8 0 
0 Gara | 0 | 4 
= = 1 
ea A a a oe ce : 
1S3 2 —5.4856 
—5.4856 | 3 —11.33 
144.67 kN 
7.9907 kKN-m 
445.06 kN-m 
Q2 = kuz + Qf = L24668 kN Ans 
—7.9907 kN -m 
62.952 kN -m 
144.67 I 
—445.06 8 
19, = | 7:9907 |9 
F= tA: 24.668 |1 
—62.952 |2 
—7.9907 |3 
M ember 3 
0 10 
0 11 
Bg 0 12 3 
B a a oe 
11.33 2 
—5.4856 | 3 
135.32 kN 10 
—12.378 kN-m |11 
375.52 kKN-m_ | 12 
F3 = Q3 = k3u3 + Qf3 = |-> 74.683 KN o 1 Ans 
12.378 kN -m 2 
67.013 kN -m 3 
Support Reactions: The completed reaction vector R is shown in Fig. 8.12(e), and the 
support reactions are depicted on a line diagram of the grid in Fig. 8.12(f). Ans 


Equilibrium Check: The three equilibrium equations (X` Fy = 0, X` M x = 0, and 
X Mz = 0) are satisfied. 
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8.3 SPACE FRAMES 


Space frames constitute the most general type of framed structures. The mem- 
bers of such frames may be oriented in any directions in three-dimensional 
space, and may be connected by rigid and/or flexible connections. Further- 
more, external loads oriented in any arbitrary directions can be applied to the 
joints, as well as members, of space frames (Fig. 8.13(a)). Under the action of 
external loads, the members of a space frame are generally subjected to bend- 
ing moments about both principal axes, shears in both principal directions, 
torsional moments, and axial forces. 

As with grids, the analysis of space frames is commonly based on the 
assumption that the cross-sections of all the members are symmetric about at 
least two mutually perpendicular axes, and are free to warp out of their planes 
under the action of torsional moments. As discussed previously in the case of 
grids, the bending and torsional stiffnesses of a member are uncoupled if it 
satisfies the foregoing assumption. 

The process of developing the analytical models, and numbering the degrees 
of freedom and restrained coordinates, of space frames is analogous to that for 


Y 


X 
0 Planes of 
symmetry 
Space Frame Section A-A 
Z Member cross-section 


(a) 
Fig. 8.13 
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(b) Analytical Model (24 Degrees of Freedom and 
24 Restrained Coordinates) 


Fig. 8.13 (continued) 


other types of framed structures. The overall geometry of the space frame, and its 
joint loads and displacements, are described with reference to a global right- 
handed XYZ coordinate system, with three global (X, Y, and Z) coordinates used 
to specify the location of each joint. An unsupported joint of a space frame can 
translate in any direction, and rotate about any axis, in three-dimensional space. 
Since small rotations can be treated as vector quantities, the rotation of a joint 
can be conveniently represented by its component rotations about the X, Y, and 
Z axes. Thus, a free joint of a space frame has six degrees of freedom— the trans- 
lations in the X, Y, and Z directions and the rotations about the X, Y, and Z axes. 
Therefore, six structure coordinates (i.e., free and/or restrained coordinates) need 
to be defined at each joint of the space frame for the purpose of analysis; that is, 


NC)T =6 
NDOF = 6(NJ )—NR 


| for space frames (8.37) 
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Section A-A 


Z 


(c) Member Coordinate System 


Fig. 8.13 (continued) 


The procedure for assigning numbers to the structure coordinates of a 
space frame is similar to that for other types of framed structures, with the 
degrees of freedom numbered before the restrained coordinates. In the case of 
a joint with multiple degrees of freedom (or restrained coordinates), the trans- 
lations (or forces) in the X, Y, and Z directions are numbered first in sequential 
order, followed by the rotations (or moments) about the X, Y, and Z axes, 
respectively, as shown in Fig. 8.13(b). 

For each member of a space frame, a local xyz coordinate system is estab- 
lished, with its origin at an end of the member and the x axis directed along the 
member's centroidal axis in the undeformed state. The local y and z axes are 
oriented, respectively, parallel to the two axes of symmetry (or the principal 
axes of inertia) of the member cross-section, with their positive directions 
defined so that the local xyz coordinate system is right-handed (Fig. 8.13(c)). 


Member Stiffness Relations in the 
Local Coordinate System 


To establish the local stiffness relations, let us consider an arbitrary member m 
of a space frame, as shown in Fig. 8.14(a). Like a joint of a space frame, six 
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Qin, Uiz 


K 


Qo Uy 
Q,» uy 


Qp uy >> — 


a 


Oy ty M m ©) | 
ra Q), Uy Oy Ms 
Qo Ug $ A 
Qs, Us Qip My 
L 


E, A, J, L, 1, = constant 


> Qio “io 


Q,, u7 


N 


(a) Member Forces and Displacements in the Local Coordinate System 


y 
u= 1 
EA EA 
ky= L © C a aa ee es kay =E 
a —>> x 
z 
(b) u,= 1 
y 
@p--------_ 
~~ 
~ 
u= 1 +s © 
® > x 
ae I2Ek Fái 
6E 22 = B 6EI. 12E; 
ka= g k22= — k=- —— 
yr [2 . [2 Bb 
(c) uy = 1 
Fig. 8.14 
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Fig. 8.14 (continued) 


(d) u; = 1 


y 


(e)u4= 1 


(f) us = 1 


displacements are needed to completely specify the displaced position of 
each end of the space frame member. Thus, a member of a space frame has 
12 degrees of freedom. In the member local coordinate system, the 12 end dis- 
placements are denoted by u, through u12, and the corresponding member end 
forces are denoted by Qı through Q12, as shown in Fig. 8.14(a). As indicated in 
this figure, a member's local end displacements (or end forces) are numbered 
by beginning at its end b, with the translations (or forces) in the x, y, and z di- 
rections numbered first in sequential order, followed by the rotations (or mo- 
ments) about the x, y, and z axes, respectively. The displacements (or forces) at 
the member’s opposite end e are then numbered in the same sequential order. 
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x 
(g) Ue = 1 
y 
u= 1 
EA | 
Te © 
TEEVEE E PEESO EEEE EE TE E . 


(h) wy = 1 


(i) ug = 1 


Fig. 8.14 (continued) 
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y 
6El, 6El, 
ko = — u= 75 12E 
99 = B 
® — x 
4 aoe uO 
" 12Ely 
y A 
Z 
(j) Uy = 1 
ş 
GJ 
kio10 = F 
GJ i L 
s= © O x 
FA 
(k) to = 1 
y 
2El 4El, 
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x 
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Fig. 8.14 (continued) 
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y 


(m) wu), = 1 


y 


Qh 


w 


x 


e ii i] 
r Qs Qi 


(n) Member Fixed-End Forces in the Local Coordinate System 
(uy = ug = + = Uy = U2 = 0) 


Fig. 8.14 (continued) 


The relationship between the end forces Q and the end displacements u, for 
space frame members, can be expressed in the following, now familiar, form: 


Q =ku + Qs (8.38) 


with k now representing the 12 x 12 member local stiffness matrix, and Q; 
denoting the 12 x 1 member local fixed-end force vector. 

The explicit form of k for members of space frames can be conveniently 
obtained using the expressions of the stiffness coefficients derived previously 
for prismatic members subjected to axial deformations (Section 3.3), bending 
deformations (Section 5.2), and torsional deformations (Section 8.2). The stiff- 
ness coefficients for a space frame member thus obtained, due to the unit val- 
ues of the 12 end displacements (u; through u12, respectively), are given in 
Figs. 8.14(b) through (m). Note that in Figs. 8.14(c), (g), (i), and (m), the mo- 
ment of inertia of the member cross-section about its local z axis, lz, is used in 
the expressions for the stiffness coefficients, because the end displacements uz, 
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Us, Ug, and Uz. cause the member to bend about the z axis. However, in 
Figs. 8.14(d), (f), (j), and (I), because the end displacements u3, Us, Ug, aNd u11 
cause the member to bend about its local y axis, the moment of inertia about the 
y axis, ly, is used in the expressions for the corresponding stiffness coefficients. 
The explicit form of the local stiffness matrix k for members of space frames, 
obtained by arranging all the stiffness coefficients shown in Figs. 8.14(b) 
through (m) ina 12 x 12 matrix, is given in Eq. (8.39). 


[PAaL 0 0 0 0 0 -AL2 0 0 0 0 0 
0 121, 0 0 0 6Llz 0 -121, 0 0 0 6L I, 
0 0 12ly 0 -6Lly 0 0 0  —-12ly 0 -6Lly 0 
2 2 
0 0 0 ei 0 0 0 0 o -Jf o 0 
E E 
0 0  —6Lly 0 4L7ly 0 0 0 6Lly 0 2L7ly 0 
E 0 6Llz 0 0 0 4L? 0 -6LI, 0 0 0 L'h 
k= — 
=AL 0 0 0 0 0 AL? 0 0 0 0 0 (8.39) 
0 -121, 0 0 0 -6LI, 0 121, 0 0 0 -6LI, 
0 0 -12ly 0 6Lly 0 0 0 12ly 0 6L ly 0 
2 2 
0 0 g 2 « 0 0 0 0 le 0 0 
E E 
0 0 -6Lly 0 2L?ly 0 0 0 6L ly 0 4L ly 0 
| 0 6LI, 0 0 0 2b 15 0 -6LI, 0 0 0 ALI, 


The local fixed-end force vector for the members of space frames is ex- 
pressed as follows (Fig. 8.14(n)). 


F Ap 
F Spy 
F Spz 
F Tp 
FM py 
F Mpz 
F Ae 
F Sey 
F Sez 
F Te 
FM ey 
FM ez 


in which F Spy and F Sp, denote the fixed-end shears at member end b in the 
local y and z directions, respectively; and F M py and F M pz represent the fixed- 
end moments at the same member end about the y and z axes, respectively. The 
fixed-end shears and moments at the opposite end e of the member are defined 
in a similar manner. The fixed-end forces due to a prescribed member loading 
can be conveniently evaluated, using the fixed-end force expressions given in- 
side the front cover. Any inclined member loads must be resolved into their 
components in the directions of the member's local x, y, and z axes before pro- 
ceeding with the calculation of the fixed-end forces. 


Q: (8.40) 
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Member Releases The expressions for k and Qç, as given in Eqs. (8.39) and 
(8.40), respectively, are valid only for members rigidly connected to joints at 
both ends (i.e., members of type 0, or MT = 0). For members of space frames 
with moment releases, the foregoing expressions need to be modified, using 
the procedure described in Section 7.1. If the member releases are assumed to 
be in the form of spherical hinges (or ball-and-socket type of connections), so 
that all three moments (i.e., the bending moments about the y and Z axes, and 
the torsional moment) are 0 at the released member ends, then the modified 
local stiffness matrices K and fixed-end force vectors Q; for the members with 
releases can be expressed as follows. 

For members with a hinge at the beginning (MT = 1), the modified k is 
given in Eq. (8.41): 


AL? 0 0 00 0 AL? o0 0 0 0 0 
0 3lz 0 000 0 —3l; 0 o0 0 Sl 
0 0 3ly 0 0 0 0 0 —3ly 0 —3Lly 0 
0 0 0 000 0 0 0 O 0 0 
0 0 0 000 0 0 0 o0 0 0 
E 0 0 0 000 0 0 0 O 0 0 
are —AL? 0 0 000 AL? 0 0 0 0 0 (8.41) 
0 31, 0 000 0 31, 0 O 0 =3L l; 
0 0 —3l, 0 0 0 0 0 3ly 0 3Lly 0 
0 0 0 000 0 0 0 O 0 0 
0 0 -3Lly 000 0 O BLly 0 3L°ly 0 
0 3L I, 0 000 0 siz 0 0 0 3L?l; 
and 
F Ab 
3 
F Spy — —F M 
Sby AL bz 
FS +2 FM 
bz IL by 
0 
0 
0 
F Ae 
Qi = 3 (8.42) 
FSey + oF Moz 
3 
F Se — —-FM 
Sez 2L by 
FT, +FTe 
1 
FM ey 5 FM by 
FM ley 
ez 7 bz 
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For members with a hinge at the end (MT = 2), the modified k is given in 


Eq. (8.43): 
AL? 0 0 0 0 0  —AL? 0 0 000 
0 31, 0 0 0 3L I, 0 31, 0 000 
0 0 3ly 0 —3Lly 0 0 0 -—3ly 0 0 0 
0 0 0 0 0 0 0 0 0 000 
0 0 -3Lly 0 3L7ly 0 0 0 3Lly 0 0 0 
ke = 0 3Li, 0 0 0 3L71, 0 -3Ll 0 000 (8.43) 
“E AL 0 0 0 0 0 AL? 0 0 000 ; 
0 3i 0 0 0 -3LIl, 0 31, 0 000 
0 0 —3ly 0 3Lly 0 0 0 3ly 0 0 0 
0 0 0 0 0 0 0 0 0 000 
0 0 0 0 0 0 0 0 0 000 
0 0 0 0 0 0 0 0 0 000 
and 
F Ap 
3 
F Soy — oF Me 
3 
F Soz + zp FMey 
FTp +FTe 
1 
1 
Q= FM bz — 5FMez (8.44) 
FAe 
3 
F Sey + 5 FM ez 
3 
F Sez — 5 FMey 
0 
0 
0 
For members with hinges at both ends (M T = 3), the modified k is given 
in Eq. (8.45): 
1 0 0 0 0 0 -1 0 0000 
000000 000000 
000000 000000 
000000 000000 
000000 000000 
ka A 000000 000000 (8.45) 
L —1 0 0 0 0 0 100 0 0 0 ' 
000000 000000 
000000 000000 
000000 000000 
000000 000000 
000000 000000 
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and 


F Ab 


1 
F Spy — CF Moz + FM ex) 


1 
F Soz + (CF My + FM ey) 
0 


0 


0 
Q; = FA, (8.46) 


1 
F Sey + o (FM bz + FM ez) 


1 
F Sez — pF Moy +FM ey) 


0 
0 
0 


Coordinate Transformations 


The expression of the transformation matrix T for members of space frames can 
be derived using a procedure essentially similar to that used previously for other 
types of framed structures. However, unlike the transformation matrices for 
trusses, plane frames, and grids, which contain direction cosines of only the mem- 
ber’s longitudinal (or X) axis, the transformation matrix for members of space 
frames involves direction cosines of all three (X, y, and Z) axes of the member local 
coordinate system with respect to the structure’s global (XYZ) coordinate system. 

Consider an arbitrary member Mofa space frame, as shownin Fig. 8.15(a) on 
the next page. The member end forces Q and end displacements u, in the local 
coordinate system, are shown in Fig. 8.15(b), and Fig. 8.15(c) depicts the equiv- 
alent system of member end forces F and end displacements V, in the global co- 
ordinate system. As indicated in Fig. 8.15(c), the global member end forces and 
displacements are numbered in a manner analogous to the local forces and 
displacements, except that they act in the directions of the global X,Y, and Z axes. 

The orientation of a member of a space frame is defined by the angles 
between its local x, y, and Z axes and the global X, Y, and Z axes. As shown in 
Fig. 8.16(a) on page 469, the angles between the local X axis and the global X, Y, 
and Z axes are denoted by 64x, Oy, and 6,z, respectively. Similarly, the angles be- 
tween the local y axis and the global X, Y, and Z axes are denoted by 6yx, Oy, and 
@yz, respectively (Fig. 8.16(b)); and the angles between the local Z axis and the 
global X, Y, and Z axes are denoted by 62y, 6,y, and 0:7, respectively (Fig. 8.16(c)). 

Now, let us consider the transformation of member end forces from the 
global to a local coordinate system. By comparing Figs. 8.15(b) and (c), we re- 
alize that, at member end b, the local forces Q ;, Q 2, and Q 3 must be equal to the 
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(a) Space Frame 


Qw"™ 


Q3 ae 
\O, = 


(b) Member End Forces and End Displacements in the Local Coordinate System 


Fig. 8.15 
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Z 
(c) Member End Forces and End Displacements in the Global Coordinate System 


Fig. 8.15 (continued) 


(a) Orientation of Member Local x Axis 


Fig. 8.16 
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(b) Orientation of Member Local y Axis 


(c) Orientation of Member Local z Axis 


Fig. 8.16 (continued) 


algebraic sums of the components of the global forces F 4, F 2, and F 3 in the di- 
rections of the local x, y, and Z axes, respectively; that is (also, see Fig. 8.16), 


Qı =F, cos&y + F2cos &y + F3cos yz (8.47a) 
Q2 = Fi cos6yx + F2cos Oyy + F3 cos Oyz (8.47b) 
Q3 =F, cos 62x + F2 cos 6, + F3cos 627 (8.47c) 
Equations (8.47) can be written in matrix form as 
Qi xx xy xz Fy 
Q2 | = fyx ry Tyz F2 (8.48) 
Q 3 [zx rzy fzz F3 
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in which 
fij =cosG i=X,y,orz and | =X,Y,orZ (8.49) 


The local moments Q4, Qs, and Q6, at member end b, can be similarly ex- 
pressed in terms of their global counterparts F 4, F 5, and F 6, as 


Q4 xx xy xz F4 
Qs = | Tyx Ty fyz Fs (8.50) 
Q6 [zX rzy 2z F6 


Similarly, the local forces and moments at member end € can be expressed in 
terms of the global forces and moments by the following relationships. 


Q7 xx xy xz F7 
Qs = | lyx Ty yz Fs (8.51) 
Qo [zX rzy 2z Fo 

and 
Q 10 xx Vxy xz Fig 
Q u | =] lyx Syy fyz Fi (8.52) 
Q 12 [zx lzy zz Fis 


By combining Eqs. (8.48) and Eqs. (8.50) through (8.52), we can now ex- 
press the transformation relationship between the 12 x 1 member local end 
force vector Q and the 12 x 1 member global end force vector F, in the stan- 
dard form of 


Q=TF (8.53) 


in which T represents the 12 x 12 transformation matrix for the members of 
space frames. The explicit form of T is given in Eq. (8.54). 


rex ty rzi 0 0 0:0 0 0:0 0 0 
rye Ty rzi 0 0 00 0 00 0 Oo 
tx ty tz! 0 0 0:0 0 0:0 0 0 
0 0 Oir w fz! 0 0 010 0 0 | 
O 0 0 iry ry nz 0 0 0 10 0 0 
a a E O A T 
0 0 0 0 0 O irx rxy [xz } 0 0 0) 
0 0 010 0 Oty ry fz 6 0 0 | 
o 0 0/0 0 Olr try tzid O0 0 
o 0 0:0 0 0: 0 0 O nx w z 
CO oio 0o olo O0 O iry ry oz | 
(0) 0 0 0 0 0 0 0 0 i Tex Toy 27 


The transformation matrix T is usually expressed in a compact form in terms 
of its submatrices as 


r 000 
_lo roo 

T=lo o r o (8.55) 
oo0o0r 
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in which O represents a 3 x 3 null matrix; and the 3 x 3 matrix r, which is 
commonly referred to as the member rotation matrix, is given by 


xx rxy xz 
r= Tyx Tyy Tyz (8.56) 
[zx rzy zz 


The rotation matrix r plays a key role in the analysis of space frames, and an 
alternate form of this matrix, which enables us to specify the member orienta- 
tions more conveniently, is developed subsequently. 

Since the member local and global end displacements, U and V, are also 
vector quantities, which are defined in the same directions as the correspond- 
ing forces, the foregoing transformation matrix T can also be used to transform 
member end displacements from the global to the local coordinate system; that 
is, U = Tv. Furthermore, by employing a procedure similar to that used in the 
preceding paragraphs, it can be shown that the inverse transformations of the 
member end forces and end displacements, from the local to the global coordi- 
nate system, are defined by the transpose of the transformation matrix given in 
Eq. (8.54) (or Eqs. (8.55) and (8.56)); that is, F = T'Q and v = T'u. Once the 
transformation matrix T has been established for a member of a space frame, 
its global stiffness matrix and fixed-end force vector can be obtained via the 
standard relationships K = T'kT and F; = T'Q,, respectively. 


Member Rotation Matrix in Terms of the Angle of Roll From Eq. (8.56), we 
can see that the rotation matrix r consists of nine elements, with each element 
representing the direction cosine of a local axis with respect to a global axis, in 
accordance with Eq. (8.49). Of these nine direction cosines, the three in the 
first row of r, which represent the direction cosines of the local X axis, can be 
directly evaluated using the global coordinates of the two joints to which 
the member ends are attached. Thus, if Xp, Yp, and Zp and Xe, Ye, and Ze denote 
the global coordinates of the joints to which member ends b and ẹ, respectively, 
are attached, then the direction cosines of the local X axis, with respect to the 
global X, Y, and Z axes, respectively, can be expressed as 


lxx = Cos Ox = na (8.57a) 

rxy = cos 6y = Ye = (8.57b) 

xz = cos z = fezh (8.57c) 
in which the member length L is given by 

betan e (8.57d) 


With the direction cosines of the member X axis now established, we focus 
our attention on the question of how to determine the direction cosines of the 
local y and Z axes using the information about the member orientation that can 
be conveniently input by the user of the computer program. Since the X, y, and 
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iy 


< 


Fig. 8.17 Unit Vectors in the Directions of the Local and Global Axes 


Z axes form a mutually perpendicular right-handed coordinate system, it usu- 
ally is convenient to define their directions by those of the unit vectors directed 
along these axes. Thus, if i, iy, and i, denote, respectively, the unit vectors in 
the directions of the local X, y, and Z axes, and ly, ly, and Iz denote, re- 
spectively, the unit vectors directed along the global X, Y, and Z axes (see 
Fig. 8.17), then the relationship between the local and global unit vectors is 
defined by the member rotation matrix r, as 


ix lxX rxy lxz Ix 
ly P=] lyx Py fyz ly (8.58) 
Iz [zX rzy [zz Iz 


The reader may recall from a previous course in statics that if the direction 
cosines of two of the three unit vectors, directed along the axes of an orthogo- 
nal coordinate system, are known, then those of the third unit vector can be ob- 
tained by using a cross (or vector) product of the two known vectors. In the 
case under consideration, as discussed previously, the direction cosines of one 
of the unit vectors, ix, are defined by the global coordinates of the member ends 
(Eqs. (8.57)). Thus, if the user of the computer program can provide, as input, 
the direction cosines of either iy or i; (i.e., either the y or the Z axis), then the 
direction cosines of the remaining third vector can be conveniently established 
via the cross product of the two known vectors. However, as the hand 
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calculation of direction cosines of the y or Z axis for each member of a struc- 
ture can be a tedious and time-consuming chore, this approach is not consid- 
ered user-friendly and is seldom used by practitioners. 

Instead, most computer programs allow the users to specify the orientation 
of the member y and Z axes by means of the so-called angle of roll [3]. To de- 
fine the angle of roll and to express the direction cosines of the member y and 
Z axes in terms of this angle, we imagine that the member’s desired (or actual 
design) orientation is reached in two steps, as shown in Figs. 8.18(a) and (b). 
In the first step, while the member’s X axis is oriented in the desired direction, 
its y and Z axes are oriented so that the xy plane is vertical and the Z axis lies in 
a horizontal plane. The foregoing (imaginary) orientation of the member is de- 
picted in Fig. 8.18(a), in which the member’s principal axes are designated as 
y and Z (instead of y and Z, respectively), to indicate that they have not yet 
been positioned in their desired (or actual design) directions. As discussed pre- 
viously, the direction of the local X axis is known from the global coordinates 
of the member ends. Since the Z axis is perpendicular to the vertical xy plane, 
a vector Z directed along the Z axis can be determined by the cross product of 
the vector i, and a vertical unit vector ly; that is, 


Ix Wy lz 
Z= ix X ly =det|ryy rxy xz] = —Pxzby +'xxlz (8.59) 
0 1 (0) 


(a) Member Orientation with xy Plane Vertical 
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/ / y Section A-A 


z (b) Actual Member Orientation 


Fig. 8.18 (continued) 


To obtain the unit vector i; along the local Z axis, we divide the vector Z by its 


magnitude , / iy + eee This yields 


pan a ee (8.60) 


The unit vector iy can now be established by using the cross product iz X ix , as 


Ix ly Iz 

lxZ xx 
iy =i xi =det|—- 75, 0 FZ >> 
xx + rxz rex TIX? 

xx rxy xz 


from which we obtain 


. yx lxy yy lxz 
ly = a a ly + ry +r, ly = Ti, ag lz 
ga Thy Vix + 0x7 


(8.61) 


From Eqs. (8.60) and (8.61), we can see that the transformation relationship 
between the global XYZ and the auxiliary local X YZ coordinate systems can be 
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expressed as 


[xx rxy xz 
H lyxPxy yy 0 xz 
I a SS Ck SS Ix 
. 2 2 2 2 
ly | = xx EE vie +z ly (8.62) 
iz o= i 0 rxx Iz 


2 2 [2 2 
rex TIX xXx + xz 


In the next step, we rotate the auxiliary XYZ coordinate system about its X 
axis, in a counterclockwise sense, by the angle of roll Y, until the member’s 
principal axes are in their desired orientations. The final orientation of the 
member thus obtained is depicted in Fig. 8.18(b), in which the member’s prin- 
cipal axes are now designated as y and Z axes. From this figure, we can see that 
the unit vectors along the y and Z axes can be expressed in terms of those 
directed along the y and Z axes, as 


iy = cos Wiy + sin Wiz (8.63a) 
i, = —sin Yiy + cos Wi; (8.63b) 


Thus, the transformation relationship between the auxiliary XYZ and the actual 
xyZ coordinate systems is given by 


ix 1 0 0 ix 
iy}=|0 cosW sinw iy (8.64) 
i, 0 -—sinW cosW iz 


Finally, to obtain the transformation relationship between the global XYZ and 
the actual local Xyz coordinate systems, we substitute Eq. (8.62) into Eq. (8.64) 
and carry out the required matrix multiplication. This yields 


xx rxy xz 
: —lxxlyy cos Y — rxz sin Y —ryylyz cos V + rxy sin Y 
Ix > > r3 +12, cosy 7 > Ix 
ly | = xx Plz Vix Thyz ly 
iz fxxľxy sin YW — rxz cos Y fyyfyz sin VW +rxx cos V Iz 


E + Te sin Y 


x 
ieee +r, a +r, 
X x Ay X X (8.65) 


By comparing Eqs. (8.58) and (8.65), we can see that the member rotation ma- 
trix r can be expressed as 


xx rxy xz 


—lryylyy cos Y — rxz sin Y —lyylyz cos VW +Txyx sin Y 
z F Hiz +12, cos Ų 3 3 
A yix Hhxz ice ei: (8.66) 


ryxlyy sin VW —lyz cos UV . ryylyz sin YW + rxx cos Y 
na È ai hey +r, sin Y = 


2 2 /-2 2 
xx + rxz rex ot xz 
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Note that the rotation matrix depends only on the global coordinates of the 
member ends and its angle of roll YW. Based on the foregoing derivation, the 
angle of roll © is defined as the angle, measured clockwise positive when 
looking in the negative x direction, through which the local xyz coordinate sys- 
tem must be rotated around its x axis, so that the xy plane becomes vertical 
with the y axis pointing upward (i.e, in the positive direction of the global 
Y axis). 

The expression of the rotation matrix r, as given by Eq. (8.66), can be used 
to determine the transformation matrices T for the members of space frames 
oriented in any arbitrary directions, except for vertical members. This is be- 
cause for such members rxx and rxz are zero, causing some elements of r in 
Eq. (8.66) to become undefined. This situation can be remedied by defining the 
angle of roll differently for vertical members, as follows. For the special case 
of vertical members (i.e., members with centroidal or local X axis parallel to the 
global Y axis), the angle of roll Y is defined as the angle, measured clockwise 
positive when looking in the negative x direction, through which the local xyz 
coordinate system must be rotated around its x axis, so that the local z axis 
becomes parallel to, and points in the positive direction of, the global Z axis 
(Fig. 8.19(b)). 

The expression of the rotation matrix r for vertical members can be de- 
rived using a procedure similar to that used previously for members with other 
orientations. We imagine that the vertical member’s desired (or actual design) 
orientation is reached in two steps, as shown in Figs. 8.19(a) and (b) on the 
next page. In the first step, while the member’s X axis is oriented in the desired 
(vertical) direction, its y and Z axes are oriented so that the local Z axis is paral- 
lel to the global Z axis, as shown in Fig. 8.19(a). As indicated there, the mem- 
ber’s principal axes in this (imaginary) orientation are designated as Y and Z 
(instead of y and Z, respectively). The direction of the local X axis (known from 
the global coordinates of the member ends) is represented by the unit vector 
ix = ryyly, while the direction of the Z axis is given by the unit vector iz = Iz. 
The unit vector iy, directed along the Y axis, can therefore be conveniently 
established using the cross product iz X ix, as 


Ix ly Iz 
iy = iz xix =det| 0 0 1])=-tyly (8.67) 
0 yy 0 


Thus, the transformation relationship between the global XYZ and the auxiliary 
local XYZ coordinate system is given by 


i, 0 rxy 0 l X 
kisl o o| | ly (8.68) 


In the next step, we rotate the auxiliary XYZ coordinate system about its X 
axis, in a counterclockwise sense, by the angle of roll Y, until the member’s 
principal axes are in their desired orientations. This final orientation of the 
member is depicted in Fig. 8.19(b), in which the member principal axes are 
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(a) Orientation of Vertical Member with Z Axis Parallel 
to Global Z Axis 


Section A-A 
(b) Actual Orientation of Vertical Member 
Fig. 8.19 
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now designated as the y and Z axes. From this figure, we can see that the trans- 
formation relationship between the auxiliary X YZ and the actual x yZ coordinate 
systems is the same as given previously in Eq. (8.64). Thus, the desired trans- 
formation from the global XYZ coordinate system to the local Xyz coordinate 
system can be obtained by substituting Eq. (8.68) into Eq. (8.64) and perform- 
ing the required matrix multiplication. This yields 


i, 0 lyy 0 l X 
iy | =| —lycos¥ 0 sinW ly (8.69) 
i, ry sinW 0 cosW lz 


from which we obtain the rotation matrix r for vertical members: 


0 yy (0) 
r= | —-ryycosW 0 siny (8.70) 
rxy sin Y QO cosW 


Member Rotation Matrix in Terms of a Reference Point In most space frames, 
members are usually oriented so that their angles of roll can be found by in- 
spection. There are structures, however, in which the orientations of some 
members may be such that their angles of roll cannot be conveniently deter- 
mined. The orientation of such a member can alternatively be specified by 
means of the global coordinates of a reference point that lies in one of the prin- 
cipal (xy or XZ) planes of the member, but not on its centroidal (X) axis. 

To discuss the process of determining the member rotation matrix r using 
such a reference point, consider the space-frame member shown in Fig. 8.20 on 
the next page, and let Xp, Yp, and Zp denote the global coordinates of an arbitrar- 
ily chosen reference point P , which is located in the member’s local xy plane, but 
not on its X axis. Since the global coordinates of the member end b are Xp, Yp, and 
Zp, the position vector p, directed from member end b to reference point P, can 
be written as 


p= (Xp — Xp)lx + (Vp —Yo)ly + (Zp — Zb)lz (8.71) 


Note that both points b and P are located in the local xy plane and, therefore, 
vector p also lies in that plane. Since the direction cosines of the local X axis are 
already known from the global coordinates of the member ends, the direction 
cosines of the local Z axis can be conveniently established using the following 
relationship. 


i i, X p (8.72) 
Tix x pl 


in which |ix X p| represents the magnitude of the vector that results from the 
cross product of the vectors i, and p. With both i, and i, now known, the direc- 
tion cosines of the local y axis can be obtained via the cross product, 


i =i; x i (8.73) 


In the case that the reference point P is specified in the local xz plane of the 
member, the direction cosines of the local y axis need to be determined first 
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xy Plane 


Fig. 8.20 


using the relationship 


: xi 
io (8.74) 
Ip X ixl 
and then the direction cosines of the local Z axis are obtained via the cross 
product 
i= i xi (8.75) 


It should be realized that the procedure described by Eqs. (8.71) through 
(8.75) enables us to obtain the member rotation matrix r directly by means of 
a reference point, without involving the angle of roll of the member. However, 
if desired, the angle of roll can also be obtained from the global coordinates of 
a reference point. To establish the relationship between the angle of roll Y and 
a reference point P of a member, we first determine the components of the po- 
sition vector p in the auxiliary XYZ coordinate system, by applying the trans- 
formation relationship given in Eq. (8.62), as 


xx rxy xz 


p F'xxľxY yy lxz = 
eee eee 
ø |=| Vrè tre Viatri || Oe —Ye) 


pz o Z 7 -a o eazy 


jr 2 2 jr 2 2 
xX TNX XX +I 
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from which we obtain 


Dx =Ixx (Xp — Xp) +rxy (Yp — Yb) +rxz (Zp — Zp) (8.76a) 
xx Pyxy / 
py = 5 - (Xp — Xb) + iy +r2 (Yp — Yb) 
rex +lxz 
yy lxz 
(Zp — Zp) (8.76b) 
rey +r? 
r r 
Pz = TERS — Xp) + at (Zp — Zp) (8.76c) 
ry +12, tox +7 


in which px, Py, and pz represent, respectively, the components of the position 
vector p in the directions of the local X axis and the y and Z axes of the auxil- 
iary XYZ coordinate system. Now, if the reference point P lies in the xy plane 
of the member as shown in Fig. 8.21, then we can see from this figure that the 
angle of roll Y and the components of p are related by the following equations: 


sin Y = P and cos VW = Py (8.77) 


Nl 


Fig. 8.21 
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Fig. 8.22 


In the case that the reference point P is specified in the local xz plane, then from 
Fig. 8.22 we can see that the relationships between the sine and cosine of W 
and the components p can be expressed as 


. py pz 
sin Y = ———___. and cos V = —————. (8.78) 
Py + Pz Py + Pe 


Equations (8.77) and (8.78) are valid for space-frame members oriented 
in any arbitrary directions, including vertical members. However, since 
ryx = xz = 0 for vertical members, the expressions for py and pz, as given in 
Eqs. 8.76(b) and (c), cannot be used; appropriate expressions for the compo- 
nents of the position vector p in the auxiliary XYZ coordinate system must be 
derived by applying Eq. (8.68), as 


Dx O rw 0 (Xp — Xp) 
Py J}=] rxy 0 0 (Yp — Yb) 
pz 0 0 1 (Zp — Zp) 
which yields 
Px = rxy (Yp — Yb) (8.79a) 
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Py = —lyy (Xp — Xp) (8.79b) 
z=Zp—ZLp (8.79c) 


It is important to realize that, for vertical members, Eqs. 8.79(b) and (c) 
should be used to evaluate py and pz, whereas for members with other orienta- 
tions, these components are obtained from Eqs. 8.76(b) and (c). After py and 
pz have been evaluated, the sine and cosine of the member’s angle of roll Y can 
be determined either by Eq. (8.77) if the reference point lies in the xy plane, 
or via Eq. (8.78) if the reference point is located in the Xz plane. Once sin Y 
and cos Y are known, the member rotation matrix r can be determined by 
Eq. (8.66) if the member is not oriented in the vertical direction, or via 
Eq. (8.70) if the member is vertical. 


EXAMPLE 8.3 The global coordinates of the joints to which the beginning and end of a space-frame 
member are attached are (4, 7, 6) ft and (20, 15, 17) ft, respectively. If the global 
coordinates of a reference point located in the local xy plane of the member are (10.75, 
13.6, 13.85) ft, determine the rotation matrix of the member. 


SOLUTION We determine the member rotation matrix r using the direct approach involving cross 
products of vectors, and then check our results using the angle-of-roll approach. 
Using the given coordinates of the two ends of the member, we evaluate its 
length and the direction cosines of the local x axis, as (see Eqs. (8.57)) 


L = Ye = Xb)? + We = Yo)? + (Zp = Ze)? 


= (20 — 4)? + (15 — 7)? + (17 — 6)? = 21 ft 
Xe—-Xp 20-4 


yx = aca ies 0.7619 (1a) 
Vere View sea 

Kays 2 = 038095 1b 

xY L 21 ( ) 
py A ye 

ee - = = 0.52381 (1c) 


Thus, the unit vector directed along the member local x (or centroidal) axis is 
ix = 0.7619 Ix + 0.38095 ly + 0.52381 Iz (2) 


Next, we form the position vector p, directed from member end b to reference point P, 
as (Eq. (8.71)) 


P= (Xp — Xp)lx + (Yp —Yop)ly + (Zp — Zp)lz 
= (10.75 — 4)ly + (13.6 — 7)ly + (13.85 — 6)l z 


or 
p = 6.75 ly + 6.6 ly + 7.85 Iz 


With i, and p known, we can now apply Eq. (8.72) to determine the unit vector in the 
local Z direction. For that purpose, we first obtain a vector Z along the local Z axis by 
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evaluating the cross product of i, and p. Thus, 


lx ly Iz 
z=i, X p= det| 0.7619 0.38095 0.52381 
6.75 6.6 7.85 


= [(0.38095)(7.85) — (6.6)(0.52381)] Ix 
— [(0.7619) (7.85) — (6.75) (0.52381)] ly 
+ [(0.7619)(6.6) — (6.75)(0.38095)] Iz 
or 
z = —0.46669 Ix — 2.4452 ly + 2.4571 Iz 


Note that Z is not a unit vector. To obtain the unit vector i,, we need to divide Z by its 
magnitude |Z|, which equals 


|z| = li, x p| = v (=0.46669)2 + (—2.4452)? + (2.4571)? = 3.4977 ft 


Thus, the unit vector i, is given by 
é Z 
i= izi = —0.13343 Ix — 0.69909 ly + 0.70249 Iz (3) 


The third unit vector, iy, can now be evaluated using the cross product of i, (Eq. (3)) 
and i, (Eq. (2)). Thus, 
lx ly Iz 
iy =i, x iy = det | —0.13343 —0.69909 0.70249 
0.7619 0.38095 0.52381 


= [(—0.69909) (0.52381) — (0.38095) (0.70249)]1 x 
— [(—0.13343) (0.52381) — (0.7619) (0.70249)] ly 
+ [(—0.13343) (0.38095) — (0.7619) (—0.69909)] Iz 
or 
iy = —0.6338 Ix + 0.60512 ly + 0.48181 Iz (4) 


The member rotation matrix r can now be obtained by arranging the components of i, 
(Eq. (2)), iy (Eq. (4)) and i, (Eq. (3)) in the first, second, and third rows, respectively, 
of a3 x 3 matrix. The member rotation matrix thus obtained is 
0.7619 0.38095 0.52381 
r= | —0.6338 0.60512 0.48181 Ans 
—0.13343 —0.69909 0.70249 


Alternative Method: The member rotation matrix r can alternatively be determined 
by applying Eq. (8.66), which contains the sine and cosine of the angle of roll W. We 
first evaluate the components py and pz of the position vector p using Eqs. 8.76(b) 
and (c), respectively. By substituting the numerical values of ryx, rxy, and ryz (from 
Eqs. (1)) and the given coordinates of member end b and reference point P into these 
equations, we obtain 


py = 2.2892 ft 
pz = 2.6446 ft 
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By substituting these values of py and pz into Eqs. (8.77), we obtain the sine and 
cosine of the angle of roll: 


sin Y = 0.75608 cos VW = 0.65448 (5) 


Finally, by substituting the numerical values from Eqs. (1) and (5) into Eq. (8.66), we 
obtain the following rotation matrix for the member under consideration: 
0.7619 0.38095 0.52381 
r= | —0.6338 0.60512 0.48179 Checks 
—0.13343 —0.69907 0.70249 


Procedure for Analysis 


The general procedure for analysis of space frames remains the same as that for 
plane frames developed in Chapter 6 (and modified in Chapter 7)—provided 
that the member local stiffness and transformation matrices, and local fixed- 
end force vectors, developed in this section, are used in the analysis. 


EXAMPLE 8.4 Determine the joint displacements, member end forces, and support reactions for the 
three-member space frame shown in Fig. 8.23(a) on the next page, using the matrix 
stiffness method. 


SOLUTION Analytical Model: The space frame has six degrees of freedom and 18 restrained 
coordinates, as shown in Fig. 8.23(b). 
Structure Stiffness M atrix: 


Member 1 By substituting L = 240 in., and the material and cross-sectional prop- 
erties given in Fig. 8.23(a), into Eq. (8.39), we obtain the local stiffness matrix k for 


member 1: 

7 8 9 10 11 12 1 2 3 4 5 6 
[ 3,975.4 0 0 0 0 0 —3,975.4 0 0 0 0 0 y 
0 18.024 0 0 0 2,162.9 0 —18.024 0 0 0 2,162.9 | 8 
0 0 5.941 0 —712.92 0 0 0 —5.941 0 —712.92 0 9 
0 0 0 723.54 0 0 0 0 0 723.54 0 0 10 
0 0 —712.92 0 114,067 0 0 0 712.92 0 57,033 0 11 
a eee OP Ate ORS a (02 
—3,975.4 0 0 0 0 0 | 3,975.4 0 0 0 0 0 1 
0 —18.024 0 0 0 —2,162.9 i 0 18.024 0 0 0 —2,162.9 | 2 
0 0 —5.941 0 712.92 0 o 0 5.941 0 712.92 0 3 
0 0 0 —723.54 0 (0) i 0 0 0 723.54 0 0 4 
0 0 —712.92 0 57,033 0 i 0 0 712.92 0 114,067 0 5 
0 2,162.9 0 0 0 173,033 i 0 —2,162.9 0 0 0 346,067 | 6 


(1) 


Since the member’s local X, y, and Z axes are oriented in the directions of the 
global X, Y, and Z axes, respectively (see Fig. 8.23(a)), no coordinate transformations 
are necessary (i.e., T; = 1); thus, K; = kı. 

To determine the fixed-end force vector due to the 0.25 k/in. (= 3 k/ft) member 
load, we apply the fixed-end force expressions for loading type 3 given inside the front 
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cover. This yields 
F Spy = F Sey = 30 k 
F Mpz = —FMe = —1,200 k-in. 


with the remaining fixed-end forces being 0. Thus, using Eq. (8.40), we obtain 


0o] 7 

30| 8 

0| 9 

0 | 10 
0/11 
1,200 | 12 

Fin = 0 = |= alan (2) 

30 | 2 
ongs 

0| 4 

0| 5 
—1,200 ] 6 


y 20 ft 
| 
| 
| 
| 3 k/ft 
Ezz trr x 
7 x Fa 
Z 
z “Le 
z 150 k-ft 
= 29,000 ksi 
A soit G = 11,500 ksi 
A = 32.9 in2 
20% Seon 
1, = 236in4 
J = 15.1 in.4 
Z I 
| 
l 
l : | 
peal 
a 
Z 


y 
(a) Space Frame 


Fig. 8.23 
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Is $ 
17 


(b) Analytical Model 

1 2 3 4 5 6 
3,990.3 —5.2322 0 —627.87  —1,075.4 TADS. T omi 
—5.2322 4,008.4 0 1,800.4 627.87 —2,162.9 2 30m2 
s= 0 0 3,999.4 —2,162.9 712.92 0 3 P; = om3 
—627.87 1,800.4 —2,162.9 634,857 100,459 0 4 ; 0 14 
—1,075.4 627.87 712.92 100,459 286,857 0 5 om5 
712.92 —2,162.9 0 0 0 460,857 6 —1,200 16 


(c) Structure Stiffness Matrix and Fixed-Joint Force Vector 


Fig. 8.23 (continued) 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


139.65 


BS 

| 4.5118 i 

| fi 

i 1.7379 7.2034 


y 0.76472 362.21 


| De 
| yee 
$ z Y L = 240 in. 
0.25 k/in. 
2.1722 5.3757 | 5.3757 11.117 ee 120.63 
oN Sie Se an aera 7.2034 f 
T] ete 2.1722 4.6249 1,035 Va 1.7379 
__ << \ 
0.74272 | 44.106 0.74272 | 15.894 va WA 
4.5118 
Lf i Pá A ener a 4.702 
goede 58.987 1055 119.27 Lf x 
A j 2 
277.46 
we 740.31 L=240in 


a 
a 
7 


y 


(d) Member Local End Forces 


5.3757 k 7 
44.106 k 8 
—0.74272 k 9 


2.1722 k-in. |10 
58.987 k-in. |11 
2,330.5 k-in. | 12 


—4.6249 k 13 
11.117k 14 
—6.4607 k 15 


—515.55 k-in. | 16 
—0.76472 k-in. | 17 
369.67 k-in. | 18 


—0.75082k | 19 
4.7763 k 20 
7.2034 k 21 

—383.5 k-in. | 22 

—60.166 k-in. | 23 
L —4.702 k-in. _| 24 


(e) Support Reaction Vector 


Fig. 8.23 (continued) 
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0.25 k/in. 


2.1722 —>> 5.3757 —> <= 1,800 Lam, —<—— X 


A f 1,800 k-in. 
0.74272 
44.106 
2,330.5 f 


58.987 


«— 4.6249 ~<— 515.55 


0.76472 
(£) Support Reactions 


Fig. 8.23 (continued) 


From Fig. 8.23(b), we observe that the code numbers for member 1 are 7, 8, 9, 10, 11, 
12, 1, 2, 3, 4, 5, 6. Using these code numbers, we store the pertinent elements of K; 
(Eq. (1)) and Fr, (Eq. (2)) in the 6 x 6 structure stiffness matrix S and the 6 x 1 
structure fixed-joint force vector Ps, respectively (Fig. 8.23(c)). 


Member 2 Because the length, as well as the material and cross-sectional proper- 
ties, of member 2 are identical to those of member 1, ky = k; (Eq. (1)). 

To obtain the transformation matrix T for member 2, we first determine the di- 
rection cosines of its local X axis using Eqs. (8.57), as 


Xe—X 
ix = =0 
Ye— Yp O-—(—20) 
eT aa 
Ze- Z 
2 = i eT 


From Fig. 8.23(a), we can see that the angle of roll Yfor this vertical member is 90°. Thus, 
cos W = 0 and sin Y = 1 
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By substituting the foregoing numerical values of rxx, rxy, 'xz, cos W, and sin W into 
Eq. (8.70), we determine the rotation matrix r for member 2 to be 


01 0 
H= 0 1 
100 


By substituting this rotation matrix into Eq. (8.55), we obtain the following 12 x 12 
transformation matrix for member 2. 


0 1 010 0 0:0 0 010 0 0 
0 0 10 WO 0 0000 
1 0 0/0 00000000 
0 0 0010000000 
o 0 00 0 10 0 0000 
AO OEO O OO O O ORO O (3) 
00 00000 10000 
o 0 0:0 0 0:0 0 1:0 0 0 
0 0 0/0 0 011 0 0/0 0 0 
00 00000 0 0010 
o0 0 00 0 00 O 00 O 1 
o 0 010 00000100 


The global stiffness matrix for member 2 can now be evaluated by substituting kz 
(from Eq. (1)) and T, (Eq. (3)) into the relationship K = T'kT, and performing the 
necessary matrix multiplications. This yields 


13 14 15 16 17 18 1 2 3 4 5 6 
[5.941 0 0 0 O  =712.92 5041 0 0 0 -71292713 

0 3,975.4 0 0 0 0 O  =3,9754 0 0 0 o {14 

0 O 18.024 2,1629 0 0 0 0 -18.024 2,1629 0 o fis 

0 0 2,162.9 346,067 0 0 0 0 -2,162.9 173,033 0 o | 16 

0 0 0 0 «723.54 o0 0 0 0 o mm o o 

e ae 8 0 0 O 114,067 712.92 0 o 0 0 57103 | 18 
T | 5941 0 0 0 O 712.92 5.941 0 0 0 0 712.92 | 1 
0 -3,9754 0 0 0 0 } 0 39754 0 0 0 © l2 

0 0 18.024 -2,162.9 0 o i o O 18.024 -2,162.9 0 o f3 

0 0 2,162.9 173,033 0 0 | 0 O -2,162.9 346,067 0 © la 

0 0 0 O m olo 0 0 0o 72354) o l5 
L-712.92 0 0 0 0 57,033} 71292 0 0 0 0 114,067 | 6 


The relevant elements of K, are stored in S (Fig. 8.23(c)). 


Member 3 k; = k; (given in Eq. (1)). 


Xe—X 
ion = = =O 

Ye—Y 
yy = aT 20 

Ze— Zp 0- (—20) 
a a 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 8.3 Space Frames 491 


From Fig. 8.23(a), we can see that WV = 30°. Thus, 
cos VW = 0.86603 and sin Y = 0.5 
By applying Eq. (8.66), we determine the rotation matrix for member 3 to be 


0 0 1 
r3 = —0.5 0.86603 0 
—0.86603 —0.5 0 


Thus, the transformation matrix for this member is given by 


0 0 1i 0 0 oj o0 0 oi 0 0 0 

—0.5 0.86603 O; 0 0 0: 0 0 0: 0 0 0 

Ufc 05 1 0 Cape Ug eae Ose tes Or O. a 

0 0 0 0 0 i 0 oO; 0 0 0 

0 0 0: -0.5 0.86603 0; 0 0 0: 0 0 0 

0 0 =O ‘ E) 0 0 0 0 
n 0 0 i 0 To a | oe 

0 0 : 0.5 0.86603 O; 0 0 0 

ae Oe On 00o _ 0 00mm 05 0l 0 0 0 

0 0 0: 0 0 0f 0 0 oO; 0 0 1 

0 0 0 0 0 0: 0 0 O | —0.5 0.86603 0 

0 0 0 0 0 o: 0 0 0 '—0.86603 -0.5 0 

and the member global stiffness matrix K3 = T k3T3 is 

19 20 21 22 23 24 1 2 3 4 5 6 
[ 8.9618 5.2322 0 627.87 1,075.4 0  —8.9618 5.2322 0 627.87 1,075.4 0 19 
—5.2322 15.003 0 1,800.4 -627.87 0 5.2322 —15.003 0  —1,800.4 —62787 0 |20 
0 0 3,975.4 0 0 0 0 0 3,975.4 0 0 o {21 
627.87 —1,800.4 0 288,067 100,459 0 627.87 1,800.4 0 144,033 50,229 o {22 
1,075.4 —627.87 0 100,459 172,067 0 —1,075.4 627.87 0 50,229 86,033 0 23 
koe 0 0 0 0 0 72 O4 Oe a! DES one OE OTDA 0 123.54 |24 
—8.9618 5.2322 0 —627.87 —1,075.4 0 i 8.9618 —5.2322 0 —627.87 —1,075.4 0 1 
5.2322 —15.003 0 1,800.4 627.87 0 | 5.2322 15.003 0 1,800.4 627.87 0 2 
0 0 -3,9754 0 0 o i o0 0 3,9754 0 0 0 3 
627.87 —1,800.4 0 144,033 50,229 0 | 627.87 1,800.4 0 288,067 100,459 0 4 
1,075.4 -627.87 0 50,229 86,033 O {=1,075.4 627.87 0 100,459 172,067 0 5 
0 0 0 0 0 723.54) 0 0 0 0 0 723.54 | 6 


The complete structure stiffness matrix S and the structure fixed-joint force vector P; are 
given in Fig. 8.23(c). 


Joint Load Vector: By comparing Figs. 8.23(a) and (b), we obtain 


0 1 

0 2 

P= 0 3 
—1,800 k-in. | 4 

0 5 

1,800 k-in. | 6 


Joint Displacements: By substituting P, P;, and S into the structure stiffness relationship, P — P; = Sd, 
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and solving the resulting simultaneous equations, we determine the joint displacements to be 


—1.3522 in. 
—2.7965 in. 
sl RO m, an 
Be) a e Ans 
1.0569 rad 
6.4986 rad 


M ember End Displacements and End Forces: 


Member 1 
0 
> | 
0 
0 
0 
ea See x 10% (5) 
—2.7965 
—1.812 
—3.0021 
vee 
6.4986 
5.3757 k 7 
44.106 k 8 
—0.74272 k 9 
2.1722 k-in. 10 
58.987 k-in. 11 
— = = 2,330.5 k-in._ 12 Ans 
F, =Q, =k,u, +Q = 5 3757 k 1 
15.894 k 2 
0.74272 k 3 
—2.1722 k-in. | 4 
119.27 k-in. 5 
1,055 k-in. 6 


The member local end forces are depicted in Fig. 8.23(d), and the pertinent elements 
of F; are stored in the support reaction vector R (Fig. 8.23(e)). 


Member 2 v, = v; (see Eq. (5)). 


0 11.117k 
0 6.4607 k 
0 —4.6249 k 
0 0.76472 k-in. 
0 369.67 k-in. 
0 By -5115.55 lin. 
TEES ame E Qka e Ane 
—1.812 6.4607 k 
—1.3522 4.6249 k 
1.0569 0.76472 k-in. 
6.4986 740.31 k-in. 
-3.0021 SAOS keii 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 8.3 Space Frames 493 


—4.6249 13 

11.117 |14 

—6.4607 |15 

-515.55 16 

—0.76472 |17 

7 369.67 18 
oe 4.6249 | 1 
=a 2 

6.4607 |3 

—1,035 4 

0.76472 | 5 

740.31 6 


O 7.2034 k 
0 4.5118 k 
0 —1.7379 k 
0 —4.702 k-in. 
0 139.65 k-in. 
0 = 362.21 k-in. 
Mare ee leary el Pas > Q3 = k;u; = ee eats 
—1.7457 —4.5118 k 
2.5693 1.7379 k 
6.4986 4.702 k-in. 
2.4164 277.46 k-in. 
2.0714 720.63 k-in. 
—0.750827 19 
4.7763 |20 
7.2034 |21 
~383.5 22 
60.166 | 23 
T 4.702 |24 
EEEE 0.75083 | 1 
ama |2 
-7.2034 | 3 
~762.82 4 
—120.03 5 
4.702 | 6 


Support Reactions: The completed reaction vector R is shown in Fig. 8.23(e), and 
the support reactions are depicted on a line diagram of the space frame in Fig. 8.23(f). 
Ans 


Equilibrium checks: The six equations of equilibrium (X` Fx =0, X Fy =0, 
Fz =0, My =0, X My =0, and XM; =0) are satisfied for each member 
of the space frame shown in Fig. 8.23(d). Furthermore, the six equilibrium equations 
in the directions of the global coordinate axes (X` Fx =0, X} Fy =0, } Fz =0, 
X Mx =0, >My =0, and Mz =0) are satisfied for the entire structure shown 
in Fig. 8.23(f). 
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Identify degrees of freedom d and 
restrained coordinates of the structure 


For each member: 
Evaluate k, Q; and T 
Calculate K = TkT and F;= TQ; 
Store K in S and F; in P, 


Form joint load vector P 


Solve P — P,= Sd for d 


For each member: 
Obtain v from d 
Calculate u = Tv, Q = ku + Q; and F = T’Q 
Store F in R 


Fig. 8.24 Stiffness M ethod of Analysis 


SUMMARY 


In this chapter, we have extended the matrix stiffness method to the analysis of 
three-dimensional framed structures. The stiffness and transformation relation- 
ships for the members of space trusses, grids, and space frames are developed 
in Sections 8.1, 8.2, and 8.3, respectively. It should be noted that the overall 
format of the stiffness method of analysis remains the same for all types of 
(two- and three-dimensional) framed structures—provided that the member 
stiffness and transformation relations, appropriate for the particular type of 
structure being analyzed, are used in the analysis. A block diagram summariz- 
ing the overall format of the stiffness method is shown in Fig. 8.24. 


PROBLEMS 
Section 8.1 Section 8.2 
8.1 through 8.5 Determine the joint displacements, member 8.7 through 8.12 Determine the joint displacements, member 


axial forces, and support reactions for the space trusses shown 
in Figs. P8.1 through P8.5, using the matrix stiffness method. 
Check the hand-calculated results by using the computer pro- 
gram which can be downloaded from the publisher’s website for 
this book, or by using any other general purpose structural 
analysis program available. 


8.6 Develop a computer program for the analysis of space 
trusses by the matrix stiffness method. Use the program to 
analyze the trusses of Problems 8.1 through 8.5, and compare 
the computer-generated results to those obtained by hand 
calculations. 


local end forces, and support reactions for the grids shown in 
Figs. P8.7 through P8.12, using the matrix stiffness method. 
Check the hand-calculated results by using the computer pro- 
gram which can be downloaded from the publisher’s website for 
this book, or by using any other general purpose structural 
analysis program available. 

8.13 Develop a program for the analysis of grids by the matrix 
stiffness method. Use the program to analyze the grids of 
Problems 8.7 through 8.12, and compare the computer-generated 
results to those obtained by hand calculations. 
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EA = constant 
E = 200 GPa 
A = 3,800 mm? 


Zz Fig. P8.3 
EA = constant 
E = 70 GPa 
A = 2,000 mm? 


Fig. P8.1 


X 
X 
fF 15 ft 8 ft 8 ft 

Z 

EA = constant 

E = 29,000 ksi 2 E = 29,000 ksi 

A =6in? Note: Numbers in parentheses represent cross-sectional areas in in.? 
Fig. P8.2 Fig. P8.4 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


496 Chapter 8 Three-Dimensional Framed Structures 


Section 8.3 


8.14 through 8.17 Determine the joint displacements, mem- 
ber local end forces, and support reactions for the space frames 
shown in Figs. 8.14 through 8.17, using the matrix stiffness 
method. Check the hand-calculated results by using the com- 
puter program which can be downloaded from the publisher’s 
website for this book, or by using any other general purpose 
structural analysis program available. 


8.18 Develop a program for the analysis of space frames by the 
matrix stiffness method. Use the program to analyze the frames 
of Problems 8.14 through 8.17, and compare the computer- 
generated results to those obtained by hand calculations. 


E, G, I, J = constant 


E = 4,500 ksi 
8.19 Develop a general computer program that can be used to G = 1.800 ini 
analyze any type of framed structure. I = 256in4 

J =311in4 


Fig. P8.7 


s 
olan] 
OE eee = D6 r 
2 kN fo} 5 a?) int 9 Z E, G, I, J = constant 


E = 30 GPa 
G= 12.5 GPa 
S I = 4.8(109) mm4 
a i J = 3.2(10°) mm4 
4} |\\2 Fig. P8.8 


10m 


F 4m e J2 12 ft 
a, Vx E 


125 k-ft +» 
Z 
E, G, I, J = constant 
E = 29,000 ksi 
z EA = constant G = 11,500 ksi 
E =200GPa , I = 623 inf 
A = 4,000 mm^ J = 10.9 inf 
Fig. P8.5 Fig. P8.9 
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15 kN/m 
PY PTT yt ty 


Z 
E, G, I, J = constant E, G, I, J = constant 
E = 200 GPa E = 200 GPa 
G= 76 GPa G = 76 GPa 
I = 300(10°) mmt I = 300(10°) mm4 
J = 7(10°) mmt J = 7(10%) mm4 
Fig. P8.10 Fig. P8.12 
Y 
~ 10m j 
Y 20 kN/m 


2k Is 


Tye yyy yyy 
©) FA 


—> — 
5 
30 ft 3 P © ii Material and cross-sectional 
properties are constant: 
Z f E = 30 GPa 

E, G, I, J = constant G = 12.5 GPa : 

E = 29,000 ksi 5m A = 31,000 mm 

G = 11,500 ksi = 106(106) mm4 

I = 5,310 in.4 = 60(10°) mm4 


L 
L 
J = 41.3 in4 Z J = 129(10°) mm4 
Fig. P8.11 Fig. P8.14 
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A— 20 ft 2 kift 


—40k> 


ri ra a 150 k-ft 30 ft 
A @ | 1] 25 ft 
a © AS — XxX 
7 
Material properties are constant: of a 30 ft 
E = 10,000 ksi x 
G = 4,000 ksi Ql OIA 
All members have circular cross-sections with L7 a | 
A =4.52in.? 
L = I, = 18.7 inf ys 30 ft S 
J =371.4 inf 
Z 
Fig. P8.15 Member orientations: 
Girders: local y axis is vertical 
Columns: x 
Y VA 
y 
Material and cross-sectional properties 
are constant: 
E = 29,000 ksi 
AgZ G = 11,500 ksi 
A = 47.7 in? 
x I, = 5,170 in4 
30 —; ; , I, = 443 inf 
kN = Material and cross-sectional J =18.5 in! 
ain z Poe on constant: 
z LT G= 76 GPa Fig. P8.17 
A = 19,000 mm? 
bw I, = 260(10°) mm4 


1, = 86(10°) mm4 
J = 4.5(10%) mm4 


Fig. P8.16 
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SPECIAL TOPICS AND 
MODELING TECHNIQUES 


9.1 The Structure Stiffness Matrix Including Restrained 
Coordinates—An Alternative Formulation of the 
Stiffness Method 


9.2 Approximate Matrix Analysis of Rectangular 
Building Frames 


9.3 Condensation of Degrees of Freedom, 
and Substructuring 


9.4 Inclined Roller Supports 

9.5 Offset Connections 

9.6 Semirigid Connections 

9.7 Shear Deformations 

9.8 Nonprismatic Members 

9.9 Solution of Large Systems of Stiffness Equations 
Summary 
Problems 


The Eiffel Tower, Paris 
(Filip Fuxa/Shutterstock) 
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In this chapter, we consider some modifications and extensions of the matrix 
stiffness method developed in the preceding chapters. Also considered herein 
are techniques for modeling certain special features (or details) of structures, 
so that more realistic analytical models can be created and more accurate struc- 
tural responses predicted from the analysis. 

We begin by discussing an alternative formulation of the stiffness method 
in Section 9.1. As this alternative formulation involves the structure stiffness 
matrix for all the coordinates (including the restrained coordinates) of the 
structure, it is less efficient for computer implementation than the formulation 
used in the preceding chapters. Nonetheless, an understanding of this alterna- 
tive formulation provides some important insights into the stiffness method of 
analysis. In Sections 9.2 and 9.3, we consider some techniques for reducing a 
structure’s degrees of freedom, and/or the number of structure stiffness equa- 
tions to be processed simultaneously. These techniques are useful in handling 
the analysis of large structures. Section 9.4 is devoted to the modeling of in- 
clined roller supports; in the following two sections, we develop techniques for 
modeling the effects of offset connections (Section 9.5), and semirigid con- 
nections (Section 9.6), in the analysis. The inclusion of shear deformation 
effects in the analysis of beams, grids and frames is considered in Section 9.7; 
and in Section 9.8, we cover the analysis of structures composed of nonpris- 
matic members. Finally, we conclude the chapter by discussing a procedure for 
efficiently storing and solving the systems of linear equations that arise in the 
analysis of large structures. 


9.1 THE STRUCTURE STIFFNESS MATRIX INCLUDING 
RESTRAINED COORDINATES—AN ALTERNATIVE 
FORMULATION OF THE STIFFNESS METHOD 


In the formulation of the matrix stiffness method, as developed in the pre- 
ceding chapters, the conditions of zero (or known) joint displacements 
corresponding to restrained coordinates are applied to the member force- 
displacement relationships before the stiffness relations for the entire structure 
are assembled. This approach yields structure stiffness relations that contain 
only the degrees of freedom as unknowns. Alternatively, the stiffness method 
can be formulated by first establishing the stiffness relations for all the coordi- 
nates (free and restrained) of the structure, and then applying the restraint con- 
ditions to the structure stiffness relations, which now contain both the degrees 
of freedom, and the support reactions, as unknowns. 

In the alternative formulation, the structure’s restrained coordinates are 
initially treated as free coordinates, and the stiffness relations for all the coor- 
dinates of the structure are expressed as 


PX — Pr = § d 

NCx1 NCx1 NCxNC NCx1 (9.1) 
with 

NC =NCJT(NJ) =NDOF +NR (9.2) 
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In Eqs. (9.1) and (9.2), NC denotes the number of structure coordinates; P* 
represents the joint forces (i.e., the known external loads and the unknown sup- 
port reactions); P denotes the fixed-joint forces, due to member loads, tem- 
perature changes, and fabrication errors, at the locations, and in the directions, 
of the structure coordinates; S* represents the stiffness matrix for the structure 
coordinates (free and restrained); and d* denotes the joint displacements (i.e., 
the unknown degrees of freedom and the known displacements corresponding 
to the restrained coordinates). The structure stiffness matrix S* and fixed-joint 
force vector Pf can be determined by assembling the member global stiffness 
matrices K and fixed-end force vectors F;, respectively, using the member code 
number technique described in the preceding chapters. The application of this 
technique remains essentially the same, except that now those elements of K 
and F; that correspond to the restrained coordinates are no longer discarded, 
but are added (stored) in their proper positions in S* and P¥. 

As indicated in the preceding paragraph, the structure stiffness relations 
(Eq. (9.1)) contain two types of unknown quantities; namely, the unknown 
joint displacements and the unknown support reactions. To separate the two 
types of unknowns, we rewrite Eq. (9.1) in partitioned-matrix form: 


P P; S i SFR d 
NDOF x1 NDOF x1 |_ | NDOF x NDOF | NDOF x NR | | NDOF x1 
R R; > Spe Spr dr 
NR x1 NR x1 NR xNDOF : NRxNR NR x1 


(9.3) 


in which, P, R, P¢, S, and d denote the same quantities as in the preceding chap- 
ters; Rẹ denotes the structure fixed-joint forces corresponding to the restrained 
coordinates; and dp denotes the support displacement vector. Note that the Py 
and Rç vectors contain structure fixed-joint forces due to member loads, tem- 
perature changes, and fabrication errors. The effects of support displacements 
are not included in P; and Ry, but are directly incorporated into the analysis 
through the support displacement vector dp. Each element of the submatrix Sp 
in Eq. (9.3) represents the force at a free coordinate caused by a unit displace- 
ment of a restrained coordinate. The other two submatrices, Sar and Spr, can 
be interpreted in an analogous manner. By multiplying the two partitioned ma- 
trices on the right-hand side of Eq. (9.3), we obtain two matrix equations, 


P — P; = Sd + SFr dR (9.4a) 
R — Ry = Sard + Sarde (9.4b) 


which can be rearranged as 


P — P; — SFr dR = Sd (9.5a) 
R = Rf + Sard + Sarde (9.5b) 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


502 Chapter 9 Special Topics and Modeling Techniques 


The procedure for analysis essentially consists of first solving Eq. (9.5a) 
for the unknown joint displacements d, and then substituting d into Eq. (9.5b) 
to evaluate the support reactions R. With d known, the member end displace- 
ments and end forces can be obtained using the procedures described in the 
preceding chapters. In the case of structures with no support displacements, 
dr = 0, and Eqs. (9.5) reduce to 


P- P; = Sd (9.6a) 
R =R; + Sard (9.6b) 


The main advantages of the alternative formulation are that support dis- 
placements can be incorporated into the analysis in a direct and straightforward 
manner, and the reactions can be more conveniently calculated by using the 
structure stiffness relations. However, since the alternative formulation uses 
the stiffness matrix for all of the structure’s coordinates, it requires signifi- 
cantly more computer memory space than the standard formulation developed 
in the preceding chapters, which uses the stiffness matrix for only the free co- 
ordinates of the structure. For this reason, the alternative formulation is not 
considered to be as efficient for computer implementation as the formulation 
developed in the preceding chapters [14]. 

The application of the alternative formulation is illustrated by the follow- 
ing example. 


EXAMPLE 9.1 Determine the joint displacements, member local end forces, and support reactions for 
the plane frame of Fig. 9.1(a), due to the combined effect of the loading shown and a 


125 Ge 1.5 k/ft 2 
Y 
3 


|< 10 ft —>|« 20 ft >| 4—p > X 
E, A, l = constant 6 
E = 29,000 ksi 
A =11.8 in- 5 
Ara, 
| = 310 in. 


(a) Frame (b) Analytical M odel 


Fig. 9.1 
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settlement of 1 in. of the left support. Use the alternative formulation of the matrix 
stiffness method. 


SOLUTION This frame was analyzed in Example 6.6 for external loading, and in Example 7.4 for 
the combined effect of the loading and the support settlement, using the standard 
formulation. 


Analytical Model: See Fig. 9.1(b). In this example, we use the same analytical model 
of the frame as used previously, so that the various member matrices calculated in 
Example 6.6 can be reused. The frame has three degrees of freedom and six restrained 
coordinates. Thus, the total number of structure coordinates is nine. 


Structure Stiffness M atrix: By storing the element of the member global stiffness ma- 
trices Kı and K3, calculated in Example 6.6, in their proper positions in the 9 x 9 
structure stiffness matrix S*, we obtain, in units of kips and inches, the following 
stiffness matrix for all the structure coordinates. 


1 2 3 4 5 6 7 8 9 
1,685.3 507.89 670.08 | —259.53 507.89 670.08 —1,4258 0 0 71 

507.89 1,029.2 601.42 | 507.89 —1,021.4 —335.04 0 7.8038 936.46 |2 

= 670.08 601.42 283,848 | 670.08 335.04 67,008 0 936.46 74,917 |3 

erie —259.53 -507.89 670.08 | 259.53 507.89 —670.08 0 0 0 |4 
s-e -507.89 -1,021.4 335.04, 507.89 1,0214 335.04 0 0 0 |5 
670.08 -335.04 67,008 | 670.08 335.04 13,401.5 0 0 o |6 

—1,425.8 0 0G a 0 0 1,425.8 0 © |7 

0  —7.8038 -936.46 0 0 0 0 7.8038 —936.46 |8 

Lo 936.46 74,917; 0 0 0 0 936.46 149,833 |9 

(1) 


Structure Fixed-] oint Force Vector Due to Member Loads: Similarly, by storing the 
elements of the member global fixed-end force vectors Fr; and Fr, calculated in 
Example 6.6, in the 9 x 1 structure fixed-joint force vector P? , we obtain 


(2) 


15 
—600 


v 
ane 

ll 

—— 
Av 

ty) 

ll 
= 
Ww 
as 
ono 

COANDUBRWNPH 


Joint Load Vector: From Example 6.6, 


v 
Il 


0 |2 (3) 
—1,500 | 3 


Support Displacement Vector: From the analytical model of the structure in Fig. 9.1(b), 
we observe that the given 1 in. settlement of the left support occurs at the location and 
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in the direction of restraint coordinate 5. Thus, the support displacement vector can be 
expressed as 


(4) 


Oo ont nan A 


Joint Displacements: By substituting S and Srp from Eq. (1), Ps from Eq. (2), P from 
Eq. (3), and dp from Eq. (4) into Eq. (9.5a), we write the stiffness relations for the free 
coordinates of the frame as 


P — P; — Seadpa = Sd 


0 
0 0 —259.53 -—507.89 670.08 —1,425.8 0 0 F 
0|- 60 | — | —507.89 —1,021.4 -—335.04 0 —7.8038 936.46 0 
—1,500 —750 —670.08 335.04 67,008 0 —936.46 74,917 0 
0 
1,685.3 507.89 670.08 ]f dı 
= 507.89 1,029.2 601.42 || d2 
670.08 601.42 283,848 || d3 
or 
—507.89 1,685.3 507.89 670.08 ]f dı 
—1,081.4 | = 507.89 1,029.2 601.42 || d2 
—414.96 670.08 601.42 283,848 || d3 
By solving these equations, we determine the joint displacements to be 
0.017762 in. 1 
d= —1.0599 in. 2 (5) Ans 
0.00074192 rad |3 


Note that these joint displacements are identical to those calculated in Example 7.4. 
The joint displacement vector for all the coordinates (free and restrained) of the struc- 
ture can be expressed as 


0.017762 in. |1 
—1.0599in. |2 
0.00074192 rad | 3 
0 4 

d* = | = lin. 5 (6) 

R 0 6 
0 7 
0 8 
0 9 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 9.1 The Structure Stiffness Matrix Including Restrained Coordinates 505 


Support Reactions: To evaluate the support reaction vector R, we substitute Sgr and 
Srr from Eq. (1), Re from Eq. (2), da from Eq. (4), and d from Eq. (5) into Eq. 9.5(b): 
R = R; + Sard + Srrdr. This yields 


25.316 k 
97.409 k 
1,431.7 k-in. 
—25.325 k 
22.576 k 
—1,537 k-in. 


> 


R = Ans 


O OND U 


Note that these support reactions are the same as those calculated in Example 7.4. 
Member End Displacements and End Forces: 


Member 1 Using member code numbers and Eq. (6), we obtain 


dž 0 

dé -1 
|e 

| | 0.017762 
dž —1.0599 


dž 0.00074192 


= 

w 
WNFrF DD UU A 

[ou 

a 


Next, we use the member transformation matrix T from Example 6.6, to calculate 


0.89443 
0.44721 
0 
m=TIM =| _ 4 g4006 
0.48988 
0.00074192 


The member local end forces can now be obtained by using the member local 
stiffness matrix kı and fixed-end force vector Q f1, from Example 6.6, as 


98.441 k 
20.919 k 
1,431.7 k-in. 
Qi =kiu +Q = 17.943 k Ans 
19.331 k 


—1,218.6 k-in. 


Member 2 The global and local end displacements for this horizontal member are 


v |1 dř 0.017762 

v2 |2 dž —1.0599 
menal 2 3 _ | 3} _| 0.00074192 

v4 |7 dž 0 

vs |8 dg 0 

ue | 9 dg 0 
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By using kz and Q ‘2 from Example 6.6, we compute the member local end 
forces to be 


25.325 k 
7.4235 k 
—281.39 k-in. 
Q2 = ku: + Qf = —25.325 k i 
22.576 k 


—1,537 k-in. 


As expected, the foregoing member local end force vectors Q; and Q2 are identical to 
those calculated in Example 7.4. 


9.2 APPROXIMATE MATRIX ANALYSIS OF 
RECTANGULAR BUILDING FRAMES 


In building frames of low to medium height, the axial deformations of mem- 
bers are generally much smaller than the bending deformations. Therefore, the 
number of degrees of freedom of such frames can be reduced, without signifi- 
cantly compromising the accuracy of the analysis results, by neglecting the 
axial deformations of members, or by assuming that the members are inexten- 
sible. In this section, we consider the analysis of rectangular plane frames 
composed of horizontal and vertical members which are assumed to be inex- 
tensible (i.e., they cannot undergo any axial elongation or shortening). 
Consider, for example, the portal frame shown in Fig. 9.2. Recall from 
Chapter 6 that the frame actually has six degrees of freedom, when both axial 


dy dy 


Fig. 9.2 Portal Frame with Inextensible M embers (Three Degrees of Freedom) 
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and bending deformations of members are taken into account in the analysis. 
However, if the members of the frame are assumed to be inextensible, then the 
number of degrees of freedom is reduced to only three. From the deformed 
shape of the arbitrarily loaded frame given in Fig. 9.2, we can see that fixed 
joints 1 and 4 can neither rotate nor translate, whereas joints 2 and 3 can rotate 
and translate in the horizontal direction, but not in the vertical direction 
because their vertical translations are prevented by the left and right columns, 
respectively, which are assumed to be inextensible. Furthermore, since the 
girder (i.e., the horizontal member) of the frame is assumed to be inextensible, 
the horizontal translations of joints 2 and 3 must be equal. Thus, the portal 
frame has three degrees of freedom, namely dj, dz, and d3, as shown in the 
figure. 

As another example, consider the two-story three-bay building frame 
shown in Fig. 9.3. The frame actually has 24 degrees of freedom when both 
axial and bending deformations are included in the analysis. However, if the 
members are assumed to be inextensible, then the number of degrees of free- 
dom is reduced to 10, as shown in the figure. As this example indicates, the 
assumption of member inextensibility provides a means for a significant 
reduction in the number of degrees of freedom of large structures. N eedless to 
say, this approximate approach is appropriate only for frames in which the 
member axial deformations are small enough to have a negligible effect on 
their response. As the axial deformations in the columns of tall building frames 
can have a significant effect on the structural response, the approximate 
method under consideration is usually not considered suitable for the analysis 
of such structures. 


N AE a 


— 6 


© © © © 


Fig. 9.3 Inextensible Building Frame (Ten D egrees of Freedom) 
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The overall procedure for the approximate analysis of rectangular 
plane frames remains the same as that for general plane frames, developed in 
Chapter 6— provided that the member stiffness relations are modified to ex- 
clude the axial effects. As the frame is composed of only horizontal and verti- 
cal members, each member now has four degrees of freedom in both the local 
and global coordinate systems. The local and global end forces and end dis- 
placements for the girders (i.e., horizontal members), and the columns (i.e., 
vertical members), of the frame, are given in Fig. 9.4. To simplify the analysis, 
the member local x axis is oriented positive to the right for girders (Fig. 9.4(a)) 
and positive upward for columns (Fig. 9.4(b)). With the axial effects neglected, 
the relationship between the member local end forces, Q , and end displacements, 
u, is expressed by the local stiffness matrix k and fixed-end force vector Q ; for 


y 
Oa, u4 
Y (F4, va) 
Q2, up Z] n 
(Fz v2) : 
© m © { 
z Qu uy Q3, u3 
(Fi, v1) (F3, v3) 
(a) Girder End Forces and End Displacements in 
Local and Global Coordinate Systems 
x x 
( —<— Q3 3 ( — F303 
Qu, Ug ©) Fy v4 © 
m m 
Y Y 
X TE am X y = Fy, v 
Q2, U2 Fy, v2 
(b) Column End Forces and End Displacements (c) Column End Forces and End Displacements 
in the Local Coordinate System in the Global Coordinate System 
Fig. 9.4 
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beam members, derived in Chapter 5 (Eqs. (5.53) and (5.99)). Thus, Q = 
ku + Q;, with 


12 6L -12 6l 
EI] 6l 4L? -6l 2? 


k=l- -6. 12 —6L (9.7) 
BL a? eel. AL? 
and 
A 
_ | eM, 
a= |EN (9.8) 
FM. 


As for the member stiffness relations in the global coordinate system, 
for girders (Fig. 9.4(a)) no coordinate transformations are needed; that is, 
K (girder) = k and F; (girder) = Q;. For columns, the transformation matrix, 
T (column), can be established via the following relationships between the 
local end forces Q and the global end forces F (see Figs. 9.4(b) and (c)): 


Qi=-Fi Q2=F2 Q3=-F3 Qa=Fa 


or 
Qi -1 0 0 0 Fy 
Qr2]_ 0 1 0 0 F2 
Q3 E 0 0 -1 0 F3 
Q4 0 0 0 1 F4 
from which, 
—1 0 0 0 
_ 0 1 0 0 
T (column) = 00-10 (9.9) 
0 0 0 1 


The expression of the global stiffness matrix for columns, K (column), can 
now be obtained by applying the relationship K = T'kT, which yields 


2 6L =i% etl 
EI | —6L 4L? L 2L? 
K (column = 3| a> gL (20) 


—6L 2L? 6L 4L? 


It is important to realize that the assumption of negligibly small axial de- 
formations, as used herein, does not imply that the member axial forces are 
also negligibly small. As the axial forces do not appear in the member stiffness 
relations, the application of the matrix stiffness method yields only member 
end shears and end moments. Once the member end shears are known, the 
member axial forces can be evaluated by considering the equilibrium of the 
free bodies of the joints and members of the structure. 
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EXAMPLE 9.2 Deerminethe approximate joint displacements, member local end forces, and support rea- 
ctions for the portal frame shown in Fig. 9.5(a), assuming the members to be inextensible. 


SOLUTION Analytical Model: See Fig. 9.5(b). The frame has three degrees of freedom— the 
translation of the girder in the X direction, and the rotations of joints 2 and 3. The six 
restrained coordinates of the frame are identified by numbers 4 through 9 as usual, as 
shown in Fig. 9.5(b). 

Structure Stiffness M atrix and Fixed-] oint Force Vector: By applying Eq. (9.10) for 
members 1 and 3, and Eq. (9.7) for member 2, we obtain the following member global 
stiffness matrices (in units of kips and inches): 


Member 3 —> 7 9 1 3 


Member] —> | 4 ~ e Ta 1 ey, | 
5.3107 955.93 —5.3107 —955.93 


4 7 
—955.93 229,422 955.93 114,711 |6 | 9 
Lla 
25 


Ko ies —5.3107 955.93 [5.3107 955.93 
—955.93 114,711 | 955.93 229,422 
0 2 0 3 
5.3107 955.93 —5.3107 955.93 70 
955.93 | 229.422 | —955.93 { 114.711. |2 
= = = = esate ete ARESE pirak re bo anA 1 
Ke=le=k b=) ag 955.93 5.3107 —955.93 | 0 (1) 
955.93 | 114,711 | —955.93 | 229,422 |13 
1.65 k/ft 
Tarn ae 


30 ft 


- 30 ft J 


E, | = constant 

E = 29,000 ksi 

S712 in 
(a) Frame 


Fig. 9.5 
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Y 
2 3 
A N A 
1 — —> 1 


(b) A nalytical M odel 
Fig. 9.5 (continued) 


From Fig. 9.5(b), we can see that for member 1, the structure coordinates in the 
directions of the member end shears and end moments are numbered 4, 6, 1, and 2. 
Thus, the code numbers for this member are 4, 6, 1, 2. Similarly, the code numbers for 
member 3 are 7, 9, 1, 3. Since the structure coordinates corresponding to the end 
shears of member 2 are not defined (because the corresponding joint displacements 
are 0), we use Os for the corresponding member code numbers. Thus, the code num- 
bers for member 1 are 0, 2, 0, 3. By using the foregoing member code numbers, the 
relevant elements of K 4, K2, and K3 are stored in the 3 x 3 structure stiffness matrix S. 
Note that the elements of K, that correspond to 0 code numbers are simply disre- 
garded. The structure stiffness matrix thus obtained is 


il 2 3 
10.621 955.93 955.937] 1 
S= | 955.93 458,844 114,711 |2 (2) 


955.93 114,711 458,844 |3 


The fixed-end shears and moments due to the 0.1375 k/in. (= 1.65 k/ft) uni- 
formly distributed load applied to member 2 are calculated as 


s g Ee 24.75 k 


wL? _ 0.1375(360)? 
12 12 


PS HF = 


FMp =—FMe= = 1,485 k-in. 
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19.607 29.893 
0.1375 k/in. 


PAS lo 


10.125 ——~> T 
<— 10.125 


12k —— p = 10) 5) 


e 2 
1.875 64.23 | | 1,915.8 
19.607 29.893 
19.607 29.893 
1.875 = — 10.125 
64.23 1,915.8 


739.38 1,729.4 
1.875 ~<—— Os) $< 


19.607 29.893 
(c) Member End Forces 


Fig. 9.5 (continued) 


Using Eq. (9.8), we obtain 


24.7570 
ee TES 2 (3) 
Eo aN 
—1,485 |3 
Thus, the structure fixed-joint force vector P+ is given by 
0]1 
P;=| 1,485 |2 (4) 
—1,485 | 3 
J oint Load Vector: 
12]1 
=| |Z (5) 
013 


Joint Displacements: By substituting the numerical values of S (Eq. (2)), Ps (Eq. (4)), 
and P (Eq. (5)) into the structure stiffness relationship P — P; = Sd, and solving 
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the resulting system of simultaneous equations, we obtain the following joint 
displacements. 


1.6141 in. il 
d = | —0.0070053 rad | 2 Ans 
0.001625 rad | 3 


Member End Shears and End Moments: 


Member 1 
vı |4 0 0 
Va v2 |6 _ || @ | _— 0 
=e lee dy | | 16141 
va | 2 d> —0.0070053 
From Eq. (9.9): 
=! 0 0 0 
01 00 
ai il (6) 
00 01 
0 
0 
M Ta eal 
—0.0070053 
By using k; from Eq. (1) and Qs; = 0, we obtain 
1.875 k 
739.38 k-in. 
a keu ask Ans 
—64.23 k-in. 
M ember 2 
0 0 
rae —0.0070053 | 2 
2 = Vp = 0 0 
0.001625 |3 
By using kz from Eq. (1) and Q +2 from Eq. (3), we calculate 
19.607 k 
64.23 k-in. 
Q2 = ku + Qf = 29.893 k Ans 
—1,915.8 k-in. 
M ember 3 
0 7 
mE 0 9 
35] 16141 l1 
0.001625 |3 
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Using T3 from Eq. (6), we obtain 
0 


0 
Us =T3V3=1 4 6141 


0.001625 
Using k; from Eq. (1) and Q;3 = 0, we calculate 


10.125 k 
1,729.4 k-in. 

—10.125 k Ans 
1,915.8 k-in. 


Q3 = k3u3 + Q f3 = 


The member end shears and end moments, as given by the foregoing local end force 
vectors Qi, Q2, and Q3, are depicted in Fig. 9.5(c). 


Member Axial Forces: With the member end shears now known, we can calculate the 
axial forces for the three members of the frame by applying the equations of equilib- 
rium, )> Fx =0 and >> Fy = 0, to the free bodies of joints 2 and 3. The member 
axial forces thus obtained are shown in Fig. 9.5(c). Ans 


Support Reactions: By comparing Figs. 9.5(b) and (c), we realize that the forces at 
the lower ends of the columns of the frame represent its support reactions; that is, 


—1.875k |4 
19.607 k 
739.38 k-in. 
—10.125 k 
29.893 k 
1,729.4 k-in. 


R = 


wO onan u 


9.3 CONDENSATION OF DEGREES OF FREEDOM, 
AND SUBSTRUCTURING 


A problem that can arise during computer analysis of large structures is that the 
computer may not have sufficient memory to store and process information 
about the entire structure. A commonly used approach to circumvent this prob- 
lem is to condense (or reduce the number of) the structure's stiffness equations 
that are to be solved simultaneously, by suppressing some of the degrees of 
freedom. This process is referred to as condensation (also called static con- 
densation). For very large structures, it may become necessary to combine con- 
densation with another process called substructuring, in which the structure is 
divided into parts called substructures, with the condensed stiffness relations 
for each substructure generated separately; these are then combined to obtain 
the stiffness relations for the entire structure. In this section, we consider the 
basic concepts of condensation of degrees of freedom, and analysis using sub- 
structures. 
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Condensation 


The objective of condensation is to reduce the number of independent degrees 
of freedom of a structure (or substructure, or member). This is achieved by 
treating some of the degrees of freedom as dependent variables and expressing 
them in terms of the remaining independent degrees of freedom. The relation- 
ship between the dependent and independent degrees of freedom is then sub- 
stituted into the original stiffness relations to obtain a condensed system of 
stiffness equations, which contains only the independent degrees of freedom as 
unknowns. From a theoretical viewpoint, the dependent degrees of freedom 
can be chosen arbitrarily. However, for computational purposes, it is usually 
convenient to select those degrees of freedom that are internal to the structure 
(or substructure, or member) as the dependent degrees of freedom. Hence, the 
dependent degrees of freedom are commonly referred to as the internal de- 
grees of freedom; whereas, the independent degrees of freedom are called the 
external degrees of freedom. 

As discussed in the preceding chapters, the stiffness relations for a general 
framed structure can be expressed as (see, for example, Eq. (6.42)) 


P = Sd (9.11) 
with 
P =P — P; (9.12) 


W hen using the condensation process, it is usually convenient to assign num- 
bers to the degrees of freedom so that the external and internal degrees of free- 
dom are separated into two groups. The structure stiffness relations (Eq. (9.11)) 
can then be written in partitioned-matrix form: 


P: See iSe, || de 
eae (eae pics a | | eae i 
E È Paice (9.13) 


in which the subscripts E and | refer to quantities related to the external and 
internal degrees of freedom, respectively. By multiplying the two partitioned 
matrices on the right side of Eq. (9.13), we obtain the two matrix equations, 


Pe = Sge de + Seidi (9.14) 
Pi = Siede +Sidi (9.15) 


To express the internal degrees of freedom d; in terms of the external degrees 
of freedom de, we solve Eq. (9.15) for dj, as 


di = S; P; —Siede) (9.16) 


Finally, by substituting Eq. (9.16) into Eq. (9.14), we obtain the condensed 
stiffness equations 


Pe — Sei SpIP, = (See — Sei ST SiE )de (9.17) 
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Note that the external degrees of freedom dẹ are the only unknowns in 
Eq. (9.17). Equation (9.17) can be rewritten in a compact form as 


E = Seede (9.18) 


in which, 


t = Pe — Sgi sptP, (9.19) 


and 


Sie = See — Se $j); Sic (9.20) 


As the foregoing equations indicate, the solution of the structure stiffness 
equations is carried out in two parts. In the first part, PE and S% are evaluated 
using Eqs. (9.19) and (9.20), respectively, and the external joint displacements 
dg are determined by solving Eq. (9.18). In the second part, the now-known de 
is substituted into Eq. (9.16) to obtain the internal joint displacements dı. Once 
all the joint displacements have been evaluated, the member end displacements 
and end forces, and support reactions, can be calculated using the procedures 
described in the previous chapters. 

It should be realized that analysis involving condensation generally re- 
quires more computational effort than the standard formulation in which all of 
the structure’s stiffness equations are solved simultaneously. However, 
condensation provides a useful means of analyzing large structures whose full 
stiffness matrices and load vectors exceed the available computer memory. This 
is because, when employing condensation, only parts of S and P need to be as- 
sembled and processed in the computer memory at a given time. The basic con- 
cept of condensation is illustrated by the following relatively simple example. 


EXAMPLE 9.3 Analyze the plane frame shown in Fig. 9.6(a) using condensation, by treating the 
rotation of the free joint as the internal degree of freedom. 


SOLUTION This frame was analyzed in Example 6.6 using the standard formulation. The 
analytical model of the structure is given in Fig. 9.6(b). 


Condensed Structure Stiffness Matrix: The full (3 x 3) stiffness matrix, S, for the 
frame, as determined in Example 6.6, is given by (in units of kips and inches): 


1 2 3 
1,685.3 507.89 670.08 ] 1 
S= | 507.89 1,029.2 : 601.42 |2 (1) 


670.08 601.42 | 283,848 |3 
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125 kft 1.5 k/ft 
(7 yyy yyy yy 
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A 
10 ft 90k 
| | 
A 
10 ft 
as 
[< 10 ft =| 20 ft = 
E, A, | = constant 
E = 29,000 ksi 
A=118 in. 
| =310in.4 
(a) Frame 
2 


(b) Analytical M odel 


Fig. 9.6 


in which S is partitioned to separate the external degrees of freedom, 1 and 2, from the 
internal degree of freedom, 3. From Eq. (1), we obtain 
1 2 
1,685.3 507.89 |1 
Ste = | 507.89 1,029.2 | (2) 
1 2 


Sic = [670.08 601.42]3 (3) 
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3} 
670.08 ] 1 
SE Rawal (4) 
3 
Si; = [283,848] 3 (5) 
with the inverse of Sı, given by 
=e 1 
si = Pee ML 


By substituting Eqs. (2), (3), (4), and (6) into Eq. (9.20), we obtain the condensed 
structure stiffness matrix: 


(7) 


st 1 T 47 f 
St, = See — Se Sp Sic =| E E | k/in. 


506.47 1,027.9 


Condensed J oint Load Vector: Recall from Example 6.6 that 


071 
p-er al (8) 


—750 |3 
from which, 
= 0]1 
Pp = [aul (9) 
and 
P, = [-750]3 (10) 


Substitution of Eqs. (4), (6), (9), and (10) into Eq. (9.19) yields the following con- 
densed joint load vector. 


(11) 


é =P; — Se, S; P1 at | e] k 


—58.411 

Joint Displacements: By substituting Eqs. (7) and (11) into the condensed structure 
stiffness relationship, PE = Sž ¿ de (Eq. (9.18)), and solving the resulting 2 x 2 sys- 
tem of simultaneous equations, we obtain the external joint displacements (corre- 
sponding to degrees of freedom 1 and 2), as 


0.021302 71 . 
d= E | o; ee 


The internal joint displacement (i.e., the rotation corresponding to degree of freedom 3), 
can now be determined by applying Eq. (9.16). Thus, 


di = Si P, — Sı e de ) = [—0.0025499]3 rad (13) 
By combining Eqs. (12) and (13), we obtain the full joint displacement vector, 
d 0.021302 in. 711 
a= [E | | 0.06732 in. |2 Ans 
i —0.0025499 rad | 3 


Note that the foregoing joint displacements are identical to those determined in 
Example 6.6 by solving the structure’s three stiffness equations simultaneously. 
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Member End Displacements and End Forces: See Example 6.6. 

It is important to realize that, in this example, the submatrices of S and P were 
obtained from the corresponding full matrices, for convenience only. In actual com- 
puter analysis, to save memory space, the individual parts of S and P are assembled 
directly from the corresponding member matrices as they are needed in the analysis. 


In the foregoing paragraphs, we have discussed the application of conden- 
sation to reduce the number of independent degrees of freedom of an entire 
structure. The condensation process is also frequently used to establish the 
stiffness relationships for substructures, which are defined as groups of mem- 
bers with known stiffness relations. In this case, condensation is used to elimi- 
nate the degrees of freedom of those joints that are internal to the substructure, 
thereby producing a condensed system of stiffness relations expressed solely in 
terms of the degrees of freedom of those (external) joints through which the 
substructure is connected to the rest of the structure and/or supports. 

The procedure for condensing the internal degrees of freedom of a sub- 
structure is analogous to that just discussed for the case of a whole structure. 
The stiffness relations involving both the internal and external degrees of free- 
dom of a substructure can be symbolically expressed as 

F—=Kv+F; (9.21) 
inwhichF and Vv represent, respectively, the joint forces and displacements for 
the substructure; K denotes the substructure stiffness matrix; and F¢ represents 
the fixed-joint forces for the substructure. The matrix K and the vector F; can 
be assembled from the member stiffness matrices and fixed-end force vectors 
in the usual way. To apply condensation, we rewrite Eq. (9.21) in partitioned- 
matrix form as 


F, Kie | Ky vi Fr 


The multiplication of the two partitioned matrices on the right-hand side of 
Eq. (9.22) yields the matrix equations 


Fe =KeeVe +Keiv| + Fre (9.23) 
Fi =KyeVe +K V + Fri (9.24) 
Solving Eq. (9.24) for V; , we obtain 


vi =K F — Fi —Kieve) (9.25) 


and, substituting Eq. (9.25) into Eq. (9.23), we determine the condensed stiff- 
ness relations for the substructure to be 


Fe =Kee We + Fee (9.26) 
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in which, 

Kee =Kee -KaK Kie (9.27) 
and 

Fie = Fie +Kei K (Fi — Fi) (9.28) 


EXAMPLE 9.4 Determine the stiffness matrix and the fixed-joint force vector for the substructure of 
a beam shown in Fig. 9.7(a), in terms of its external degrees of freedom only. The 
substructure is composed of two members connected together by a hinged joint, as 
shown in the figure. 


SOLUTION Analytical Model: The analytical model of the substructure is depicted in Fig. 9.7(b). 
For member 1, MT = 2, because the end of this member is hinged; MT = 1 for member 
2, which is hinged at its beginning. Joint 3 is modeled as a hinged joint with its 
rotation restrained by an imaginary clamp. Thus, the substructure has a total of five 
degrees of freedom, of which four are external (identified by numbers 1 through 4) 
and one is internal (identified by number 5). 


Substructure Stiffness M atrix: We will first assemble the full (5 x 5) stiffness matrix 
K from the member stiffness matrices k, and then apply Eq. (9.27) to determine the 
condensed stiffness matrix K% ¢. 


E, I = constant 
(a) Substructure 


(b) Analytical Model 
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S 1 

we |Z 

Si 3 

T J4 

: Siam | 


z 
L5 | 


ae ane 


(c) Full (Uncondensed) Stiffness Matrix for Substructure 
Fig. 9.7 (continued) 
Member 1 (MT = 2) 


(d) Full (Uncondensed) Fixed-} oint 
Force Vector For Substructure 


Using Eq. (7.18), we obtain 


1 2 5 6 
1 Lı —1 1 
El Ly le =la 02 
Pa 1 
= Ga ie a hls 
0 0 0 016 
Member 2 (MT = 1) Application of Eq. (7.15) yields 
5 6 3 4 
1 0 -1 taS 
k Sa) 0 0 0 0 |6 
e= o a ala 
L2 O a L314 


Using the code numbers of the members, we store the pertinent elements of kı and k2 
in the full 5 x 5 stiffness matrix K of the substructure, as shown in Fig. 9.7(c). 
Substituting into Eq. (9.27) the appropriate submatrices of K from Fig. 9.7(c) 


and 
3) 3 
K=] Lil zl (1) 
3E1(L3 +13) 
we obtain the condensed stiffness matrix for the substructure: 
1 Lı -l Lo 
£ 3E | L Pa Lil 
Ko K Krk, Kee eo Sl Josie 
EE EE EIK; Kig mae | 1, 1 T (2) 
L2 LıL2 —L> L 
Ans 


Substructure Fixed-] oint Force Vector: 
Member 1 (MT = 2) Using Eq. (7.19), we obtain 


5 ]1 
_ whi La 2 
=a (ls 
0 l6 
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Member 2 (MT = 1) Using Eq. (7.16), we write 


3°15 
wL2 0 |6 
te a | 5 [3 
ea 


The relevant elements of Q fı and Q 2 are stored in the full 5 x 1 fixed-joint force vec- 
tor F¢ of the substructure, as shown in Fig. 9.7(d). 
A comparison of Figs. 9.7(a) and (b) indicates that F 5 = —W ; that is, 


Fi =F = =W] (3) 


Finally, the application of Eq. (9.28) yields the following condensed fixed-joint 
force vector for the substructure. 


Fi. =Fre Rea ©) —Fti) 


5L44+8LiL3+43L$ -L3 
w L344L2L343LiL$ | be) ay A 
a a oe = ns 
8(L7 +13) 3L}+8L3L2+5L4 LAEL | —-L? 
—(BL 4b + 4L3L2 +13) LL. 


Analysis Using Substructures 


The procedure for the analysis of (large) structures, divided into substructures, 
is essentially the same as the standard stiffness method developed in previous 
chapters. However, each substructure is treated as an ordinary member of the 
structure, and the degrees of freedom of only those joints through which the 
substructures are connected to each other and/or to supports are considered to 
be the structure’s degrees of freedom d. The structure’s stiffness matrix S and 
fixed-joint force vector P;, are assembled, respectively, from the substructure 
stiffness matrices K;; and fixed-joint force vectors F;, , which are expressed 
in terms of the external coordinates of the substructures only. The structure 
stiffness equations, P — P; = Sd, thus obtained, can then be solved for the 
joint displacements d. 

Consider, for example, the nine-story plane frame shown in Fig. 9.8(a). The 
frame actually has 20 joints and 54 degrees of freedom; that is, if we were to an- 
alyze the frame using the standard stiffness method for plane frames as devel- 
oped in Chapter 6, we would have to assemble and solve 54 structure stiffness 
equations simultaneously. N ow, suppose that we wish to analyze the frame by 
dividing it into three substructures, each consisting of three stories of the frame, 
as depicted in Fig. 9.8(b). As this figure indicates, for analysis purposes, the 
frameis now modeled as having only six joints, at which the three substructures 
are connected to each other and to external supports. Thus, the analytical model 
of the frame has 12 degrees of freedom and six restrained coordinates. 

To develop the stiffness matrix S and the fixed-joint force vector P; for the 
frame, we first determine the substructure stiffness matrices K  ; and fixed-joint 
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2 5 
3 A 6 A 
1—~> — 4 
1 — — 4 71 —— — 10 
Y i YY" Soe p” 
2 5 8 11 
Substructure 1 Substructures 2 and 3 


(c) External Degrees of Freedom of Substructures 


Fig. 9.8 (continued) 


force vectors F;,,in terms of the external degrees of freedom of the sub- 
structures, using condensation as described earlier in this section. As shown in 
Fig. 9.8(c), substructure 1 has six external degrees of freedom; whereas, sub- 
structures 2 and 3 each have 12 external degrees of freedom. The pertinent 
elements of K;, matrices and F;, vectors are then stored in S and P+, respec- 
tively, using the substructure code numbers in the usual manner. B y comparing 
Figs. 9.8(b) and (c), we can see that the code numbers for substructure 1 are 
1, 2, 3, 4,5, 6; whereas, the code numbers for substructure 2 are 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, 12. Similarly, for substructure 3, the code numbers are 7, 8, 9, 
10, 11, 12, 13, 14, 15, 16, 17, 18. 

Once the structure stiffness matrix S (12 x 12) and the fixed-joint force 
vector P; (12 x 1) have been assembled, the structure stiffness equations, 
P — P; = Sd, are solved to calculate the joint displacement vector d. With d 
known, the external joint displacements, V_ , for each substructure are obtained 
from d using the substructure’s code numbers, and then the substructure’s in- 
ternal joint displacements, V; , are calculated using Eq. (9.25). After the joint 
displacement vector v of a substructure has been determined, the end displace- 
ments and forces for its individual members, and support reactions, can be 
evaluated using the standard procedure described in previous chapters. The 
basic concept of analysis using substructures is illustrated by the following rel- 
atively simple example. 
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EXAMPLE 9.5 A nalyze the two-span continuous beam shown in Fig. 9.9(a), treating each span as a 
substructure. 


SOLUTION Analytical Model: The structure is modeled as being composed of two substructures 
and three joints, as shown in Fig. 9.9(b). It has one degree of freedom and five 
restrained coordinates. As each substructure consists of two beam members connected 
together by a hinged joint, we will use the expressions of stiffnesses and fixed-joint 
forces for such substructures, derived in Example 9.4, in the present example. 


Structure Stiffness Matrix, S: Substituting E = 70(10°) kN/m?, | = 200(10-®) mê, 
and Lı = L2 = 5 m into Eq. (2) of Example 9.4, we obtain the following condensed 
stiffness matrix for the two substructures. 


50 kN 

| 18 kN/m 

À OEE 
Sie © ee 7 


ee ee 


El = constant 
E=70GPa 
1 = 200(10°) mm4 
(a) Beam 
i 
Substructure Substructure 


Ti 
© 


@ o One 


2 4 5 
(b) Analytical Model of Beam Divided into Two Substructures 


(c) Analytical M odel of a Substructure Composed of Two Beam M embers 
Fig. 9.9 
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Fig. 9.9 (continued) 
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Keer =Kee2 = 
840 4,200 —840 4,200 |1: 6 
By comparing the numbers of the external degrees of freedom of a substructure 
(Fig. 9.9(c)) to those of the structure degrees of freedom (Fig. 9.9(b)), we obtain code 
numbers 2, 3, 4, 1 for substructure 1, and 4, 1, 5, 6 for substructure 2. By adding the per- 
tinent elements of K; gı and KẸ% g2, we determine the structure stiffness matrix S to be 
1 
S = [8,400] 1 KN - m/rad 
Structure Fixed-] oint Force Vector Py: 
Substructure1 By substituting w = 0, W = 50 kN, and Lı = L2 = 5 m into Eq. (4) 
of Example 9.4, we obtain the following condensed fixed-joint force vector for sub- 
structure 1. 
25 
125 
25 
—125 


= 
Frey = 


PW NY 
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Substructure2 By substituting w = 18 kN/m, W = 0, and Lı = L2 = 5 m into Eq. (4) 
of Example 9.4, we obtain 


90 |4 
225 |1 
90 |5 
—225 |6 
Thus, the fixed-joint force vector for the whole structure is given by 
P; =[100] 1kN.m 
Joint Displacements: By substituting P = 0 and the numerical values of S and P; into 
the structure stiffness relation, P — P; = Sd, we write 
[—100] = [8,400] [d1] 
from which, 
d = [dı] = [—0.011905] rad 
Substructure J oint Displacements, and Member End Displacements and End Forces: 


= 
Fife = 


Substructure1 The substructure’s external joint displacements V_ can be obtained 
by simply comparing the substructure’s external degree of freedom numbers with its 
code numbers, as follows. 


v1 | 2 0 0 
i= v2 |3 = 0 = 0 
v3 |4 0 0 
vq |1 di —0.011905 


The substructure’s internal joint displacements can now be calculated, using the 
relationship (Eq. (9.25)) vı =K,, (Fi) — Fr; — K g Ve ). Substitution of the numeri- 
cal values of E, |, Lı, L2, and W into Eqs. (1) and (3) of Example 9.4 yields 


K,,, = [0.0014881] 
and 
Fi1 =[-50] 
Similarly, by substituting the appropriate numerical values into the expressions of 
Kig and Fr; given in Figs. 9.7(c) and (d), respectively, of Example 9.4, we obtain 
Kie1 =[—336 —1,680 -336 1,680] 
and 
Fri, =0 
By substituting the numerical values of the foregoing submatrices and subvectors into 
Eq. (9.25), we determine the internal joint displacements for substructure 1 to be 
vı = KET — Fria —Kje1Ve1) = [—0.044643] 
Thus, the complete joint displacement vector for substructure 1 is 
0 1 


= 0 2 
Vi = = = 0 3 Ans 


—0.011905 rad | 4 
—0.044643 m |5 
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With the displacements of all the joints of substructure 1 now Known, we can deter- 
mine the end displacements u, and end forces Q, for its two members (Fig. 9.9(c)) in 
the usual manner. 


Member 1(MT = 2) From Fig. 9.9(c), we can see that the code numbers for mem- 
ber 1 are 1, 2, 5, 6. Thus, 


ui {1 0 0 
U2 2 0 0 
uy = = on = 
u3 |5 U5 —0.044643 
u4 | 6 0 0 


Substituting the numerical values of E and! and L = 5 m into Eq. (7.18), we obtain 
the member stiffness matrix, 
336 1,680 —336 0 
1,680 8,400 —1,680 0 
—336 —1,680 336 0 
0 0 0 0 


Substitution of kı and Qs; = 0 into the member stiffness relationship, Q = ku + Qç, 
yields the following end forces for member 1 of substructure 1. 


k = 


15 kN 
75kN-m 
Qı =kim +Qf1= “15 kN Ans 
0 
Member 2 (MT = 1) 

—0.044643 |5 

elle 6 

e= ig 3 

—0.011905 | 4 


Applying Eq. (7.15), 


336 0 —336 1,680 
0 0 0 0 


Ko e 0 336 —1,680 
1,680 0 -1,680 8,400 
Qi2=0 
—35 kN 
= = 0 Ans 
Q2 = ku + Qf = 35 kN 
—175 kN -m 
Substructure 2 
0 4 
o> = —0.011905 | 1 
2 = 0 5 
0 6 
From Fig. 9.7(d) of Example 9.4, we obtain 
Fri2 = [67.5] 
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The submatrices K,, and Ky_ remain the same as for substructure 1, and F12 = 0. 
Thus, the application of Eq. (9.25) yields 


Vi2 = [—0.13021] 
and, therefore, 


0 1 
v —0.011905 rad |2 
£ E2 
V2 = z aus l = 0 3 Ans 
We 0 4 
—0.13021m |5 
Member 1 (MT = 2) 
0 1 
—0.011905 | 2 
u1 
—0.13021 !5 
0 6 


The k matrix for member 1 of substructure 2 is the same as that for the corresponding 
member of substructure 1. U sing Eq. (7.19), we calculate 


56.25 
56.25 
Qn =| 3375 
0 
Thus, 
80 kN 
175 kN-m 
Qı =kiu: + Qi = 10 kN Ans 
0 
Member 2 (MT = 1) 
—0.13021 |5 
E 6 
z= g 3 
0 4 


The k matrix for this member is the same as that for member 2 of substructure 1. 
Applying Eq. (7.16), 


33.75 
0 
Qr2= | 56.25 
—56.25 
Thus, 
—10 kN 
0 
— — A 
Q2 = kw + Qi2 100 kN ns 
—275 kN -m 


The end forces for the individual members of the structure are shown in Fig. 9.9(d). 
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Support Reactions: The reaction vector R can be assembled either directly from the 
member end force vectors Q, or from the external joint force vectors, Fg , of the sub- 
structures. To use the latter option, we first apply Eq. (9.26) to calculate Fe . Thus, by 
substituting the previously calculated numerical values of Kgg, F;¢,and ve into 
Eq. (9.26), we obtain 

ale 

75 || 33 


35 14 
—175 |1 


me 
175 |1 

100 | 5 
275 |6 


= = OL =* 
Fei = Keeqve1 + Fre, = 


and 


= aye ae —* 
Fe? = Kee2ve2 + Fre? = 


The foregoing substructure forces are depicted in Fig. 9.9(e). Finally, we calculate the 
support reaction vector R by storing the pertinent elements of Fe, and Fe in their 
proper positions in R, using the substructure code numbers. This yields, 


15 kN 2 
75kKN-m |3 
R= 115 kN 4 Ans 
100 kN 5 
—275 kN -m |6 


The support reactions are shown in Fig. 9.9(f). 


9.4 INCLINED ROLLER SUPPORTS 


The structures that we have considered thus far in this text have been supported 
such that the joint displacements prevented by the supports are in the directions 
of the global coordinate axes oriented in the horizontal and vertical directions. 
Because an inclined roller support prevents translation of a joint in an inclined 
direction (normal to the incline), while permitting translation in the perpendic- 
ular direction, it exerts a reaction force on the joint in that inclined, nonglobal, 
direction. Thus, the effect of an inclined roller support cannot be included in 
analysis by simply eliminating one of the structure’s degrees of freedom; that 
is, by treating one of the structure’s coordinates, which are defined in the di- 
rections of the global coordinate axes, as a restrained coordinate. 

An obvious approach to alleviate this problem would be to orient the global 
coordinate system so that its axes are parallel and perpendicular to the inclined 
plane upon which the roller moves. However, this approach generally proves to 
be quite cumbersome, as it requires that the joint coordinates and loads, which 
are usually specified in the horizontal and vertical directions, be calculated with 
respect to the inclined global coordinate system. Furthermore, the foregoing 
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approach cannot be used if the structure is supported by two or more rollers in- 
clined in different (i.e., neither parallel nor perpendicular) directions. 

A theoretically exact solution of the problem of inclined rollers usually in- 
volves first defining the reaction force and the support displacements with ref- 
erence to a local joint coordinate system, with axes parallel and perpendicular 
to the incline; and then introducing these restraint conditions in the structure's 
global stiffness relations via a special transformation matrix [26]. While this 
approach is exact in the sense that it yields exactly 0 displacement of the sup- 
port joint perpendicular to the incline, it is generally not considered to be the 
most convenient because its computer implementation requires a significant 
amount of programming effort. 

Perhaps the most convenient and commonly used technique for modeling 
an inclined roller support is to replace it with an imaginary axial force member 
with very large axial stiffness, and oriented in the direction perpendicular to the 
incline, as shown in Figs. 9.10 and 9.11 (on the next page). As depicted there, 
one end of the imaginary member is connected to the original support joint by 
a hinged connection, while the other end is attached to an imaginary hinged 
support, to ensure that only axial force (i.e., no bending moment) develops in 
the member when the structure is loaded. In order for the imaginary member to 
accurately represent the effect of the roller support, its axial stiffness must be 
made sufficiently large so that its axial deformation is negligibly small. This is 
usually achieved by specifying a very large value for the cross-sectional area of 


wae oes [X 0 


(a) Plane Truss with Inclined Roller Support 


Imaginary member with large 
cross-sectional area 


(b) Analytical M odel 
Fig. 9.10 
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(a) Plane Frame with Inclined Roller Support 


Imaginary member, hinged at both 
ends (MT = 3), and with large 
j cross-sectional area 


Y 


(b) Analytical M odel 


Fig. 9.11 


the imaginary member in the analysis, while keeping its length of the same 
order of magnitude as the other (real) structural members, to ensure that the 
imaginary member undergoes only small rotations. Provided that the foregoing 
conditions are satisfied, the axial force in the imaginary member represents the 
reaction of the actual inclined roller support. 

The main advantage of modeling inclined roller supports with imaginary 
members is that computer programs for standard supports, such as those devel- 
oped in previous chapters, can be used, without any modifications, to analyze 
structures supported on inclined rollers. W hen analyzing trusses, ordinary truss 
members with large cross-sectional areas can be used to model inclined roller 
supports (Fig. 9.10). In the case of frames, however, the members used to model 
inclined rollers, in addition to having large cross-sectional areas, must be of 
type 3 (MT = 3); thatis, they must be hinged at both ends, as shown in Fig. 9.11. 
As noted before, the cross-sectional area of the imaginary member, used to 
model the inclined roller support, should be sufficiently large so that the mem- 
ber’s axial deformations are negligibly small. However, using an extremely 
large value for the cross-sectional area of the imaginary member can cause some 
off-diagonal elements of the structure stiffness matrix to become so large, as 
compared to the other elements, that they introduce numerical errors, or cause 
numerical instability, during the solution of the structure's stiffness equations. 
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9.5 OFFSET CONNECTIONS 


In formulating the stiffness method of analysis, we have ignored the size of 
joints or connections, assuming them to be of infinitesimal size. While this as- 
sumption proves to be adequate for most framed structures, the dimensions of 
moment-resisting connections in some structures may be large enough, relative 
to member lengths, that ignoring their effect in the analysis can lead to erro- 
neous results. In this section, we discuss procedures for including the effect of 
finite sizes of connections or joints in the analysis. 

Consider an arbitrary girder of a typical plane building frame, as shown in 
Fig. 9.12(a) on the next page. The girder is connected at its ends, to columns 
and adjacent girders, by means of rigid or moment-resisting connections. As 
indicated in the figure, the dimensions of connections usually (but not always) 
equal the cross-sectional depths of the connected members. If the connection 
dimensions are small, as compared to the member lengths, then their effect is 
ignored in the analysis. In such a case, it would be assumed for analysis pur- 
poses that the girder under consideration extends in length from one column 
centerline to the next, and is connected at its ends to other members through 
rigid connections of infinitesimal size, as depicted in Fig. 9.12(b). 

However, if the connection dimensions are not small, then their effect 
must be considered in the analysis. As shown in Fig. 9.12(c), rigid connec- 
tions of finite size can be conveniently modeled by using rigid offsets, with 
each offset being a rigid body of length equal to the distance between the 
center of the connection and its edge which is adjacent to the member under 
consideration. Thus, from Fig. 9.12(c), we can see that the girder under con- 
sideration has offset connections of lengths dp and de at its left and right ends, 
respectively. 

Two approaches are commonly used to include the effect of offset connec- 
tions in analysis. In the first approach, each offset is treated as a small member 
with very large stiffness. For example, in [13] it is suggested that the cross- 
sectional properties of an offset member be chosen so that its stiffness is 1,000 
times that of the connected member. The main advantage of this approach is 
that computer programs, such as those developed in previous chapters, can be 
used without any modification. The disadvantage of this approach is that each 
offset increases, by one, the number of members and joints to be analyzed. For 
example, the girder of Fig. 9.12(c) would have to be divided into three mem- 
bers of lengths dp, L, and de, in order to include the effect of offset connections 
at its two ends in the analysis. 

An alternate approach that can be used to handle the effect of offset con- 
nections involves modifying the member stiffness relationships to include the 
effect of offsets at member ends. The main advantage of this approach is that a 
natural member (e.g., a girder or a column), together with its end offsets, can 
be treated as a single member for the purpose of analysis. For example, the 
whole girder of Fig. 9.12(c), including its end offsets, would be treated as a 
single member when using this approach. However, the disadvantage of this 
approach is that it requires rewriting of some parts of the computer programs 
developed in previous chapters. 
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In the following, we modify the stiffness relations for the members of 
plane frames to include the effect of rigid end offsets. Similar procedures can 
be employed to derive modified stiffness relations for the members of other 
types of framed structures. 

Consider an arbitrary member of length L of a plane frame, and let Q and 
u denote the local end forces and end displacements, respectively, at the exte- 
rior ends of its offsets, as shown in Fig. 9.13(a). Our objective is to express Q 
in terms of ū and any external loading applied to the member between its ac- 
tual ends b and e. Recall from Chapter 6 that the relationship between the end 
forces Q and the end displacement u, which are defined at the ends b and e of 
the member, is of the form Q = ku + Qr, with k and Qr given by Eqs. (6.6) 
and (6.15), respectively. 

To express Q in terms of Q, we consider the equilibrium of the rigid bod- 
ies of the two offsets. This yields (see Fig. 9.13(b)) 


Q1=Q1 Q2=Q2 Q3=d) Q2+Q3 
Oc= 04 Q,=Q5 Qs =—de Q5 + Q6 
which can be written in matrix form as 


Q=TQ (9.29) 
y 
Rigid offset Rigid offset 
Z Qg iH 
p T a D Dy T x 
m 
at G © | 
Qy, Uy Oz, Us 
L 
d, —- > d, —'| 
E, I, A = constant 
(a) Plane Frame M ember with Rigid End Offsets 
Q, 25 


o o- == 2, 


(b) M ember Forces 
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with 


|| 
II 


(9.30) 


KH OOO O&O 


0 
0 
0 
1 
0 
0 


oOo000R 
CooarSA 
2COOrRCO 
oooO 


—de 


in which T can be considered to be a transformation matrix which translates 
the member’s end forces from its actual ends b and e, to the exterior ends of its 
rigid offsets. 

From geometrical considerations, it can be shown that the relationship be- 


tween the end displacements u and a can be written as 


u=T a (9.31) 


By substituting Eq. (9.31) into Eq. (6.4), and substituting the resulting expres- 
sion into Eq. (9.29), we obtain the desired stiffness relationship: 


Q=ku+Q; (9.32) 
with 

k=TkT (9.33) 

Qr = TQ; (9.34) 


in which k and Q; represent the modified member stiffness matrix and fixed- 
end force vector, respectively, in the local coordinate system. Note that k and 
Q; include the effect of rigid offsets at the ends of the member. The explicit 
forms of k and Q,, respectively, can be obtained by substituting Eqs. (6.6) and 
(9.30) into Eq. (9.33), and Eqs. (6.15) and (9.30) into Eq. (9.34). These are 
given in Eqs. (9.35) and (9.36). 


aia: 0 0 = 0 0 
0 12 (6L + 12dp) 0 -12 (6L + 12de) 
i- a) z (6L +12dp) (4L? + 12L dp + 12d?) = (—6L — 12dp) (2L? + 6Ldp + 6L de + 12dpde) 
= 0 0 a 0 0 
0 219 (—6L — 12dp) 0 12 (—6L — 12de) 
O (GL 412d.) @L?+6Ldp+6Lde+12dpde) 0 (-6L — 12de) (4L2 + 12L de + 12d2) 


(9.35) 
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F Ap 
F Sp 
Aa db F Sp + FMp 
Q; = F Ae 
F Se 
—deF Se + FMe 


(9.36) 


The procedure for analysis essentially remains the same as developed pre- 
viously, except that the modified expressions for the stiffness matrices k 
(Eq. (9.35)) and fixed-end force vectors Q; (Eq. (9.36)) are used (instead of k 
and Qr, respectively), for members with offset connections. 


9.6 SEMIRIGID CONNECTIONS 


While rigid and hinged types of connections, as considered thus far in this text, 
are the most commonly used in structural designs, a third type of connection, 
termed the semirigid connection, is also recognized by some design codes, and 
can be used for designing such structures as structural steel building frames. 
Recall that the rotation of a rigidly connected member end equals the rotation 
of the adjacent joint, whereas the rotation of a hinged end of a member must be 
such that the moment at the hinged end is 0. A connection is considered to be 
semirigid if its rotational restraint is less than that of a perfectly rigid connec- 
tion, but more than that of a frictionless hinged connection. In other words, the 
moment transmitted by a semirigid connection is greater than 0, but less than 
that transmitted by a rigid connection. For the purpose of analysis, a semirigid 
connection can be conveniently modeled by a rotational (torsional) spring with 
stiffness equal to that of the actual connection. In this section, we derive the 
stiffness relations for members of beams with semirigid connections at their 
ends. Such relationships for other types of framed structures can be determined 
by using a similar procedure. 

Consider an arbitrary member of a beam, as shown in Fig. 9.14(a) on the 
next page. The member is connected to the joints adjacent to its ends b and e, 
by means of rotational springs of infinitesimal size representing the semirigid 
connections of stiffnesses kp and ke, respectively. As shown in this figure, 
Q and ū represent the local end forces and end displacements, respectively, 
at the exterior ends of the rotational springs. Our objective is to express Q in 
terms of ū and any external loading applied to the member. 

We begin by writing, in explicit form, the previously derived relationship 
Q = ku + Qx, between the end forces Q and the end displacements u, which 
are defined at the actual ends b and e of the member. By using the expressions 
for k and Q; from Eqs. (5.53) and (5.99), respectively, we write 


on 12 6 -12 Sb 11m F Sp 

Q2 _ El 6L 4L? —6L 2L? U2 FM, 

Qa ee bite -6L 12 -6L |lu, T| Fs 

Qi 6L 2L? —6L 42 | | u FM. 
(9.37) 
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Figure 9.14(b) shows the forces Q and Q acting at the exterior and interior 
ends, respectively, of the member's rotational springs. As the lengths of these 
springs are infinitesimal, equilibrium equations for the free bodies of the 
springs yield 


Q=Q (9.38) 


The displacements u and w are depicted in Fig. 9.14(c) using an exagger- 
ated scale. Because of the infinitesimal size of the springs, the translations of 
the spring ends are equal; that is, 


Uy =U, (9.39a) 
U3 = U3 (9.39b) 


The relationship between the rotations (uz and U2) of the two ends of the 
spring, at member end b, can be established by applying the spring stiffness 
relation: 


Q2 = kp (U2 — U2) 


from which, 
U2 = U? — — (9.39c) 


Similarly, by using the stiffness relation for the spring attached to member end 
e, we obtain 


(9.39d) 


To obtain the desired relationship between Q and u, we now substitute 
Eqs. (9.38) and (9.39) into Eq. (9.37) to obtain the following equations. 


oo 120, + 6L m- 22 — 1203+ 6L n- 24 + FS, 
L3 kp Ke 


(9.40a) 
Te. 6Lūı + 4L2 n- 22 — 6L ū; 4217 a, — 24 +FMp 
E kp Ke 
(9.40b) 
T= —12ū; — 6L n- 22 +1203 — 6L a, — 24 + FS. 
L kp Ke 
(9.40c) 
too 6L0, +2L2 ip 2 —6L0344L2 a, — 24 +FMe 
L kp Ke 


(9.40d) 
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Next, we solve Eqs. (9.40b) and (9.40d) simultaneously, to express Q, and 
Q, in terms of ūı through Gy. This yields 


+22 [4 = 3re)F My — 20 = re) FMel (9.41a) 
Q, = E Felel (2 — rb)ū1 + 2L°rpū — 6L (2 — rp)ū3 + 4L? (3 — 2rp)04] 
+22 [4 = 3)FMe — 201 =r) F Mo] (9.41b) 


in which rp and re denote the dimensionless rigidity parameters defined as 


poe i =b, e 

' El+kiL ia (2) 
and 

R = 12 — 8rp — 8re + or pre (9.43) 


Finally, by substituting Eqs. (9.41) into Eqs. (9.40a) and (9.40c), we determine 
expressions for Qı and Q3 in terms of 0, through U4. Thus, 


_ E | 
Q= DR [12(rp +re —Tbre)ū1 + 6Lrp(2 — re)ū2 

— 12 (rb +re — fore)ū3 + 6Lre(2 — ro)ūa] 

6 
+ FSp — LR [(1 — rp)(2 —re)FMp + (1 —re)(2 — Fp) F Me] 
(9.44a) 

7 E | a _ 
Q; = oR [—12(rb + fe — Pbre)1 — 6Lrp(2 — re)ū2 


+12(rh + fe —Pple)U3 — 6Lre(2 — rp) Ua] 


+ F Se + a [(1 —rp)(2 —re)FMp + (1 — re)(2 — 1p) F Me] 
(9.44b) 


Equations (9.41) and (9.44), which represent the modified stiffness relations 
for beam members with semirigid connections at both ends, can be expressed 
in matrix form: 


Q=ki+Q, (9.45) 
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with 
12(rpt+le—Fpre)  6Lrp(2 — re) 12 (fb +re— fore)  6Lre(2— rp) 
p EL 6Lro(2 — re) AL ?ry(3 — 2re) 6Lro(2 — re) 2L Fore 
~ L3R 12(rp fe= rora). —6Lrp(2—lre) 12(rh +re= Tore) 6Lre(2 — rbp) 
6Lre(2 — rp) 2L2rpre —6Lre(2 — Ip) AL 2re(3 — 2rp) 
(9.46) 
and 
6 
FSp CR [(1 — rb)(2 — re)F Mp + (1 — re)(2 — Fp) F Me] 
r 
s © [(4 — 3re)F Mp =A= ra) F Me] 
Qs = R 


F Se + a [(1 —1p)(2 —re)F Mp + (1 — re)(2 — rob)F Me] 
= [-201 —rp)FMy + (4 —3tb)F Mel 
(9.47) 


Thek matrix in Eq. (9.46) and the Q; vector in Eq. (9.47) represent the 
modified stiffness matrix and fixed-end force vector, respectively, for the mem- 
bers of beams with semirigid connections. It should be noted that these ex- 
pressions for k and Q; are valid for the values of the spring stiffness k; (i = b 
or e) ranging from 0, which represents a hinged connection, to infinity, which 
represents a rigid connection. From Eq. (9.42), we can see that as k; varies from 
0 to infinity, the value of the corresponding rigidity parameter r; varies from 0 
to 1. Thus, r; = 0 represents a frictionless hinged connection, whereas r; = 1 
represents a perfectly rigid connection. The reader is encouraged to verify that 
when both rp and re are set equal to 1, then k (Eq. (9.46)) and Q; (Eq. (9.47)) 
reduce the k (Eq. (5.53)) and Q; (Eq. (5.99)) for a beam member rigidly con- 
nected at both ends. Similarly, the expressions of k and Qs, derived in 
Chapter 7 for beam members with three combinations of rigid and hinged con- 
nections (i.e, MT = 1, 2, and 3), can be obtained from Eqs. (9.46) and (9.47), 
respectively, by setting rp and re to 0 or 1, as appropriate. 

The procedure for analysis of beams with rigid and hinged connections, 
developed previously, can be applied to beams with semirigid connections— 
provided that the modified member stiffness matrix k (Eq. (9.46)) and fixed- 
end force vector Q; (Eq. (9.47)) are used in the analysis. 


9.7 SHEAR DEFORMATIONS 


The stiffness relations that have been developed thus far for beams, grids, and 
frames, do not include the effect of shear deformations of members. Such 
structures are generally composed of members with relatively large length-to- 
depth ratios, so that their shear deformations are usually negligibly small as 
compared to the bending deformations. However, in the case of beams, grids 
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and rigid frames consisting of members with length-to-depth ratios of 10 or 
less, and/or built-up (fabricated) members, the magnitudes of shear deforma- 
tions can be considerable; therefore, the effect of shear deformations should be 
included in the analyses of such structures. In this section, we consider a pro- 
cedure for including the effect of shear deformations in the member stiffness 
relations, and present the modified stiffness matrix for the members of beams. 
This matrix, which contains the effects of both the shear and bending defor- 
mations, can be easily extended to obtain the corresponding modified member 
stiffness matrices for grids, and plane and space frames. 

The relationship between the shearing strain at a cross-section of a beam 
member and the slope of the elastic curve due to shear can be obtained by con- 
sidering the shear deformation of a differential element of length dx of the 
member, as shown in Fig. 9.15. From this figure, we can see that 


dx (9.48) 


in which y denotes the shear strain, and Uys represents the deflection, due to 
shear, of the member's centroidal axis in the y direction. The negative sign in 
Eq. (9.48) indicates that the positive shear force S causes deflection in the neg- 
ative y direction, as shown in the figure. Substitutions of Hooke’s law for shear, 
y =t/G, and the stress-force relation, t = fs S/A, into Eq. (9.48), yield the 
following expression for the slope of the elastic curve due to shear. 


“dx \GA (9.49) 


in which fs represents the shape factor for shear. The dimensionless shape fac- 
tor fs depends on the shape of the member cross-section, and takes into account 


Fig. 9.15 
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the nonuniform distribution of shear stress on the member cross-section. The 
values of fs for some common cross-sectional shapes are as follows. 


fs = 1.2 for rectangular cross-sections 
fs = 10/9 for circular cross-sections 


fs = 1 for wide-flange beams bent about the major axis, provided that 
the area of the web is used for A in Eq. (9.49) 


Integration of Eq. (9.49) yields the expression for deflection due to shear; the 
total deflection (or slope) of the member due to the combined effect of shear 
and bending can be determined via superposition of the deflections (or slopes) 
caused by shear and by bending. As discussed in Chapter 5, the equations for the 
slope and deflection, due to bending, can be obtained by integrating the moment- 
curvature relationship: 

d?ūys M 

dx? El am 
in which Uyg represents the deflection of the member due to bending. 

The expressions for the elements of the modified stiffness matrix k for a 
beam member, due to the combined effect of the bending and shear deforma- 
tions, can be derived using the direct integration approach. To obtain the ex- 
pressions for the stiffness coefficients kj; (i = 1 through 4) in the first column 
of k, we subject a prismatic beam member of length L to a unit value of the end 
displacement u: at end b, as shown in Fig. 9.16. Note that all other member end 
displacements are 0, and the member is in equilibrium under the action of two 
end moments k21 and Kaz, and two end shears kj; and k31. From the figure, we 


ee J 

= `~ 
u=1 | ks ` ky 

`~ 
kz (= >= ) x 
ky ky 
i ———_ 
iB, 
EI = constant 
u = uz = u4 = 0 

Fig. 9.16 
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can see that the shear and bending moment at a distance x from end b of the 


member are: 
S=ky (9.51) 
M = —kz + ky1x (9.52) 


By substituting Eq. (9.51) into Eq. (9.49), and integrating the resulting equa- 
tion, we obtain the equation for deflection, due to shear, as 


z f 
Uys = -(¢) ki1X +Cy (9.53) 
in which Cı denotes a constant of integration. By substituting Eq. (9.52) into 
Eq. (9.50), and integrating the resulting equation twice, we obtain the equa- 
tions for the slope and deflection of the member, due to bending: 

dūyg — 1 x? 

d EI (-kax +ku 5) +C2 (9.54) 
3 


6 


As the shear deformation does not cause any rotation of the member cross- 
section (see Fig. 9.15), the rotation of the cross-section, @, results entirely 
from bending deformation, and is given by (see Eq. (9.54)) 


1 x? X 
ūyg = Ei (-ka 5 +ku J+ eax +3 (9.55) 


dd 1 x? 
= ara = ET (-kax + in) +C2 (9.56) 


By combining Eqs. (9.53) and (9.55), we obtain the equation for the total de- 
flection, Uy, due to the combined effect of the shear and bending deformations: 


2. & 2 f 1 x? x3 
Uy = Uys + Uyg --(4) kyiX + E] ( k21 5 +ky s) tC +C4 
(9.57) 
in which the constant C4 = C1 + C3. 
The four unknowns in Eqs. (9.56) and (9.57)— that is, two constants C2 


and C 4 and two stiffness coefficients kıı and k21— can now be evaluated by ap- 
plying the following four boundary conditions: 


atend b, x=0 ¢=0 
x=0 Uy =1 
at end e, X= 06=0 
x=L Uy =0 


By applying these boundary conditions, we obtain C2 = 0, C4 = 1, and 


12E | 1 

ky = Te G P x) (9.58) 
6E | 1 

ka = 7 (i re =) (9.59) 
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with 


_ LEI fs 
S= GAL? 


(9.60) 


The dimensionless parameter Bs is called the shear deformation constant. 

The two remaining stiffness coefficients, k3; and k41, can now be deter- 
mined by applying the equations of equilibrium to the free body of the member 
(Fig. 9.16). Thus, 


12E | 1 
= — 9.61 
k31 E (=) (9.61) 
6E | 1 
= —_ 9.62 
k41 [2 (=) (9.62) 


The expressions for elements in the remaining three columns of the k ma- 
trix can be derived in a similar manner, and the complete modified stiffness 
matrix for rigidly-connected members of beams, thus obtained, is 


12 6L -12 6L 
-Fi 6L L*(4+fs) —6L Rp) 
k= L3(1+ ps) | —12 —6L 12 —6L (263) 


6L L?(2— 8s) —6L L?(4+ $s) 


From Eq. (9.63), we can see that when the shear deformation constant Bs is set 
equal to 0, then k of Eq. (9.63) is reduced to that of Eq. (5.53). It should be 
realized that the expressions for fixed-end forces due to member loads, given 
inside the front cover, do notinclude the effects of shear deformations. If mod- 
ified fixed-end force expressions including shear deformations are desired, 
they can be derived using the procedure described in this section. 


9.8 NONPRISMATIC MEMBERS 


Thus far in this text, we have considered the analysis of structures composed of 
prismatic members. A member is considered to be prismatic if its axial and 
flexural rigidities (EA and El), or its cross-sectional properties, are constant 
along its length. In some structures, for aesthetic reasons and/or to save mater- 
ial, it may become necessary to design members with variable cross sections. 
In this section, we consider the analysis of structures composed of such non- 
prismatic members. 

Perhaps the simplest (albeit approximate) way to handle a nonprismatic 
natural member, such as a girder or a column, is to subdivide it into a sufficient 
number of segments, and model each segment by a prismatic member (or 
element) with cross-sectional properties equal to the average of the cross- 
sectional properties at the two ends of the segment (Fig. 9.17 on the next page). 
The main advantage of this approach is that computer programs such as those 
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(a) Nonprismatic M ember 


(b) Analytical M odel of Nonprismatic M ember 


Fig. 9.17 


developed in previous chapters can be used without any modifications. The 
main disadvantage of this approach is that the accuracy of the analytical results 
depends on the number of prismatic members (or elements) used to model each 
nonprismatic member, and an inordinate number of prismatic members may be 
required to achieve an acceptable level of accuracy. 

An alternate approach that can be used to handle nonprismatic members 
involves formulation of the nonprismatic member’s stiffness relations while 
taking into account the exact variation of the member’s cross-sectional proper- 
ties. The main advantage of this exact approach is that a natural nonprismatic 
member (e.g., a girder or a column) can be treated as a single member for the 
purpose of analysis. However, as will become apparent later in this section, the 
exact expressions for the stiffness coefficients for nonprismatic members can 
be quite complicated [43]. In the following, we illustrate the exact approach via 
derivation of the local stiffness matrix k for a tapered plane truss member [26]. 

Consider a tapered member of a plane truss, as shown in Fig. 9.18(a). The 
cross-sectional area of the member varies linearly along its length in accor- 
dance with the relationship 


Ay = Ay (1- 2) (9.64) 


in which Ap and Ax denote, respectively, the member's cross-sectional areas at its 
end b, and at a distance x from end b; and rą represents the area ratio given by 


Ap — Ae 
E 


with Ae denoting the member's cross-sectional area at end e, as shown in the 
figure. 

To derive the first column of the tapered member’s local stiffness matrix k, 
we subject the member to a unit end displacement u; = 1 (with u2 = u3 = u4 = 0), 
as shown in Fig. 9.18(b). T he expressions for the member axial forces required 


(9.65) 
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Ap 
x 
L 
E = constant 
(a) Tapered Plane Truss M ember 
y 
ho = ee yy x 
ky kyy 
| x >| 
l 
< L 
(b) u = l, u, = u = u4 = 0 
Fig. 9.18 


to cause this unit axial deformation can be determined by integrating the differ- 
ential equation for member axial deformation that, for members with variable 
cross-sections, can be written as (see Eq. (6.7), Section 6.2) 
die Oe (9.66) 
dx EA, 
From Fig. 9.18(b), we can see that the axial force acting on the member cross- 
section at a distance x from its end b is 


Qa=—-ku (9.67) 
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in which the negative sign indicates that k;; causes compression at the member 
cross-section. Substituting Eqs. (9.64) and (9.67) into Eq. (9.66), and integrat- 
ing the resulting equation, we obtain 


kııL Pax 
9.68 
=E nQ =) +C ( ) 


in which C is a constant of integration. 

The two unknowns, C and kj, in Eq. (9.68) can be evaluated by applying 
the boundary conditions: 

at end b, X=0 U,-=1 

at end e, Xx=L O,=0 
Application of the foregoing boundary conditions yields C = 1, and 
ge 

L In(l —ra) 

The three remaining stiffness coefficients can now be determined by applying 
the equations of equilibrium to the free body of the member (Fig. 9.18(b)). Thus, 
_ EAbra 
~ LIn(l=ra)’ 


= (9.69) 


k31 ka = ka = 0 (9.70) 

The expressions for elements in the third column of the tapered member's 
local stiffness matrix k can be derived in a similar manner; and, as discussed in 
Section 3.3, all elements of the second and fourth columns of k are 0. The com- 
plete local stiffness matrix k for a tapered plane truss member, thus obtained, 


is 
-1 0 10 
EApra 00 00 
= = 9.71 
L In(l—ra) 1 0 -1 0 (eat) 
00 00 


EXAMPLE 9.6 Using the direct integration approach, derive the expressions for the slope and 
deflection at the free end of the tapered cantilever beam shown in Fig. 9.19(a). The 
beam has a rectangular cross-section of constant width b, but its depth varies linearly 
from h; at the fixed end to hz at the free end. 


SOLUTION The depth and moment of inertia of the beam at a distance x (0 < x < L) from its 
free end can be expressed as 


men (tt 
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| 
PL C | x 
| 
| 
oo 
| 
P 
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Fig. 9.19 
in which rp represents the depth ratio given by 
hı—h2 
h= — (1) 
hi 


and |, = bh?/12 = beam’s moment of inertia at its fixed end. 

The equations for the slope and deflection can be derived by integrating the dif- 
ferential equation for bending of beams with variable cross-sections, which can be 
written as (see Eq. (5.5), Section 5.2) 

d2ūy M 

ee 2 

dx2 Ely 2) 

From Fig. 9.19(b), we can see that the bending moment at the beam section at a dis- 
tance x from its fixed end is 


M=—P(L —x) (3) 


in which the negative sign indicates that the bending moment is negative in accor- 
dance with the beam sign convention (Fig. 5.4). Substituting Eq. (3) into Eq. (2) and 
integrating, we obtain the equation for slope as 


PL3 | L +rhL = 2rhxX 
0 = C 4 
2E l1 | Pe | a 
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Integrating once more, we obtain the equation for deflection as 


PL3 lop rhXx 
dy = > wam a= BE S CaCa (5) 
2E lire HRX |i 
ee as 
L 


The constants of integration, Cı and C2, are evaluated by applying the boundary con- 
ditions that atx = 0,6 = 0 and ūy = 0. Thus, 


PL? /1+rhp 

Mee || ere 
2E |, Th 

PL3(1—Tn) 


2E lar? 


By substituting these expressions for Cı and C2 into Eqs. (4) and (5) we determine the 
equations for slope and deflection of the beam as 


Ca= 


Px | x —2L +rpx 


0= 2E lı Ge) © 
a PL? 2 Dye 
“es 2E lar? (1- a") | — fs (+m) +2(1 a*yin(a | a 


Finally, the expressions for slope and deflection at the free end of the tapered 
beam are obtained by setting x = L in Eqs. (6) and (7), respectively. Thus, 


Slope (+ Ç): 
E PL? o Pe 7 
LECE ra)  2Elıh? ga 
Deflection (+ 4): 
3 
dy. = Be [=A er einer inl = ad Ans 


2E lrg (l — rn) 


EXAMPLE 9.7 Using a structural analysis computer program, determine the slope and deflection at 
the free end of the tapered cantilever beam shown in Fig. 9.20(a). The beam is of 
rectangular cross-section of width 150 mm, and its depth varies linearly from 400 mm 
at the fixed end to 100 mm at the free end, as shown in the figure. For analysis, divide 
the nonprismatic beam into smaller segments, and model each segment by a prismatic 
member (element) with a constant moment of inertia based on the average depth of the 
segment. Analyze several models of the beam with increasing number of members 
(elements) until the values of the desired displacements converge. Compare these 
numerical results with the exact analytical solutions for the tapered beam obtained 
from the expressions derived in Example 9.6. 


SOLUTION Seven analytical models of the beam consisting of 1, 2, 3, 4, 6, 9, and 12 segments 
were analyzed using the computer program provided with this book. In these models, 
each tapered segment was approximated by a member of constant depth equal to the 
average depth of the segment. Figure 9.20(b) shows such a three-member model of the 
beam. 
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Y 
~ 
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0.145 
=z 0.1405 
S 
5 Numerical Results 
£ 0.135- 
vo 
a 
£ 
a w Exact Solution 
0.12857 =————-— -LLMM 
0.125 T T T T T T T T T T 
1 2 3 4 5 6 7 8 9 IO iit 
Number of members 
(c) Variation of Slope with Number of Members 
Fig. 9.20 


Numerical values of displacements at the free end of the beam obtained by using 
these analytical models are listed in Table 9.1, and plotted versus the number of mem- 
bers in Figs. 9.20(c) and (d). 

The exact analytical solutions can be evaluated by substituting P = 100 kN, 
L = 6 m, E = 70(10°) kN /m?, hı = 0.4 m, h2= 0.1 m, lı =0.15(0.4)?/12 = 0.0008 m‘, 
and rp = (0.4 — 0.1)/0.4 = 0.75 into the expressions for slope and deflection at the can- 
tilever’s free end derived in Example 9.6. Thus, 
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Deflection (mm) 


1 2 3 4 5 6 7 8 9 1 iil ie 
Number of members 


(d) Variation of Deflection with Number of Members 


Fig. 9.20 (continued) 


Table 9.1 
Number of Slope Deflection 
Member in : 
Analytical Model (radians) Error (%) (mm) Error (%) 
1 0.13166 2.4034 526.63 62.235 
2 0.14090 9.5901 401.66 23.736 
3 0.13827 7.5445 361.89 11.485 
4 0.13560 5.4678 345.91 6.5617 
6 0.13246 3.0256 334.01 2.8958 
9 0.13051 1.5089 328.73 1.2692 
12 0.12973 0.90223 326.96 0.72395 
Exact Solutions 0.12857 324.61 
Slope: 
PLhy 
ðL = —=——— = —0.12857 rad = 0.12857 rad \¥ Ans 
2E lıh2 
Deflection: 
Üy = ER [—2rh +r + th) — 201 — th) Ind —rn)] 
E= Ty ae er i i 
= — 0.32461 m = 324.61 mm | Ans 


The exact values of slope and deflection are also given in Table 9.1, along with 
the percentage errors of the numerical results with respect to the exact solutions. We 
can see from this table and Figs. 9.20(c) and (d) that as the number of members in the 
computer model is increased, the numerical results tend to converge toward the exact 
solutions. Ans 
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9.9 SOLUTION OF LARGE SYSTEMS OF 
STIFFNESS EQUATIONS 


In the computer programs for matrix stiffness analysis developed in previous 
chapters, we have stored the entire structure stiffness matrix S in computer 
memory, and have used Gauss-Jordan elimination to solve the structure stiff- 
ness equations, Sd = P. While this approach provides a clear insight into the 
basic concept of the solution process and is easy to program, it is not efficient 
in the sense that it does not take advantage of the symmetry and other special 
features of the stiffness matrix S. In the case of large structures, a significant 
portion of the total memory and execution time required for analysis may be 
devoted to the storage and solution, respectively, of the structure stiffness equa- 
tions. Accordingly, considerable research effort has been directed toward de- 
veloping techniques and algorithms for efficiently generating, storing, and 
solving stiffness equations that arisein theanalysis of large structures [2, 14, 26]. 
In this section, we discuss a commonly used procedure that takes advantage of 
the special features of the structure stiffness matrix to efficiently store and 
solve structural stiffness equations. 


Half-Bandwidth of Structure Stiffness Matrices 


The stiffness matrices S of large structures, in addition to being symmetric, are 
usually sparse, in the sense that they contain many 0 elements. Consider, for 
example, the analytical model of the six-degree-of-freedom continuous beam 
shown in Fig. 9.21(a) on the next page. The stiffness matrix S for this structure 
is also shown in the figure, in which all the nonzero elements are marked by xs, 
and all the 0 elements are left blank. From this figure, we can see that, out of a 
total of 36 elements of S, 20 elements are Os. Furthermore, this figure indicates 
that all the nonzero elements of S are located within a band centered on the main 
diagonal. Such a matrix, whose elements are all Os, with the exception of those 
located within a band centered on the main diagonal, is referred to as a banded 
matrix. In general, a structure stiffness matrix is considered to be banded if 


Sj =0 if |i —j|>NHB (9.72) 


where NHB is called the half-bandwidth of S, which is defined as the number 
of elements in each row (or column) of the matrix, that are located within the 
band to the right of (or below) the diagonal element. Thus, the half-bandwidth 
of the stiffness matrix of the continuous-beam analytical model of Fig. 9.21(a) 
is 1 (i.e, NHB = 1), as shown in the figure. 

Although the total number of nonzero elements of a structure stiffness 
matrix remains the same, their locations depend on the order in which the 
structure’s joints are numbered. Thus, the half-bandwidth of a structure stiff- 
ness matrix can be altered by renumbering the structure’s joints. For example, 
if the numbers of two inner joints of the continuous beam of Fig. 9.21(a) are 
interchanged, the half-bandwidth of its stiffness matrix is increased to 2 
(i.e, NHB = 2), as shown in Fig. 9.21(b). Note that the band of this S matrix 
contains both zero and nonzero elements. 
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NHB=1 


Fig. 9.21 
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Since the structure stiffness matrices are assembled by storing the pertinent 
elements of the member stiffness matrices in their proper positions using mem- 
ber code numbers, the half-bandwidth of a structure stiffness matrix equals the 
maximum of the differences between the largest and smallest degree-of- 
freedom code numbers for the individual members of the structure; that is, 


NHB = max{MCL; — MCS;} i=1,...,NM (9.73) 


in which MCL; and MCS; denote, respectively, the largest and the smallest code 
numbers for member i, which correspond to the degrees of freedom (not the re- 
strained coordinates) of the structure. 

Considering again the analytical model of the continuous beam of 
Fig. 9.21(a), we can see that the code numbers for member 1 are 7, 8, 9, 1; of 
these, the first three numbers correspond to the restrained coordinates, and the 
fourth number represents a degree of freedom. Thus, the difference between 
the largest and smallest degree-of-freedom numbers for this member is 
MCL;—MCS; =1—1=0. Similarly, we can see from the figure that for 
members 2 through 6, this difference is 1, and for member 7, it is 0. Thus, the 
half-bandwidth for the S matrix equals one. Note that when the numbers of 
two inner joints of the beam are interchanged as shown in Fig. 9.21(b), the 
difference in degree of freedom code numbers for members 3 and 5 increases 
by one, and as a result, the half-bandwidth of the S matrix widens by one 
element. 

An important property of banded structure stiffness matrices is that the 
0 elements outside the band remain 0 during the solution of the structure stiffness 
equations (Sd = P); therefore, they need not be stored in computer memory for 
analysis. Furthermore, since the structure stiffness matrices are symmetric, 
only the diagonal elements, and the elements in the half band above (or below) 
the diagonal, need to be stored. As the stiffness matrices of large structures 
usually contain relatively few nonzero elements, significant savings in com- 
puter memory storage and execution time can be achieved, in the analysis of 
such structures, by numbering the joints to minimize the half-bandwidth of the 
stiffness matrix, and by storing and processing only the elements on the main 
diagonal, and within a half-bandwidth, of the stiffness matrix. 

As discussed previously, the minimum possible half-bandwidth of a stiff- 
ness matrix can be obtained by numbering the joints of the structure in such an 
order that the largest difference between the joint numbers at the ends of any 
single member is as small as possible. For the configurations of the framed 
structures commonly encountered in practice, arelatively small (if not minimal) 
half-bandwidth of the stiffness matrix can usually be achieved by numbering 
joints consecutively across the dimension of the structure that has the least 
number of joints, as shown in Figs. 9.22 and 9.23 (on page 558). 

The elements on the diagonal and in the upper half-bandwidth of S can 
be stored compactly in computer memory in a rectangular array S of order 
NDOF x (NHB + 1), asillustrated in Fig. 9.24 on page 559 for a structure with 
NDOF = 9and NHB = 3. As depicted in this figure, the elements in each row 
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l NHB = 7 


Symmetric 


Fig. 9.22 Joint Numbering for Minimum Half-Bandwidth (NDOF = 21, NHB = 7) 
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Fig. 9.23 Joint Numbering for Minimum Half-Bandwidth (NDOF = 24, NHB = 8) 
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NHB = 3 


NDOF = 9 


Symmetric 


(a) Full Structure Stiffness M atrix S for NDOF = 9 and NHB = 3 


Fig. 9.24 


of S on the diagonal and in the half-bandwidth are stored in the same order in 
the corresponding row of the compact matrix S. The location of an element Sij 
of S in the compact matrix S is given by the relationship 


Sij = Ŝi a+j-i) fori =1,2,..., NDOF ; 


j=ii+1,...,Ndeeienpor 079 


Solution of Banded Structure Stiffness Equations Using 
UDU Decomposition 


Although Gauss-Jordan elimination, as discussed in Section 2.4, can be 
modified to take advantage of the symmetry and bandedness of structure 
stiffness equations, for the analysis of large structures, another type of elimi- 
nation method, a decomposition method, is usually preferred. This is because, 
in decomposition methods, the solution is carried out in two distinct parts; 
namely, decomposition and substitution, with the decomposition part involving 
only the structure stiffness matrix S, but not the load vector P. Thus, the results 
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NHB+1=4 


NDOF = 9 


(b) Compact Structure Stiffness M atrix S for NDOF = 9 and NHB = 3 


Fig. 9.24 (continued) 


of the time-consuming decomposition part can be stored for future use in case 
the structure needs to be reanalyzed for different loading conditions. In the fol- 
lowing, we present a decomposition method, commonly used for solving large 
systems of structure stiffness equations, called the U'DU decomposition 
method. The method is first formulated for the fully populated symmetric stiff- 
ness matrix S, and is then modified so that it can be used with the banded and 
compact forms of the structure stiffness matrix. 

As stated previously, in the U'DU decomposition method, the solution of 
the structure stiffness equations, Sd = P, is carried out in two parts: decom- 
position and substitution. In decomposition, the structure stiffness matrix S is 
decomposed (or factored) into the matrix triple product, 


S = U' DU (9.75) 


in which U is a unit upper triangular matrix (i.e., an upper triangular matrix 
with diagonal elements equal to unity); and D is a diagonal matrix. For a 
general n-degree-of-freedom system, Eq. (9.75) can be written in expanded 
form as 
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S11 Sı2 S13, +++ Sin 
S22 S23 -+-+ San 
(symmetric) S33 «+ San | = 

Shn 

1 0 0 0 Du 0 0 0 1 Up Uz U in 

Ui 1 0 0 0 Dy 0 0 0 1 U3 U on 

ee a ee | ae 
U in U an U 3n 1 0 0 0 Dan 0 0 0 1 


M ultiplying the three matrices on the right side of Eq. (9.76), we obtain 


Si Si2 S13 ee Sin 
S22 S23 «++ San 
(symmetric) S33 =- S3n | = 
Snn 
Di D1U12 D1iU 13 e Di in 
l Duu +D DuUiUi +D2U03 -= D11U 12U in + D22U an 
(symmetric) DU 2+ D22U 2+ D33 = D11U 13U in + D22U 23U an + D33U 3n 


DuU? +D2U2 + Dal? +---4+ Dan 
(9.77) 


By comparing the corresponding elements of the matrices S and U'DU, on the 
left and right sides, respectively, of Eq. (9.77), we can develop an algorithm for 
evaluating the elements of matrices D and U. By comparing the elements in 
row 1 column 1 of the two matrices, we can see that Di1 = S11. With D11 
known, the elements in the first row of U can be obtained by equating the re- 
maining elements in the first rows of S and U'DU. This yields U 12 = S12/D11, 
U13 = S13/D11, . . ., Uin = Sin/D 11. Next, we equate the corresponding ele- 
ments in the second rows of S and U'DU in Eq. (9.77) to obtain the second 
rows of D and U, and so on. The general recurrence relationships for computa- 
tion of the elements of D and U can be expressed as follows. 


Sii fori =1 
— i-1 
Pi=)5;—-SDgUZ fori =2,3,..., NDOF (9.78a) 
k=1 


al fori =1; j =i +1, i+2,...,NDOF 
Up= g isl fori = 2,3 NDOF —1:; 
Aen Halide a ee : 
Dii (sı > Vuln) j =i 41,1 42,..., NDOF 
(9.78b) 
Uijgol fori =1,2,..., NDOF (9.78c) 
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The nonzero elements of D and U are computed by starting at the first row 
number (i.e., i = 1), and proceeding sequentially to the last row number (i.e., 
i =NDOF ). As implied by Eqs. 9.78(a) and (b), for each row number i, the di- 
agonal element Di; (Eq. (9.78a)) must be computed before the elements U ij 
(Eq. (9.78b)) of the ith row of U can be calculated. 

With thestructure stiffness matrix S now decomposed into triangular and di- 
agonal matrices, we can now begin the substitution part of the solution process. 
Substitution of S = U' DU into the structure stiffness equations, Sd = P, yields 

U'DUd=P (9.79) 

The substitution part is carried out in two steps: forward substitution, and 
back substitution. In the forward substitution step, Eq. (9.79) is written as 

UDd=P (9.80) 
with 

d = Ud (9.81) 


in which à is an auxiliary vector of unknowns. Equation (9.80) can be written 
in expanded form as 


Di 0 0 0 dı Py 
DiUi2 D2 0 -0 dz P. 
DuUi3 D22U23 D3 > 0 d3 | = | P3 (9.82) 
D11U 1n D22U 2n D 33U 3n o Din dh Pa 


from which we can see that the auxiliary unknowns d can be determined by 
the simple process of forward substitution, starting with the first row and pro- 
ceeding sequentially to the last row. From the first row of Eq. (9.82), we can 
see that dı = P1/D11. With dı known, the value of dz can now be deter- 
mined by solving the equation in the second row of Eq. (9.82); that is, d2 = 
(P > — D11U12d1)/D22. Next, we calculate d3 by solving the equation in the 
third row of Eq. (9.82), and so on. In general, the elements of d can be com- 
puted as 
hale fori =1 

L ied (9.83) 
z (Pi- È Pudi) fori = 2,3,...,NDOF 

Dii =i 

Once the auxiliary vector d has been evaluated, the unknown joint dis- 

placement vector d can be calculated by solving Eq. (9.81), using back substi- 
tution. The expanded form of Eq. (9.81) can be expressed as 


D 
ll 


1 Uy Ur ++» Uin- Un dı dı 

0 1 Uz3 + Uznı Un d2 dz 

0 0 1 > Uznı Ua d3 |_| d3 (9.84) 
0 0 0 eens 1 U n—1,n dn-1 dy 

0 0 QO o 0 1 dn dy 
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From which we can see that the unknown joint displacements d can be deter- 
mined by the simple process of back substitution, starting with the last row and 
proceeding sequentially to the first row. From the last row of Eq. (9.84), we can 
see that dn = dn. With da known, the value of dn-ı can now be determined 
by solving the equation in the next to the last row of Eq. (9.84); that is, 
dar = dna = U n—1,n dn. The back substitution is continued until all the joint 
displacements have been calculated. The back substitution process can be rep- 
resented by the recurrence equation 


A 


di fori = NDOF 
_ J. NDOF 
a= d- D Uk fori =NDOF ~1, NDOF ~2,....1 0:85) 
=i+1 


As discussed in the foregoing paragraphs, the U'DU decomposition 
procedure for solving structure stiffness equations essentially consists of the 
following steps. 


1. Decompose the structure stiffness matrix S into a diagonal matrix D, 
and a unit upper triangular matrix U, by applying Eqs. (9.78). 
2. Calculate the auxiliary vector à using forward substitution (Eq. (9.83). 


3. Determine the unknown joint displacements d by back substitution 
(Eq. (9.85)). 


EXAMPLE 9.8 Use UDU decomposition to solve the following system of structural stiffness 


equations. 
5) 2 -1 O07 fd —19 
© =3 2l th] _ | —22 
(symmetric) 4 1]}d3 | 22 
71 Lda —6 
SOLUTION Decomposition: By applying Eqs. (9.78), 
Dan = Sin = 5) 
S12 2 
U 12 = Da 5 = 0.4 
S13 —1 
= —— = — = — 2 
Ui Da 5 0 
Un =0 


Un =U =Ue3 = m= 
D22 = S22 — D11U 2 — 6 — 5(0.4)2 = 52 


1 1 
U23 = — (S23 — D11U 12U 13) = — [—3 — 5(0.4)(—0.2)] = —0.5 
D22 5.2 


1 1 
U24 = — (Sx — Di 12U 14) = == [2 — 5(0.4)(0)] = 0.38462 
D22 5.2 
D33 = S33 — Dis å — Da £ = 4 — 5(—0.2)? — 5.2(—0.5)? = 2.5 
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1 
Uy = Dy O” — D 11U 13U 14 — D22U 23U 24) 


1 
= z [1 — 5(-0.2)(0) — 5.2(—0.5)(0.38462)] = 0.8 
Dag = Sag — DiyU fy — D22024 — D33034 


= 7 —5(0)* — 5.2(0.38462)* — 2.5(0.8)2 = 4.6308 


Thus, 
5 0 0 0 1 04 —0.2 0 
052 0 0 0 1 —0.5 0.38462 
KS 00 25 0 I 0 0 1 0.8 
0 0 0 4.6308 0 0 0 1 
Forward Substitution: Using Eq. (9.83), 
7 Pi —19 
CUS ye tart aes 
R a A 1 
d = — (P 2 — D11U 12d1) = [—22 — 5(0.4)(—3.8)] = —2.7692 
D22 5A 


A 1 $ 4. 
d3 = pee — DU 13d1 — D 22U 2302) 
33 


= 5412 5(—0.2)(—3.8) — 5.2(—0.5)(—2.7692)] = 4.4 


l ieee 7 A A 
g= Da — DU 14d1 — D 22U 2402 — D 33U 3403) 


= z! 6 — 5(0)(—3.8) — 5.2 (0.38462) (—2.7692) — 2.5(0.8)(4.4)] = —2 
Thus, 
—3.8 
2 —2.7692 
E A 
—2 
Back Substitution: Applying Eq. (9.85), 
d4 = dy =-2 


d3 = d3 — U 34d4 = 4.4 — 0.8(—2) = 6 
dz = dy — U 2303 — U 24d4 = —2.7692 — (—0.5)6 — 0.38462(—2) = 1 
dj = dy — U yod2 — U 13d3 — U 14d4 = —3.8 — 0.4(1) — (—0.2)6 — 0(—2) = —3 


Thus, the solution of the given system of equations is 
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If the structure stiffness matrix S is banded, then the corresponding U matrix 
contains nonzero elements only on its diagonal and within the upper half- 
bandwidth, as shown in Fig. 9.25(a) on the next page. In such cases, the computa- 
tional effort required for solution can be significantly reduced by calculating only 
the elements in the upper half-bandwidth of U. From Fig. 9.25(a), we can see that, 
in any row number i of U, all the nonzero elements are located in column num- 
bers i through i + NHB <NDOF. Similarly, in any column number j of U, the 
nonzero elements are located in row numbers} — NHB > 1 through j. Using the 
foregoing ranges for the indexing parameters in Eqs. (9.78), (9.83), and (9.85), 
we obtain the following modified recurrence formulas for solving the banded 
systems of structure stiffness equations by the U'DU decomposition method. 


Decomposition 
Sii fori =1 
Di = a > , 
I! Sii — X DkUé fori =2,3,...,NDOF 
k=m, 
with m; =i -NHB > 1 
ai fori =1;j =i+1,14+2,...,i +NHB <NDOF 
Uij a= Il 
=S; — Bij) fori =2,3,...,NDOF — 1; j =i+1,i+2,...,i+NHB <NDOF 
l (9.86) 
with 
i—1 
i DS DU KU Kj form, <i —1 
Bij = 4 kom 
0 form: >i—1 
in which, ma = j -NHB > 1 
Ui =1 fori = 1,2,...,NDOF 
Forward Substitution 
lis fori =1 
d= 7, da ; (9.87) 
— (r -> Puud) fori =2,3,...,NDOF 
Dii S 
Back Substitution 
di fori = NDOF 
d= 5 B ii EE 
de Veh fori = NDOF —1,NDOF —2,...,1 (9.88) 
with m3 =i + NHB < NDOF 
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NHB = 3 


NDOF = 9 


NHB+1=4 


(a) Upper Unit Triangular M atrix U for a Structure Stiffness M atrix with 
NDOF = 9 and NHB = 3 


NDOF = 9 


(b) Storage of D and U in Compact Form 
Fig. 9.25 
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As stated before, the elements on the diagonal and in the upper half- 
bandwidth of S can be compactly stored in computer memory in a rectangular 
array S of order NDOF x (NHB + 1) (see Fig. 9.24(b)). In an analogous man- 
ner, a rectangular array U, of the same order as S, can be defined to store the 
elements on the diagonal of D and in the upper half-bandwidth of U, as de- 
picted in Fig. 9.25(b). A s indicated there, the diagonal elements of D are stored 
in the first column of U, and the elements, in each row of U, in the half- 
bandwidth, are stored in the same order in the corresponding row of U. The 
locations of the relevant elements of D and U in the compact matrix U can be 
determined by using the following relationships. 


Di =Vin fori =1,2,...,NDOF 
Uij = Ôi aj- fori = 1,2,...,NDOF — 1; 
j =i +1,i +2,...,NHB +i <NDOF 
Applying Eqs. (9.74) and (9.89), we obtain the following modified algorithm 


for solving the banded systems of structure stiffness equations, in terms of the 
elements of compact matrices S and U. 


(9.89) 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Decomposition 

Si fori =1 
Tie 7 i ae 
Yin = Sii — E Calfari fori =2,3,...,NDOF 

k=m, 

withm,; =i — NHB > 1 

a fori =1; j =2,3,...,NHB +1 
ed a (9.90) 

J (Sij — Bij) fori = 2,3,...,NDOF — 1; j = 2,3,..., NHB +1 < NDOF —i +1 

il 
with 

ie | p . l 
g] X UaUkar-oUka+-o forz <i-1 
ij = ) kñ 

0 for ñ >i —1 
in which M2 =i +j -NHB—-1>1 

Forward Substitution 
á fori =1 
N Uii 
(9.91) 


k=m; 


Ls a ee ; . 
(r = 9 Jabkasi-od:) fori = 2, 3, 


..., NDOF 


568 Chapter 9 Special Topics and Modeling Techniques 


Back Substitution 
dj fori =NDOF 
d; = m3 a . 
X Ui ask-iydk fori =NDOF —1,NDOF —2,...,1 
k=i +1 
with m3 =i +NHB <NDOF 


(9.92) 


In the computer implementation of the foregoing procedure, computer memory 
requirements can be reduced by creating only the S matrix, but not the Ô ma- 
trix. Each element Uj, of the U matrix is now computed and stored in the $ 
matrix in the location originally occupied by the corresponding Sij element. 
Thus, at the end of the decomposition part of the solution process, theS matrix con- 
tains all the elements of the U matrix, and can be used in the substitution part of the 
solution. Also, this S matrix, now containing the elements of Ô (or D and U), can 
be stored for any future reanalysis of the structure for different loading conditions. 

In this section, we have considered only one of the many available meth- 
ods for solving large systems of structural stiffness equations. For a compre- 
hensive coverage of the various solution methods, the reader should refer to 
references [2, 14, 26]. 


SUMMARY 


In this chapter, we have considered some extensions and modifications of the 
matrix stiffness method developed in previous chapters. We have also consid- 
ered techniques for modeling some special features and details of structures, so 
that more realistic structural responses can be predicted from the analysis. 

We studied an alternative formulation of the stiffness method, which 
involves the structure stiffness matrix for all the coordinates (including the 
restrained coordinates) of the structure. The advantages of this alternative 
formulation are that the support displacement effects can be incorporated into 
the analysis in a direct and straightforward manner, and the reactions can be 
calculated using the structure stiffness relations. The main disadvantage of this 
formulation is that it requires significantly more computer memory than the 
standard formulation. 

We presented an approximate method for the analysis of rectangular build- 
ing frames, neglecting the effects of member axial deformations. This 
approach significantly reduces the number of structural degrees of freedom to 
be considered in an analysis. This approximate approach is appropriate only 
for frames in which the member axial deformations are small enough, as com- 
pared to bending deformations, to have a negligible effect on their responses. 

The basic concepts of condensation of structural degrees of freedom, and 
analysis using substructures, were discussed. These approaches can be used in 
the analysis of large structures to reduce the number of stiffness equations that 
must be processed, and solved simultaneously. 
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A commonly used technique for modeling an inclined roller support was 
described, in which the support is replaced with an imaginary axial force mem- 
ber with large axial stiffness, and oriented in the direction perpendicular to the 
incline. Modified member stiffness relations, considering the effects of rigid 
end offsets, were also presented. Procedures for including the effects of 
semirigid connections, and shear deformations, in the analysis, were discussed, 
and the analysis of structures composed of nonprismatic members considered. 

Finally, we defined the half-bandwidth of structural stiffness matrices; and 
discussed procedures for efficiently numbering the structure’s degrees of free- 
dom, and for storing its stiffness matrix in computer memory by taking advan- 
tage of its symmetry and bandedness. Also considered was the commonly used 
UDU decomposition method for solving large banded systems of structure 
stiffness equations. 


PROBLEMS 


Section 9.1 9.3 Determine the joint displacements, member end forces, 
and support reactions for the three-span continuous beam 
shown in Fig. P9.3 on the next page, due to settlements of 8 and 
30 mm, respectively, of supports 2 and 3. Use the alternative 
formulation of the matrix stiffness method. 


9.1 Determine the joint displacements, member axial forces, 
and support reactions for the plane truss shown in Fig. P9.1, due 
to the combined effect of the loading shown and a settlement of 
l in. of support 2. U se the alternative formulation of the matrix 
stiffness method. 


9.2 Determine the joint displacements, member axial forces, 


and support reactions for the plane truss shown in Fig. P9.2, due 16 ft | 
to the combined effect of the loading shown and a settlement of 150k 
i in. of support 3. Use the alternative formulation of the matrix © 


stiffness method. 


— M > 75k — 


SS 2 12 ft 
75k EA = constant 


E = 29,000 ksi 
A=5in? 
24 ft 15k 
24 ft 2 
Ý EA = constant 
© E = 10,000 ksi 
+ KY A=6in2 
Fig. P9.1 Fig. P9.2 
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© © jp 1.5 k/ft 


j — 
< 7m a 7m =j% 7m | ©) 2 © j 
El = constant 10 ft 
E = 200 GPa 
| = 145(10°) mm4 
+ 40k—|/{]1 
Fig. P9.3 
10 ft 
9.4 Determine the joint displacements, member local end | D 
forces, and support reactions for the plane frame shown in meee] 
Fig. P9.4, due to the combined effect of the following: (a) the 
loading shown in the figure, (b) a clockwise rotation of 0.017 ra- |- 30 ft A 
dians of the left support, and (c) a settlement of 3 in. of the right E, A, I = constant 
support. U se the alternative formulation of the matrix stiffness E = 29,000 ksi 
method. A =10.3in.? 
ï=510 in.4 
7 eee 
© © 
| : 30 kN/m 
ith Ht zor pyrypierry 
? 3m 
100 kN —— 
I 25 ft - 
E = 4,500 ksi 
Columns: Girder: 
A=80in2 A=108in2 3m 
I= 550 in.4 I= 1,300 in.4 
Fig. P9.4, P9.7, P9.10 a 
6m 4 
Section 9.2 E, A, I = constant 
; l ah F E=200GPa 
9.5 through 9.8 Determine the approximate joint displace- A=11,800 mm2 
ments, member local end forces, and support reactions for the I= 554(10°) mm’ 
frames shown in Figs. P9.5 through P9.8, assuming the mem- ; 
bers to be inextensible. Fig. P9.6 
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12 kN/m Section 9.3 


30 kN TERFEL: EERTE. E 9.9 and 9.10 Analyze the plane frames shown in Figs. P9.9 
f; ia and P9.10 using condensation, by treating the rotations of free 
a joints as internal degrees of freedom. 


Section 9.8 


9.11 and 9.12 Derive the equations of fixed-end forces due to 
t the member loads acting on the nonprismatic beams shown in 
Figs. P9.11 and P9.12. 


60 kN — f} 


K 
3 em Section 9.9 
E: 2 9.13 Solve the following system of simultaneous equations 
== == using the UTDU decomposition method. 
20 -9 15] fd 354 
l 12m | —9 16 —5 || d2 | =| -275 
E=—30GPa 15 —5 18 d3 307 
pa m p 000 mm? 9.14 Solve the following system of simultaneous equations 
1 = 720(108) mm4 I= 2,430(105) mm* using the U'DU decomposition method. 
Fig. P9.8 5—2 1 0 oļfa 44 
—2 3-2 4 0 d2 —19 
1 -2 1 -1 3//d3/=!] 38 
0 4 -1 6 —3 || d4 —31 
0 0 3 -3 4j[ds 23 


E = constant 


Fig. P9.11 


ni~ L 
M 

Rib] ~ 
Bd 


E = constant 


Fig. P9.12 
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Thus far in this text, we have focused our attention on the linear analysis of 
structures, which it may be recalled, is based on two fundamental assump- 
tions, namely, (a) geometric linearity implying that the structure’s deforma- 
tions are so small that the member strains can be expressed as linear 
functions of joint displacements and the equilibrium equations can be based 
on the undeformed geometry of the structure, and (b) material linearity, 
represented by the linearly elastic stress-strain relationship for the structural 
material. The linear analysis (sometimes also referred to as the first-order 
analysis) generally proves adequate for predicting the performance of most 
common types of engineering structures under service (working) loading 
conditions. However, as the loads increase beyond service levels into the 
failure range, the accuracy of the linear analysis gradually deteriorates be- 
cause the response of the structure usually becomes increasingly nonlinear 
as its deformations increase and/or its material is strained beyond the yield 
point. In some structures, such as cable suspension systems, the load carry- 
ing capacity relies on geometric nonlinearity even under normal service 
conditions. Because of its inherent limitations, linear analysis cannot be 
used to predict instability phenomena and ultimate load capacities of 
structures. 

With the recent introduction of design specifications based on the ultimate 
strengths of structures, the use of nonlinear analysis in structural design is in- 
creasing. In a nonlinear analysis, the restrictions of linear analysis are removed 
by formulating the equations of equilibrium on the deformed geometry of the 
structure that is not known in advance, and/or taking into account the effects of 
inelasticity of the structural material. The load-deformation (stiffness) rela- 
tionships thus obtained for the structure are nonlinear, and are usually solved 
using iterative techniques. 

The objective of this chapter is to introduce the reader to the exciting 
and still-evolving field of nonlinear structural analysis. Because of space 
limitations, only the basic concepts of geometrically nonlinear analysis of 
plane trusses are covered herein. However, it should be realized that a real- 
istic prediction of structural response in the failure range generally requires 
consideration of the effects of both geometric and material nonlinearities in 
the analysis. For a more detailed study, the reader should refer to one of the 
books devoted entirely to the subject of nonlinear structural analysis, such 
as [8, 9]. 

We begin this chapter with an intuitive discussion of the basic concept of 
geometrically nonlinear analysis, and how it differs from the conventional 
linear analysis in Section 10.1. A matrix stiffness formulation for geometri- 
cally nonlinear analysis of plane trusses is then developed in Section 10.2. 
While a block diagram summarizing the various steps of nonlinear analysis 
is provided, the programming details are not covered herein; they are, in- 
stead, left as an exercise for the reader. The computer program for geometri- 
cally nonlinear analysis of plane trusses can be conveniently adapted from 
that for the linear analysis of such structures, via relatively straightforward 
modifications that should become apparent as the nonlinear analysis is 
developed in this chapter. 
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10.1 BASIC CONCEPT OF GEOMETRICALLY 
NONLINEAR ANALYSIS 


As stated before, in the linear analysis, the structure’s deformations are assumed 
to be so small that the member strains are expressed as linear functions of joint 
displacements and the equilibrium equations are based on the undeformed 
geometry of the structure. In geometrically nonlinear analysis, the restrictions 
of small deformations are removed by formulating the strain-displacement rela- 
tions and the equilibrium equations on the deformed geometry of the structure. 

To illustrate the basic concept of geometrically nonlinear analysis, con- 
sider the two-member plane truss composed of a linearly elastic material, 
shown in Fig. 10.1(a). Note that the truss is symmetric and is loaded symmet- 
rically with a vertical load P . Thus, it is considered to have only one degree of 
freedom, which is the vertical displacement 6 of the free joint 2. 

As shown in Fig. 10.1(b), in the linear analysis, the joint displacement 6 is 
assumed to be so small that the member axial deformations U equal the com- 
ponents of ô in the undeformed directions of the members, that is 


u Š ô sind (10.1) 


in which, 0 denotes the angle of inclination of members in the undeformed 
configuration. The member axial strain £ can now be expressed as a linear 
function of joint displacement 6 as 


u —_ /sin0 
eats (=) 5 (10.2) 


with L = undeformed length of members. Recall that in linear analysis, the 
equilibrium equations are based on the undeformed geometry of the structure. 
Figure 10.1(b) shows the free body diagram of joint 2 of the truss in the unde- 
formed configuration, with the member axial forces Q inclined in the 
undeformed member directions (i.e., at angles @ with the horizontal). By 
considering the equilibrium of the joint in the vertical direction, we write 


P 
= 10. 

Q 2 sind (10.3) 

from which we obtain the expression for member axial stress o, 
Gau P 

T ea 
For linearly elastic material, 

o=Ee (10.5) 


By substituting Eqs. (10.2) and (10.4) into Eq. (10.5), we obtain the desired 
(stiffness) relationship between the load P and the displacement ô of the truss 
based on the linear analysis: 


 (2E Asin’*é 
P= (==) ô (10.6) 
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EA = constant 


(a) Two-Member Truss 
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Q. 
AINN 
L p ©) x ‘S, Undeformed 
1 s configuration 
1 s 
2 
o7O™N Deformed 
configuration 


Undeformed 


7 
3 Pá P Ng Z configuration P 
7 


>< 


L sin 0 J y < J 
Q Q 
L sin 0 
i i Deformed 
configuration 
- L cos 6 >] 
(c) Two-Member Truss: Geometrically Nonlinear Analysis 
Fig. 10.1 
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54 Linear analysis 
4 Critical (limit) point 
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= Geometrically 
a EE nonlinear analysis 
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Q 
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Displacement ô (m) 


(d) Response of Shallow Two-Member Truss 


© Undeformed 
p A \ configuration 
Pa Pa N ` 
-I | XN 
Je r SZ Deformed 


configuration a 


sO 


1 
7 
7 
SS 7⁄5 fi 
S = Deformed 
S Ma configuration b 


(e) Snap-Through of Two-Member Truss 


Fig. 10.1 (continued) 


In the geometrically nonlinear analysis, we allow the joint displacement ô 
to be arbitrarily large, and consider the truss to be in equilibrium in its de- 
formed configuration as shown in Fig. 10.1(c). From this figure, we can see 
that the member lengths L and orientations ĝ , in the deformed configuration, 
can be expressed in terms of 6 as 


2 
E = (L cosa)? + (L sind — ô)? = L 1+(2) = ($) sind (10.7) 


ô 
. sin — ($) 
TE L sin ð —6 a L (10.8) 


sind 
L 8N? 5 
1+ (7) —2 ($) sin 0 
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The member axial deformations and strains are now based on the actual 
deformed geometry of the members as 


2 
u=L—-L=L fe) -2 (È) sino (10.9) 
L L 
ee ee ee A ea ee (10.10) 
<a = +(2) = (Z) sin fs 


The free body diagram of joint 2 in the deformed configuration of the truss is 
shown in Fig. 10.1 (c), in which the member axial forces Q are inclined in the 
deformed member directions (i.e., at angles @ with the horizontal). By consid- 
ering the equilibrium of the joint in the vertical direction, we write the equilib- 


rium equation 
Pi/d ay 2 SF 0 
=] — — } sin 
geet "AL L 
= : = = 5 
peu 2 [sno - ($) 


which yields the expression for member axial stress as 


ORO 


o=—= (10.12) 


fa) 


Finally, by substituting the expressions for strain (Eq. (10.10)) and stress 
(Eq. (10.12)) into the stress-strain relationship o = Ee (Eq. (10.5)), we 
obtain the desired nonlinear (stiffness) relationship between the load P and 
the displacement ô of the truss: 


(10.11) 


P =2EA [sing - (È PROMO (10.13) 
eG) =O 


By comparing the equations used to obtain the linear solution (Eqs. (10.1) 
through (10.6)) with those used to derive the geometrically nonlinear solution 
(Eqs. (10.7) through (10.13)), we notice two basic differences between the two 
types of analyses. The first difference is in the expressions of member axial de- 
formation U in terms of the joint displacement ô (Eqs. (10.1) vs. (10.9)). In the 
linear analysis, ô is assumed to be so small that u can be expressed as the com- 
ponent of ô in the undeformed member direction, thereby yielding a linear 
relationship between u and ô (Eq. (10.1). In the geometrically nonlinear for- 
mulation, ô is allowed to be arbitrarily large and the relationship between u and 
ô is based on the exact geometry of the member’s deformed configuration, 
thereby yielding a highly nonlinear relationship between U and 6 (Eq. (10.9). 
The second basic distinction between the two types of analyses is in the way 
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the equilibrium equations are established (Eqs. (10.3) vs. (10.11)). In linear 
analysis, the equilibrium equation is based on the undeformed geometry of the 
truss (thereby neglecting the joint displacement ô altogether). This assumption 
yields a direct linear relationship between the member axial force Q and the 
joint load P , which does not involve 6 (Eq. (10.3)). In geometrically nonlinear 
analysis, however, since the equilibrium equation is based on the deformed 
configuration of the truss, the expression for Q not only contains P, but also 
involves nonlinear functions of 6 (Eq. (10.11)). The reader is encouraged to 
verify that the linear solution (Eq. (10.6)) can be obtained by linearizing the 
geometrically nonlinear solution, that is, by expanding Eq. (10.13) via series 
expansion and retaining only the linear term of the series. 

Geometrically nonlinear analysis provides important insight into the stabil- 
ity behavior of structures that is beyond the reach of linear analysis. Figure 10.1(d) 
shows the response of a typical shallow two-member truss as predicted by the 
linear and geometrically nonlinear analyses. These load-displacement plots 
are computed using the numerical values: 6 = 30°, L = 3m, E = 70 GPa, and 
A = 645.2 mm‘. It can be seen from this figure that the accuracy of the linear 
analysis gradually deteriorates as the magnitude of load P increases and the 
linear solution deviates from the exact geometrically nonlinear solution. With 
increasing load, the response becomes increasingly nonlinear as the truss’s stiff- 
ness progressively decreases. This decrease in stiffness is characterized by a de- 
crease in the slope of the tangent of the load-displacement curve. Note that at 
point a, where the curve reaches a peak, the slope of its tangent (called tangent 
stiffness) becomes zero, indicating that the structure’s resistance to any further 
increase in load has vanished. Point a is referred to as a critical or limit point, 
because any further increase in load causes the truss to snap-through into an in- 
verted configuration defined by point b on the response curve. The displacement 
of the truss at (or just prior to reaching) the critical point can be determined by 
setting to zero the derivative of Eq. (10.13) with respect to ô. This yields 


1 


Scr = L | sin@ — cos 0 


The critical load Per, at which the snap-through instability occurs, can be 
calculated by substituting the value of ôcr obtained from Eq. (10.14), for ô into 
Eq. (10.13). 

We can see from Fig. 10.1(d) that the equilibrium configurations defined 
by the portion of the response curve between points a and b correspond to load 
levels below the critical level. Thus, unless the load magnitude can somehow 
be reduced after it has reached P «r, the truss will snap-through from configura- 
tion a into the inverted configuration b (Fig. 10.1(e)). 

It should be pointed out that the nonlinear response of the two-member truss 
(also known as the von Mises truss) considered herein has been examined by a 
number of researchers, and it is frequently used as a benchmark to validate the 
accuracy of computer programs for geometrically nonlinear structural analysis. 
It has been shown in references [16, 17] that while the shallow trusses (with 0 = 
69.295°) exhibit snap-through instability as discussed in the preceding para- 
graphs, the steep two-member trusses, with 0 > 69.295°, experience bifurcation 
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type of instability. As bifurcation instability occurs when the truss loses its 
stiffness in the horizontal direction, its detection requires analysis of a two de- 
gree-of-freedom model of the truss, instead of the single degree-of-freedom 
model used herein. A general formulation for geometrically nonlinear analysis of 
multi degree-of-freedom plane trusses is developed in the next section. 


10.2 GEOMETRICALLY NONLINEAR ANALYSIS 
OF PLANE TRUSSES 


In this section, we develop a general matrix stiffness method for geometrically 
nonlinear analysis of plane trusses [33, 45]. The process of developing the an- 
alytical models for nonlinear analysis (i.e., establishing a global coordinate 
system, numbering of joint and members, and identifying degrees of freedom 
and restrained coordinates) is the same as that for linear analysis of plane 
trusses (Chapter 3). However, the member local coordinate systems are now 
defined differently than in the case of linear analysis. Recall from Chapter 3 
that in linear analysis, the local coordinate system is positioned in the initial 
undeformed state of the member, and it remains in that position regardless of 
where the member actually displaces due to the effect of external loads. In geo- 
metrically nonlinear analysis, it is more convenient to use a local coordinate 
system that is attached to, and displaces (translates and/or rotates) with, the 
member as the structure deforms. As shown in Fig. 10.2, the origin of the local 
xyz coordinate system for a member is always located at the beginning, b’, of 


Displaced 
position 


-© 
=-_— 


=— 


Loe 
N 
— 
-7ko Initial position 


X 
Fig. 10.2 Corotational (or Eulerian) Local Coordinate System 
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the member in its deformed state, with the x axis directed along the member's 
centroidal axis in the deformed state. The positive direction of the y axis is 
defined so that the coordinate system is right-handed, with the local z axis 
pointing in the positive direction of the global Z axis. This type of coordinate 
system, which continuously displaces with the member, is called an Eulerian 
or corotational coordinate system. The main advantage of using such a coordi- 
nate system is that it enables us to separate the member’s axial deformation 
from its rigid body displacement, which is considered to be arbitrarily large in 
geometrically nonlinear analysis. 


Member Force-Displacement Relations 


To establish the member force-displacement relations, let us focus our attention 
on an arbitrary prismatic member M of a plane truss. When the truss is subjected 
to external loads, member M deforms and axial forces are induced at its ends. 
Figure 10.3 shows the displaced position of the member in its local coordinate 
system. Note that because of the modified definition of the local coordinate sys- 
tem, only one degree of freedom (that is the member axial deformation) is now 
needed to completely specify the displaced position of the member. The axial 
deformation U of the member can be expressed in terms of its initial and 
deformed lengths (L and L, respectively) as 


u=L-L (10.15) 


in which, the axial deformation U is considered as positive when it corresponds 
to the shortening of the member’s length, and negative when representing the 
elongation. Similarly, the member axial force Q is considered to be positive 
when compressive, and negative when tensile. To establish the relationship 
between the member’s axial force Q and deformation U, we recall that the 
member’s axial stress o and axial strain £ are defined as 


Q u 
o=— d e= 10.16 
n an L ( ) 
and for linear elastic material, the stress-strain relationship is given by 
g= Eg (10.17) 
y 
Displaced 


O) / position ©) 
CS r a SS SS eee O 
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length [À L 
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Fig. 10.3 Member Axial Force and Deformation in the Local Coordinate System 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 10.2 Geometrically Nonlinear Analysis of Plane Trusses 581 


Substitution of Eqs. (10.16) into Eq. (10.17) yields the following force- 
displacement relation for the members of plane trusses in their local coordinate 
systems: 


EA 
q= (+) u (10.18) 


Next, we consider the member force-displacement relations in the global 
coordinate system. Figures 10.4 (a) and (b) show the initial and displaced 
positions of an arbitrary member m of a plane truss. In Fig. 10.4(a), the 
member is depicted to be in equilibrium under the action of (local) axial forces 
Q; whereas in Fig. 10.4(b), the same member is shown to be in equilibrium 
under the action of an equivalent system of end forces F acting in the directions 
of the global X and Y coordinate axes. As indicated in Fig. 10.4(b), the global 
member end forces F and end displacements V are numbered in the same man- 
ner as in the case of linear analysis (Chapter 3), except that the forces F now 
act at the ends of the member in its deformed state. 

Now, suppose that a member’s global end displacements V (which may be 
arbitrarily large) are specified, and our objective is to find the corresponding 
end forces F so that the member is in equilibrium in its displaced position. If 
Xb, Yp, and Xe, Ye denote the global coordinates of the joints in their undeformed 
configurations, to which the member ends b and @, respectively are attached, 
then the initial (undeformed) length L of the member can be expressed (via 
Pythagorean theorem) as 


Leg Can -= 1" (10.19) 
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Similarly, we can see from Fig. 10.4(b) that the deformed member length L, 
and the direction cosines of the member in its displaced position, can be 
expressed in terms of the initial global coordinates and displacements V of the 
member’s ends by the following relationships: 


E = fle t v) — (Xo +P + [e + va) — Yo + v2)? | (10.20) 


(Xe + v3) — (Xp + v4) 


E (10.21) 


Cx = cos = 


cy = sind = (Ye + v4) 7 (Yo + v2) (10.22) 


in which, 6 represents the angle measured counterclockwise from the positive 
direction of the global X axis to the positive direction of the local x axis of the 
member in its displaced position. 

By comparing Figs. 10.4(a) and (b), we observe that at end b’ of the mem- 
ber, the global forces F ı and F 2 must be, respectively, equal to the components 
of (local) axial force Q in the directions of the global X and Y axes; that is, 


Fi =CxQ (10.23a) 
Fr =CyQ (10.23b) 


By using the same reasoning at end e’, we express the global forces F 3 and F 4 
in terms of Q as 


F3=—CxQ (10.23c) 
F4 = —Cy Q (10.23d) 
Equations 10.23(a) through (d) can be written in matrix form as 
Fy Cx 
EP Veet | (10.24) 
Ea —Cy 


or, symbolically as 


F=T'Q (10.25) 


with the 1 X 4 transformation matrix T given by 
T=[cx Cy —cx —Cy] (10.26) 


It should be recognized that the set of Eqs. (10.15), (10.18) through (10.22), 
and (10.24), does implicitly express F in terms of v, and therefore, is consid- 
ered to represent the geometrically nonlinear force-displacement relations for 
members of plane trusses in the global coordinate system. Because of the 
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highly nonlinear nature of some of the equations involved, it is quite cumber- 
some to express F explicitly in terms of V, as was previously done in the case 
of linear analysis. Note that if the global end displacements V of a member are 
known, its corresponding end forces F can be evaluated by first calculating L, 
L, cx, and cy using Eqs. (10.19) through (10.22); then evaluating the member 
axial deformation u and force Q, respectively, by applying Eqs. (10.15) and 
(10.18); and finally determining the member global end forces F via 
Eq. (10.24). It is important to realize that of all these equations, only one, that is, 
Q = EAu/L (Eq. (10.18)), involves the material properties of the member. The re- 
maining equations are essentially of a geometric character, and are exact in the 
sense that they are valid for arbitrarily large joint displacements. 

The foregoing equations are also necessary and sufficient for establishing 
the geometrically nonlinear load-deformation relationships for the entire struc- 
ture. The procedure for establishing such relations is essentially the same as in 
the case of linear analysis, and involves using member code numbers as illus- 
trated by the following example. 


EXAMPLE 10.1 By using geometrically nonlinear analysis, determine the joint loads P that cause the 
two-member truss to deform into the configuration shown in Fig. 10.5(a) on the 
next page. 


SOLUTION Joint Displacements: Using the analytical model of the truss shown in Fig. 10.5(b), 
we express the given deformed configuration in terms of its joint displacement vector, 


10} 1. 
iE] > in 


Member End Forces: The joint load vector P, corresponding to d, can be determined 
by performing the following operations for each member of the truss: (a) obtain the 
member’s global end displacements V from d using the member’s code numbers; (b) 
calculate the member’s global end forces F using Eqs. (10.15), (10.18) through (10.22), 
and (10.24); and (c) store the elements of F into their proper positions in P and the 
support reaction vector R, using the member code numbers. Thus, 


Member 1 L = 60 in., X; = Yı = 0, X2 = 48 in., Y2 = 36 in. By using the member 
code numbers 3, 4, 1, 2, we obtain 


0 3 

V = 0 F in 
10 1 
4] 2 


By applying Eqs. (10.20) thru (10.22), we compute the length and direction cosines of 
the member in the displaced position to be 


u las + 10) — (0)? + [6 — 4) — (0)? = 66.24198 in. 


= (48 + 10) — 0) = 0.8755777 Q= 66-9- W 


= = 0.4830773 
66.24198 66.24198 
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Undeformed s Ss 


configuration Te Z a 


Deformed 
configuration 


l 4ft >< 4 ft | 
EA = constant 
E = 10,000 ksi 
A =1lin? 
(a) Truss 


(b) Analytical Model 


502.5599 — 1,108.024 | 2 7 —605.4642 |2 


o ee E 
—910.8898 
—502.5599 
—1,315.779 

1,108.024 | 6 


nn e WwW 


(c) Joint Load and Support Reaction Vectors 


Fig. 10.5 
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605.4642 k 


2,226.668 k ——> 


910.8898 


lS 779 
502.5599 1,108.024 
l 58 in. =|- 38 in. >| 


(d) Joint Loads and Support Reactions 
Fig. 10.5 (continued) 


Next, by using Eqs. (10.15) and (10.18), we calculate the member axial deformation 
and force as 


a EA 
u = L — L = —6.24198 in. Qe (=) u = —1,040.33 k 
The member global end forces F can now be determined from Eq. (10.25): 

0.8755777 —910.8898 7 3 
483077 —502.5599 | 4 

Fer Oe I E T a ee 
—0.8755777 910.8898 1 
—0.4830773 502.5599 2 


The elements of F; are stored in their proper positions in the 2 X 1 joint load vector P 
and the 4 X 1 reaction vector R, as shown in Fig. 10.5(c). 


Member 2 L = 60 in., X3 = 96 in., Y3 = 0, X2 = 48 in., Y2 = 36 in. 


T= ~“ [(48 + 10) — (96 + 0)]? + [(36 — 4) — (0)]? = 49.67897 in. 


_ (48 +10) — 96 +0) _ 


= —0.7649112 
49.67897 
36-4) - (0 
a = LOU ey eon 
49.67897 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


586 Chapter 10 Introduction to Nonlinear Structural Analysis 


- R EA 
u =L — L = 10.32103 in. Qe (=) Ul = i702 Ik 
—0.7649112 —1,315.7797 5 
0.6441357 1,108.024 6 
F,=T'Q= ila felt tale) as | be eect 
z Q 0.7649112 re ) 1,315.779 1 k 
—0.6441357 —1,108.024 _| 2 


J oint Loads and Support Reactions: The completed joint load vector P and the support 
reaction vector R are shown in Fig. 10.5(c), and these forces are depicted on a line 
diagram of the deformed configuration of the truss in Fig. 10.5(d). Ans 


Equilibrium Check: Applying the equations of equilibrium to the free body of the 
truss in its deformed state (Fig. 10.5(d)), we obtain 


A xe D ry =O — 910.8898 + 2,226.668 — 1,315.779 = —0.0008 k ~ 0 Checks 
ar T y Fy =0 — 502.5599 — 605.4642 + 1,108.024 = —0.0001k ~ 0 Checks 
se | = Mo =0 —2,226.668 (32) — 605.4642(58) + 1, 108.024 (96) = 0.0044 k-in. ~ 0 Checks 


Member Tangent Stiffness Matrix 


As indicated by the foregoing example, when the deformed configuration d of a 
truss is known, the corresponding joint loads P, required to cause (and/or keep 
the structure in equilibrium in) that deformed configuration, can be determined 
by direct application of the nonlinear force-displacement relations derived in the 
preceding subsection. However, in most practical situations, it is the external 
loading that is specified, and the objective of the analysis is to determine the cor- 
responding deformed configuration of the structure, thereby requiring the solu- 
tion of a system of simultaneous nonlinear equations. The computational tech- 
niques commonly used for solving such systems of nonlinear equations are 
iterative in nature, and usually involve solving a linearized form of the structure’s 
load-deformation relations repeatedly to move closer to the (yet unknown) exact 
nonlinear solution. Thus, before we discuss such a computational technique in a 
subsequent subsection, we develop the linearized form of the force-displacement 
relations for the planes truss members in the global coordinate system. 

The member force-displacement relationships can be written in terms of 
differentials as 


AF = Kr Av (10.27) 


in which AF and Av denote increments of member global end forces F and end 
displacements V, respectively, and 


oe | ionique tied (10.28) 
dv; 
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is called the member tangent stiffness matrix in the global coordinate system. 
Equation (10.28) can be expanded into 


oF, OF, OF, OF, 
dv; ðv ðu v4 
OF. OF. əf dF2 
K: dv, ðv ðv OV4 
aF; OF3 əƏðF; əƏF3z 
ðv ðv ðv ðv 
OF4 əf; OF4 OFa 
dv, ðv ðv ðv 


(10.29) 


To determine the explicit form of K,, we differentiate the expressions of F ı 
through F 4 (Eqs. 10.23(a) through (d)) partially with respect to v, through V4, 
respectively. Thus, by differentiating the expression of F ; (Eq. 10.23(a)) par- 
tially with respect to V;, we write 


OTT =o (=) +0 (=) (10.30a) 
Ov} ðv 


au 
To obtain 0Q/dVv;, we substitute Eqs. (10.15) and (10.20), respectively, into 
Eq. (10.18), and differentiate the resulting equation partially with respect to 
Vı, thereby yielding 


3 EA 

LN A (10.30b) 
dv; L 

Similarly, by substituting Eq.(10.20) into Eq. (10.21), and differentiating the 


resulting equation partially with respect to V1, we obtain 


acy ee 

— =- 10.30c 

dv, L ( ) 
and finally, by substituting Eqs. (10.30b) and (10.30c) into Eq. (10.30a), we 
obtain the desired partial derivative as 


oF EA\ , 
H()a-()e cs 


The remaining partial derivatives of F; with respect to Vj can be derived in a 
similar manner. The explicit form of the member global tangent stiffness 
matrix thus obtained is [45, 46] 


Cy CxCy =C? —CxCy —c? — CxCY Ci —CxCy 
K= EA | cx cy c? x Cy -c3 P Q | cxcy =c —Cxty = C§ (10.31) 
L -c3 cx G Cx Cy l Ce —CxCy = CF Cy ' 
—cxCy —C2  CxCy er —CxCy Cy CxCy c? 
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The reader should note that, in the initial (undeformed) configuration of the 
member (when 6 =@ and Q =0), the tangent stiffness matrix K, reduces to the 
conventional stiffness matrix K derived previously for linear analysis of plane 
trusses in Chapter 3 (Eq. (3.73)). 

Equation (10.31) is often written in compact form as 


K= (+) T'T+Qg (10.32) 


in which the geometric matrix g is given by 


—C?  CxCy Ce —CxCy 
1 | eye =c? —CxC Er 
g==| 90 x xey C (10.33) 
L Cy —Cx Cy —Cy Cx Cy 
—Cxty = Cy CxCy =C? 


Structure Load-Deformation Relations 


The geometrically nonlinear structure load-deformation relations for plane 
trusses are expressed in the form of joint equilibrium equations: 


P = f(d) (10.34) 


in which, f is referred to as the internal joint force vector of the structure. The 
vector f contains the resultants of internal member end forces at the loca- 
tions, and in the directions of, the structure’s degrees of freedom. As shown 
previously in Example 10.1, the resultant internal forces f are nonlinear func- 
tions of the structure’s joint displacements d. It should be noted that in Ex- 
ample 10.1, where the structure’s deformed configuration d was known, no 
distinction was necessary between P and f, and the former was assembled di- 
rectly from the member end forces F via the member code numbers. How- 
ever, when analyzing a structure for its unknown deformed configuration 
caused by a specified external loading, it becomes necessary to distinguish 
between the external loads P, which remain constant throughout the iterative 
process, and the internal forces f that vary as the structure’s assumed de- 
formed configuration d is revised iteratively until f becomes sufficiently 
close to P, that is, the structure’s equilibrium equations (Eq. (10.34)) are sat- 
isfied within a prescribed tolerance. 

The structure load-deformation relationships (Eq. (10.34)) can be written 
in terms of differentials as 


AP = S Ad (10.35) 
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in which AP and Ad denote increments of external loads P and joint displace- 
ments d, respectively, and 


S; = Hi fori,j=1 to NDOF (10.36) 
J 


is called the structure tangent stiffness matrix. The structure matrix S, can be 
conveniently assembled from the member global tangent stiffness matrices K, 
using the member code numbers, as in the case of linear analysis. 


Computational Technique—Newton-Raphson Method 


Most computational techniques commonly used for nonlinear structural analy- 
sis are generally based on the classical Newton-Raphson iteration technique 
for root finding. Such an iterative method for geometrically nonlinear analysis 
of plane trusses is presented herein. The method of analysis is illustrated 
graphically for a single degree-of-freedom structure in Fig. 10.6. 

Let us assume that our objective is to determine the deformed configuration 
(i.e., the joint displacements) d of a structure due to a given external loading 
P. As shown in Fig. 10.6, we begin the process by performing the conventional 
linear analysis to determine the first approximate configuration d; of the struc- 
ture. Note that the linearized form of the nonlinear load-deformation relations 
(Eq. (10.35)) reduces to the conventional linear stiffness relations (Eq. (3.89)) 


Load 
Linear Ad Ad, 
solution  \ — 
P 
| f, Converged 
(nonlinear) 
AU, AU, solution 
fi 
(0) d; d, d;d Deformation 


Fig. 10.6 Newton-Raphson M ethod (for a Single D egree-of-F reedom Structure) 
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when applied in the undeformed (initial) configuration of the structure, with 
AP = P and Ad = dì; that is, 


P = So d; = Sd, (10.37) 


in which S denotes the structure tangent stiffness matrix evaluated in the un- 
deformed configuration (i.e., d = dp = 0). 

It should be realized that the configuration dı, obtained by solving 
Eq. (10.37), represents an approximate configuration in the sense that the 
joint equilibrium equations (Eq. (10.34)) are not necessarily satisfied. To cor- 
rect the approximate solution, we evaluate the structure’s internal joint force 
vector, fı = f(d), corresponding to the configuration d; and subtract it from 
the joint load vector P to calculate the unbalanced joint force vector for the 
structure 


AU, =P -f (10.38) 


The unbalanced joint forces AU; are now treated as a load increment and the 
correction vector Ad, is obtained by applying the linearized incremental 
relationship (Eq. (10.35) as 


AU, = Sa Ad, (10.39) 


with St; now representing the structure tangent stiffness matrix evaluated in the 
configuration dı. A new approximate configuration d is then obtained by 
adding the correction vector Ad; to the current configuration dj, 


dz = d; + Ad; (10.40) 


and the iteration is continued until the latest correction vector is sufficiently 
small. 

Equations (10.38) through (10.40) refer to the first iteration cycle. For 
an ith iteration cycle, these equations can be expressed in recurrence form as: 


AU; =P -f (10.41) 
AU; = Si Adi (10.42) 
d: =d + Ad (10.43) 


Various criteria can be used in deciding whether the iterative process has 
converged. In general, for structures exhibiting softening type of response, the 
convergence criteria based on the change in the structure’s configuration be- 
tween two consecutive iteration cycles do seem to yield reasonably accurate 
results. In the example presented in this chapter, we use a criterion based on a 
comparison of the changes, Adj, in joint displacements to their cumulative 
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Evaluate joint load vector P, and calculate first 
approximate configuration d using linear analysis (Sd = P) 


Iteration cycle: i = 1 


For each member: 
Evaluate v from d 
Calculate L (Eq. 10.20), Cy (Eq. 10.21), cy (Eq. 10.22), u (Eq. 10.15), 
Q (Eq. 10.18), F (Œq. 10.24) and K, (Eq. 10.31) 
Stone F in f and Ky in S 


Form unbalanced joint force vector AU = P — f 


Solve AU = $ Ad for Ad 


No Is Ad 
sufficiently 
small? 


| Yes 


i=i+1 


d=d + Ad 
For each member: 
Evaluate v from d 
Calculate L, cy, Cy, u, Q and F 
Store F in R 


Fig. 10.7 Procedure for Analysis 


values, dj, and consider the convergence to have occurred when the following 
inequality is satisfied 


(10.44) 


in which the dimensionless quantity € represents a prescribed tolerance. 

A block diagram summarizing the various steps of the method for 
geometrically nonlinear analysis of plane trusses is shown in Fig. 10.7. The 
method of analysis is illustrated by the following example. 
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EXAMPLE 10.2 Determine the joint displacements, member axial forces, and support reactions for the 
truss shown in Fig. 10.8(a) by geometrically nonlinear analysis. Use a displacement 
convergence tolerance of 0.1 percent. 


SOLUTION Analytical Model: See Fig. 10.8(b). The truss has three degrees of freedom, 
numbered as 1, 2, and 3. The three restrained coordinates of the truss are identified by 
numbers 4, 5, and 6. 


Linear Analysis: We begin by performing the conventional linear analysis of the truss 
subjected to the specified joint loads, 
0 
P = | —2,000 | kN (1) 
0 


The member global stiffness matrices can be evaluated by using either Eq. (3.73), or 
Eq. (10.31) with 6 = @ and Q = 0. These are: 


4 5 1 2 
5,781 4,335.7 =5.781 —4,335.77 4 
4,335.7 3,251.8 —4,335.7 —3,251.8 | 5 
E E | oa eee a 
A357) ABl 45 7 3a a2 
3 6 1 2 
Sigs E a E 
243357) 3,251.8 4,335.7 —3,251.8 | 6 
Sa S a a a a 
aT | =A AT A a2 
4 5 3 6 
5,645.5 0 —5,645.5 074 
0 0 0} 5 
S=] geas 0 oa Am 
0 0 0] 6 
The structure stiffness matrix thus obtained is 
1 2 3 
11,562 0 5,781] 1 
S= 0 6,503.6 4,335.7 | 2 kN/m 


—5,781 4,335.7 11,426 | 3 


By solving the linear system of equations P = S dj, we determine the first approxi- 
mation configuration to be 


0.11809 ] 1 
dı = | —0.46497 | 2 m 
0.23618 | 3 
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2,000 kN 


| 


-a 


EA = constant 


E =70GPa 
A = 645.2 mm? 
(a) Truss 


| | 


(b) Analytical Model 


Fig. 10.8 


Iteration Cycle 1: Next, for the current deformed configuration d; of the structure, we 
evaluate its internal joint force vector fı and the tangent stiffness matrix S by 
assembling the pertinent elements of the member F vectors and K+ matrices, respec- 


tively, as follows: 


Member 1 
0 4 
r 0 5 A 
~ | 0.11809 |1 
—0.46497 | 2 
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k 4.1566 m — 


1,000 kN 1,000 kN 
8.3133 m | 


= 


(c) Support Reactions 


Fig. 10.8 (continued) 


L=5m,L = 4.8358 m, cy = 0.85158, cy = 0.52422, u = 0.16419 m, Q = 1,483.1 kN 


4 5 1 2 
1,263 7 4 6,466.2 4,169.3 —6,466.2 —4,169.3] 4 
PEE k =| 4169.3 2,259.9 —4,169.3 -2,2599 | 5 
=| 2263 |1 N t= | 6,466.2 —4,169.3 | 6,466.2 4,169.3 | 1 N/m (2) 
-77749 | 2 —4,169.3 —2,259.9 | 4,169.3 2,259.9 | 2 
M ember 2 
0.23618 7 3 
0 = 
0.11809 | 1 
0.46497 | 2 


L = 5 m, L = 4.8358 m, Cx = —0.85158, cy = 0.52422, u = 0.16419 m, Q = 1,483.1 kN 


3 6 1 2 
77171.49 6 —4,169.3 2,259.9 4,169.3 —2,259.9 | 6 
FoI e as a ET 
1,263 1 A : —6,466.2; 4,169.3 ! 6,466.2 —4,169.3 fees (3) 
—777.49 | 2 4,169.3 | —2,259.9 | —4,169.3 2,259.9 2 
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Member 3 
0 4 
B 0 5 
= | 0.23618 | 3 ™ 
0 6 


L = 8 m, L = 8.2362 m, Cx = 1, Cy = 0, u = —0.23618 m, Q = — 1,333.3 kN 


4 5 3 6 
—1,333.3 7 4 5,645.5 0 —5,645.5 0 4 
0 5 0 161.89 0 —161.89 | 5 
Smee SS isce, 0 per 6 ee 
0 6 0 —161.89 0 161.89 6 


By assembling the pertinent elements of the member F vectors and K+ matrices given 
in Egs. (2) through (4), we obtain 


1 2 3 
0 1 12,932 0 —6,466.2] 1 
fı = | -1,555 | 2kN Sp = 0 4,519.7 4,169.3 | 2 kN/m 
70.32213 —6,466.2 4,169.3 12,112 | 3 


By subtracting fı from P (Eq. 1), we compute the unbalanced joint force vector for the 


truss as 
0 0 0 1 
AU, =P -fi = 2,000 1,555 | = | —445.02 | 2 kN 
0 70.322 O32 || 3 


By solving the linearized system of equations AU; = St; Adj, we determine the dis- 
placement correction vector 


0.03380 ] 1 
Ad; = | —0.16082 | 2 m 
0.067599 | 3 


To determine whether or not the iteration has converged, we apply the convergence 
criterion (Eq. (10.44)) as 


= 0.33231 > e (= 0.001) 


3 

Adj)” 
x, i) ___ | (0.03380)? + (—0.16082)* + (0.067599)? 
> (0.11809)? + (—0.46497)* + (0.23618)? 
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which indicates that the change in the structure’s configuration is not sufficiently 
small, and therefore, another iteration is needed based on a new (second) approximate 
deformed configuration d obtained by adding the correction Ad, to the previous 
(first) approximate configuration dj, that is, 


0.11809 0.03380 0.15189 
d2 = dı + Adı = | —0.46497 | + | —0.16082 | = | —0.62579 | m 
0.23618 0.067599 0.30378 
Iteration Cycle 2: 
Member 1 
0 4 
v= 9 3 m 
~ | 0.15189 |1 
—0.62579 | 2 


L = 5 m, L = 4.7828 m, cy = 0.86809, cy = 0.49641, u = 0.21721 m, Q = 1,962.1 kN 


4 5 1 2 
1,703.2 J 4 6,705.8 4,069.2 —6,705.8 —4,069.27 4 
973.98 |5 4,069.2 1,916.7 —4,069.2 —1,916.7 | 5 
EE eA e ie 40692 eee 
—973.98 | 2 —4,069.2 -1,916.7 {4,069.2 1,916.7 | 2 
Member 2 
0.30378 7 3 
v= 2 in 
~ | 0.15189 |1 
—0.62579 | 2 
L=5m,L = 4.7828 m, cx = —0.86809, cy = 0.49641, u = 0.21721 m, Q = 1,962.1 kN 
3 6 1 2 
—1,703.27 3 6,705.8 | —4,069.2 6,705.8 4,069.2 J 3 
6 = 1,916.7 
e E aa 4,069.2 [6,705.8 aaa 
—973.98 | 2 4,069.2 | —1,916.7 i—4,069.2 1,916.7 | 2 
M ember 3 
0 4 
0 De. 
0.30378 | 3 
0 6 
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L = 8 m, L = 8.3038 m, cx = 1, cy = 0, u = —0.30378 m, Q = —1,715 kN 


4 5 3 6 
—1,715] 4 5,645.5 0 —5,645.5 0 4 
0 5 0 206.53 0 —206.53 | 5 
TS) ie 2 sees a eee] aa 
0 6 0 —206.53 0 206.53 6 


Thus, the structure’s internal joint force vector f, and the tangent stiffness matrix Sy 
are given by 


0 13,412 0 —6,705.8 
fp = | -1,948 | kN Sp= l 0 3,833.4 4,069.2 l kN/m 
11.722 —6,705.8 4,069.2 12,351 


and the unbalanced joint force vector is obtained as 


0 
AU, =P — fọ = | —52.041 | kN 
SIL 722 


Note that the magnitudes of the unbalanced forces are now significantly smaller than 
in the previous iteration cycle. By solving the linearized system of equations AU, = 
S Ad>, we determine the displacement correction vector 


0.0046508 
Ad, = | —0.023449 | m 
0.0093015 


To check for convergence, we write 


3 
2 
> (Adj) 
E 0.0046508)? + (—0.023449)? + (0.0093015)? 
l - - || Fah art )” = 0.036027 > e (= 0.001) 
De 


(0.15189)? + (—0.62579)? + (0.30378)? 


which indicates that, while the change in the structure’s deformed configuration is 
now considerably smaller than in the previous iteration cycle, it is still not within the 
prescribed tolerance of 0.1 percent. Thus, we perform another (third) iteration based 
on a new approximate deformed configuration d; of the structure, with 


0.15189 0.00046508 0.15654 
d; = d2 + Add = | —0.62579 | + | —0.023449 |= | —0.64924 | m 
0.30378 0.0093015 0.31308 
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Iteration Cycle 3: 


Member 1 
0 4 
0 5 
0.15654 |1 ™ 
—0.64924 | 2 


L = 5 m, L = 4.7752 m, cy = 0.87044, cy = 0.49228, u = 0.22476 m, Q = 2,030.3 kN 


4 5 1 2 
1,767.2 J 4 6,740.8 4,052.7 —6,740.8 —4,052.77 4 
999.45 | 5 4,052.7 1,866.9 —4,052.7 —1,866.9 | 5 
ES iver i we 064.0500 reqs) a | 1°. 
—999.45 | 2 —4,052.7 -1,866.9 | 4,052.7 1,866.9 | 2 
Member 2 
0.31308 7 3 
0 oom 
0.15654 | 1 
—0.64924 | 2 
L =5m,L = 4.7752 m, cx = —0.87044, cy = 0.49228, u = 0.22476 m, Q = 2,030.3 KN 
3 6 1 2 
6,740.8 | —4,052.7 [6,740.8 4,052.7 ] 3 
2 —4,052.7 1,866.9 4,052.7 —1,866.9 | 6 


Ke=| -e7408 4,052.7 [6,740.8 2a,053.7 | 1 Nm 


4,052.7} —1,866.9 i-4,052.7 1,866.9 | 2 


M ember 3 
0 4 
0 5 ae 
0.31308 | 3 
0 6 


L = 8 m, L = 8.3131 m, cx = 1, Cy = 0, u = —0.31308 m, Q = —1,767.5 kN 


4 5 3 6 
—1,767.5] 4 5,645.5 0 —5,645.5 0 4 
0 5 0 212.61 0 —212.61 | 5 
Tes (3 “=| sss 0 (5655) 0 [atm 
0 6 0 —212.61 0 212.61 6 


Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Section 10.2 Geometrically Nonlinear Analysis of Plane Trusses 599 


The structure’s internal joint force vector f; and the tangent stiffness matrix Sy are 


given by 
0 13,482 0 —6,740.8 
fs = | —1,998.9 | kN Sp = 0 3,733.8 4,052.7 | kN/m 
0.27365 —6,740.8 4,052.7 12,386 


and the unbalanced joint force vector is 


0 
AU; =P -f= | —1.0925 | kN 
—0.27365 


By solving the linearized system of equations AU; = Sg Ad3, we determine the 
displacement correction vector 


0.000098787 
Ad; = | —0.00050706 | m 
0.00019757 


To check for convergence, we write 


3 
2 
2 (an) (0.000098787)? + (—0.00050706)? + (0.00019757)? 
= = i i : : = 0.00074985 < e (= 0.001) 
2 


(0.15654)? + (—0.64924)? + (0.31308)? 


which indicates that the change in the structure’s deformed configuration Ad; is now 
within the specified tolerance of 0.1 percent and, therefore, the iterative process has 
converged. 


Results of Geometrically Nonlinear Analysis: The final deformed configuration of the 
truss is given by the joint displacement vector 


0.15654 0.000098787 0.15664 
d = d; + Ad; = | —0.64924 | + | —0.00050706 | = | —0.64975 |m Ans 
0.31308 0.00019757 0.31327 
Member 1 
0 4 
v= Y 3 m 
~ | 0.15664 1 
—0.64975 | 2 


L = 5 m, I = 4.7751 m, cx = 0.87049, cy = 0.49219, u = 0.22493 m, Q = 2,031.7 kN 
Qai = 2,031.7 KN(C) Ans 
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1,768.6 J 4 
1,000 | 5 
P| See | es 
1,000 | 2 
Member 2 
0.31327 J 3 
= 0 6 
=| 0.15664 |1 ™ 
—0.64975 | 2 
L = 5 m, L = 4.7751 m, Cx = —0.87049, cy = 0.49219, u = 0.22493 m, Q = 2,031.7 kN 
Qaz = 2,031.7 KN (C) INTE 
1,000 | 6 
S| iaee lai w ie) 
—1,000 | 2 
M ember 3 
0 4 
0 5 
amila T 
0 6 


L = 8 m, L = 8.3133 m, Cx = 1, Cy = 0, u = —0.31327 m, Q = —1,768.6 kN 


Qa3 = 1,768.6 kN (T) Ans 
—1,768.6] 4 
0 5 

17686 | 3 *S 
0 6 


Finally, the support reaction vector R is assembled from the elements of the member 
F vectors given in Eqs. (5) thru (7) as 


1,768.6 — 1,768.6 0 4 
R= 1,000 + 0 = | 1,000 | 5 kN Ans 
1,000 + 0 1,000 | 6 


Equilibrium Check: Applying the equations of equilibrium to the free body of the 
truss in its deformed state (Fig. 10.8(c)), we obtain 


+>) Fx =0 Checks 

ar tt Sky = (0) 1,000 — 2,000 + 1,000 = 0 Checks 

+C% Mo=0 — — 2,000 (4.1566) + 1,000 (8.3133) = 0.1 KN.m ~ 0 
Checks 
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SUMMARY 


In this chapter, we have studied the basic concepts of the geometrically non- 
linear analysis of plane trusses. A block diagram summarizing the various 
steps involved in the analysis is given in Fig. 10.7. 


PROBLEMS 


Section 10.1 


10.1 Derive the relationships between load P and displacement 6 of 
the truss shown in Fig. P10.1 by using: (a) the conventional linear 
theory, and (b) the geometrically nonlinear theory. Plot the 
P - § equations using the numerical values: 6 = 30°, L = 3 m, E = 
70 GPa, and A = 645.2 mm”, in the range0 < 5/L < 0.5, to com- 
pare the linear and nonlinear solutions. 


Undeformed 
configuration 


Deformed 
configuration 


P 


EA =constant 


Fig. P10.1 


10 ft 


Undeformed 
configuration 


Deformed 
configuration 


—| 


E = 10,000 ksi 
Fig. P10.2 
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Section 10.2 


10.2 By using the geometrically nonlinear analysis, determine 
the joint loads P that cause the two-member truss to deform into 
the configuration shown in Fig. P10.2. 

10.3 through 10.5 Determine the joint displacements, mem- 
ber axial forces, and support reactions for the trusses shown in 
Figs. P10.3 through P10.5 by geometrically nonlinear analysis. 
Use a displacement convergence tolerance of one percent. 


2,250 kN 


4m 


EA = constant 
E =10GPa 
A =1,200 mm? 


Fig. P10.3 


31.178 in. 


6.1595 in. 
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- 8 ft >I 8 ft -| 


E = 1,300 ksi 
Fig. P10.4 |— 4m —+ 12m l 
EA = constant 
E = 70 GPa 


10.6 Develop a computer program for geometrically nonlinear 

analysis of plane trusses. Use the program to analyze the trusses 

of Problems 10.3 through 10.5, and compare the computer- Fig. P10.5 
generated results to those obtained by hand calculations. 


A = 1,200 mm? 
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COMPUTER SOFTWARE 


A computer program for analyzing two- and three-dimensional framed struc- 
tures is available on the publisher’s website www.cengage.com/engineering. 
The software, which can be used to analyze plane and space trusses, beams, 
plane and space frames, and grids, is based on the matrix stiffness method. It 
can also perform geometrically nonlinear analysis of plane trusses. The soft- 
ware is designed for use on IBM and IBM -compatible personal computers with 
Microsoft Windows® operating systems, and it provides an option for saving 
input data into files for subsequent modification and/or execution. 

Complete instructions for downloading and installing the software are 
provided on the publisher's website www.cengage.com/engineering/kassimali. 


Starting the Computer Software 


1. Click the Start button on the taskbar. 


2. Pointto the menu title Programsand then click themenu item MATRIX 
ANALYSIS OF STRUCTURES 2.0— K assimali; the software's title 
screen will appear. 


Inputting Data 


The computer software is designed so that any consistent set of units may be 
used. Thus, all the data must be converted into a consistent set of units before 
being input into the software. For example, if we wish to use units of kips and 
inches, then the joint coordinates must be defined in inches, the moduli of 
elasticity in ksi, the cross-sectional areas in in.2, the moments of inertia in 
in.’, the joint loads and moments in kips and k-in., respectively, and distrib- 
uted member loads in k/in. 

To start entering data for a structure, click the menu title Project; and then 
click the menu item New Project. The input data necessary for the analysis of a 
structure is divided into six categories; the data in each category isinput by click- 
ing on the corresponding menu title and then entering information in the forms 
and/or dialog boxes that appear on the screen. The input data categories are: 


1. General structural data (project title and structure type) 
2. J oint coordinates and supports 

3. Material properties 

4. Cross-sectional properties 
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5. Member data (beginning and end joint numbers, material and cross- 
sectional property numbers, member hinges if applicable, and angle of 
roll in the case of space frames) 


6. Loads (joint and member loads, support displacements, temperature 
changes, and fabrication errors) 


Results of the Analysis 


Once all the necessary data has been entered, click the menu title Analyze of 
the main screen to analyze the structure (Fig. A.1). The software will automat- 
ically compute the joint displacements, member end forces, and support 
reactions, using the matrix stiffness method. The results of the analysis are 
displayed on the screen. The input data as well as the results of the analysis can 
be printed by clicking on the menu title Project and then clicking on the menu 
item Print, of the main screen. 


K] Computer Software for MATRIX ANALYSIS OF STRUCTURES Second Edition by Aslam Kassimali 


Project Joints Materials Cross-Sections Members Loads Analyze 


Space Frame 


Space Frame 
Joints: 12 
Supports : 4 
Materials: 1 
Cross-Sections: 1 
Members: 16 


Fig. A.1 Main Screen 
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FLEXIBILITY METHOD 


In this text, we have focused our attention on the matrix stiffness method of struc- 
tural analysis, which is the most commonly used method in professional practice 
today, and which forms the basis for most of the currently available commercial 
software for structural analysis. However, as stated in Section 1.3, another type 
of matrix method, called the flexibility method, can also be used for structural 
analysis. While the stiffness method can be applied to both statically determinate 
and indeterminate structures, the flexibility method is applicable only to indeter- 
minate structures. The flexibility method is essentially a generalization in matrix 
form of the classical method of consistent deformations, and is generally consid- 
ered convenient for analyzing small structures with a few redundants. 

In this appendix, we present the basic concept of the flexibility method, 
and illustrate its application to plane trusses. A more detailed treatment of this 
method can be found in [3] and [52]. 

Essentially, the flexibility method of analysis involves removing enough 
restraints from the indeterminate structure to render it statically determinate. 
This determinate structure, which must be statically stable, is called the pri- 
mary structure; and the reactions or internal forces associated with the excess 
restraints removed from the given indeterminate structure to convert it into the 
determinate (primary) structure, are termed redundants. The redundants are 
then treated as unknown loads on the primary structure, and their values are de- 
termined by solving the compatibility equations based on the condition that the 
deformations of the primary structure due to the combined effect of the redun- 
dants and the given external loading must be the same as the deformations of 
the original indeterminate structure. 

Consider, for example, a plane truss supported by five reaction compo- 
nents, as shown in Fig. B.1(a) on the next page. The truss is internally deter- 
minate, but externally indeterminate with two degrees of indeterminacy. This 
indicates that the truss has two more, or redundant, reactions than necessary for 
static stability. Thus, if we can determine two of the five reactions by using 
compatibility equations based on the geometry of the deformation of the truss, 
then the remaining three reactions and the member forces can be obtained from 
equilibrium considerations. 

To analyze the truss by the flexibility method, we must select two of the 
unknown reactions and member forces to be the redundants. Suppose that we 
select the horizontal and vertical reactions, Rı and R3, at the hinged support at 
joint 5 to be the redundants. The hinged support at joint 5 is then removed from 
the given indeterminate truss to obtain the statically determinate and stable 
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E Æ E X 


i x A MaaR 
O o AO 
100k i 2 
|- 2 panels at 12 ft = 24 ft ~| 


EA = constant 


(a) Indeterminate Truss 


86.603 
T © 
a 
165.47 © 
— C) 
© 50k | © 
86.603 k 
(b) Primary Truss Subjected to External Loading—Q,„o Vector 
|<—,— Ik X R, 
Fig. B.1 (c) Primary Truss Subjected to Unit Value of Redundant R;—First Column of b Matrix 
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41.108 


Y 
100 k i 


(e) Support Reactions and Member Forces for Indeterminate Truss 


Fig. B.1 (continued) 


primary truss, as shown in Fig. B.1(b). The two redundants Rı and R3 are now 
treated as unknown loads on the primary truss, and their magnitudes can be de- 
termined from the compatibility conditions that the horizontal and vertical de- 
flections at joint 5 of the primary truss due to the combined effect of the known 
100 k load and the unknown redundants Rı and R2 must be equal to 0. This is 
because the deflections in the horizontal and vertical directions of the given in- 
determinate truss at the hinged support at joint 5 are 0. 

The compatibility equations can be conveniently established by superim- 
posing the deflections due to the external loading and the redundants, Rj and 
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R>, acting individually on the primary truss, as shown in Figs. B.1(b), (c), and 
(d), respectively. Thus, 


Ao1 + fuRı + fi2R2 =0 (B.1a) 
Ao2 + farRi+ fo2R2 =0 (B.1b) 


in which Ao; (i = 1, 2) represents the deflection at joint 5 of the primary truss 
in the direction of the redundant R; , due to the external loading; and the flexi- 
bility coefficient fij (i = 1, 2 andj = 1, 2) denotes the deflection of the primary 
truss at the location and in the direction of a redundant R; due to a unit value 
of a redundant Rj. Equations (B.1) can be expressed in matrix form as 


Aoi fu fiz] [Ri] _ [0 
[saeia tale |=[o) Bi 


From the foregoing discussion for the example truss with two degrees of 
indeterminacy, we realize that the compatibility equations for a general inde- 
terminate structure with n; degrees of indeterminacy can be symbolically ex- 
pressed as 


Ao +fR=0 (B.3) 


in which the n; x 1 vectors R and Ao denote, respectively, the unknown re- 
dundants, and the deflections of the primary structure at the locations and in the 
directions of the redundants due to external loads; and the n; x n; matrix fis 
called the structure flexibility matrix. The reader may recall from a previous 
course in mechanics of materials or structural analysis [18], that M axwell’s 
law of reciprocal deflections states that for a linearly elastic structure, the 
deflection at a point i due to a unit load applied at a point j is equal to the de- 
flection atj due to a unit load ati. As the flexibility coefficient fj denotes the 
deflection of the primary structure at the location of the redundant R; due to a 
unit value of the redundant Rj, and the flexibility coefficient fj; denotes the de- 
flection corresponding to Rj due to a unit value of Rj, according to M axwell’s 
law fij must be equal to fj; (i.e., fij = fji). We can thus deduce that for linearly 
elastic structures, the flexibility matrices are symmetric. 

From Eqs. (B.1) through (B.3), we can see that the elements of the vector 
Ao and the flexibility matrix f represent deflections of the primary (statically 
determinate) structure. Once these deflections have been evaluated, the com- 
patibility equations (Eqs. (B.3)) can be solved for the unknown redundants. 
With the redundants known, the other response characteristics of the structure 
can be evaluated, either by equilibrium or superposition. 

The deflections (and the flexibility coefficients) of a primary structure can 
be conveniently expressed in terms of the forces and properties of its members, 
using the virtual work method. Recall from a previous course in mechanics of 
materials or structural analysis [18], that the expression of the virtual work 
method for truss deflections is given by 


28 QarQavL (B.4) 
Aad EA 
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in which NM denotes the number of members of the truss; Qar represents the 
axial forces in truss members due to the real loading that causes the deflection 
A, and Qa, represents the axial forces in the truss members due to a virtual unit 
load acting at the location and in the direction of the desired deflection 
A. Equation (B.4) can be expressed in matrix form as 


A= Q! fir Qar (B.5) 


in which Q;, and Qr denote the NM x 1 vectors containing member axial 
forces due to virtual (unit) and real (actual) loads, respectively; and fy is a 
NM x NM diagonal matrix containing the member flexibilities (L /EA) on its 
main diagonal (i.e., fmij = Li/EiAi fori = j, and fmij = 0 for i 4 j). The diag- 
onal matrix fm is sometimes called the unassembled flexibility matrix. In order 
to develop the expressions for Ao and fin terms of the member forces and 
properties, let us definea NM x 1 vector Qao which contains the axial forces 
in the members of the primary truss due to the given external loading, and a 
NM x ni matrix b, the jth column of which contains member axial forces due 
to a unit value of the jth redundant (i.e, R; = 1). The matrix bis commonly 
referred to as an equilibrium matrix. In both Qo and bthe member axial forces 
are stored in sequential order of member numbers; that is, the axial forces in 
the ith member are stored in the ith rows of Qs and b, and so on. The member 
forces Qao for the example truss are shown in Fig. B.1(b). Note that since the 
primary truss is statically determinate, the forces in its members due to the 
given external loading can be conveniently evaluated by applying the method 
of joints. By using the member forces shown in Fig. B.1(b) and the member 
numbers given in Fig. B.1(a), we form the Qao vector for the truss as 


—50 1 
0 2 
115.47 |3 
Qio = 86.603 |4 k (B.6) 
86.603 |5 
—144.34 |6 
0 7 


in which the tensile member axial forces are considered to be positive. The first 
column of bis obtained by subjecting the primary truss to a unit value of the 
redundant Rj, as shown in Fig. B.1(c), and by computing the corresponding 
member forces by applying the method of joints. The second column of bis 
generated similarly by subjecting the primary truss to a unit value of the re- 
dundant R>,and by computing the corresponding member axial forces (see 
Fig. B.1(d)). The equilibrium matrix bthus obtained is 


1 1.3333 

1 13333 

0 —2.6667 

b=|0 -1 k/k (B.7) 
0 0 

0 1.6667 

0 —1.6667 
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The first element, Aoi, of the Ao vector represents deflection of the 
primary truss at the location and in the direction of Rj due to the given external 
loading. Therefore, for the purpose of calculating Aoi via the virtual work 
method, the real system consists of the given external loading as shown in 
Fig. B.1(b), and the virtual system consists of a unit load applied at the location 
and in the direction of the redundant R1, which is the same as the system 
shown in Fig. B.1(c) (without the multiplier Ry). Thus, the virtual work ex- 
pression for Ag, can be obtained by substituting Qo for Q,, and the first col- 
umn of bfor Qa, in Eq. (B.5); that is, 


Aoi = bl fu Qzo (B.8) 


in which b; denotes the first column of b. The expression for the second ele- 
ment, A02, of Ag, in terms of member axial forces, can be obtained in a simi- 
lar manner, and is given by 


Ao2 = b} fu Qo (B.9) 
with by denoting the second column of b. By combining Eqs. (B.8) and (B.9), 
we obtain 

Ao = b fu Qio (B.10) 


The expressions for the elements of the flexibility matrix f, in terms of 
member forces and properties, can be obtained in a similar manner. For ex- 
ample, the virtual and real systems for the evaluation of fı2 are shown in 
Figs. B.1(c) and (d), respectively, with the corresponding member forces 
stored in the first and second columns of b. Therefore, 


f2 = bl fu b» 


Thus, the entire flexibility matrix f can be expressed in terms of the member 
forces and properties as 


f= b fy b (B.11) 


Finally, by substituting Eqs. (B.10) and (B.11) into Eq. (B.3), we obtain the 
structure's compatibility equations in terms of its member forces and proper- 
ties, as 


b fu Qso + (b! fu b) R=0 (B.12) 


To illustrate the application of the flexibility method to the analysis of 
plane trusses, let us reconsider the truss of Fig. B.1. The Qao vector and the 
b matrix for this truss were determined previously, and are given in Eqs. (B .6) 
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and (B.7), respectively. The unassembled flexibility matrix for the structure is 


12 0 000 0 0 
012 000 0 0 
1 0 01200 0 0 
fu = EA 00090 0 0 (B.13) 
0 0009 0 90 
0 0 000 15 0 
0 0 000 0 15 


Substituting Eqs. (B.6), (B.7), and (B.13) into Eq. (B.10), and performing the 
required matrix multiplications, we obtain 


1 —600 
-b = : 

Bo SD nao Eva ee 
Substitution of Eqs. (B.7) and (B.13) into Eq. (B.11) yields the flexibility 
matrix: 

1 [24 32 
-b = 
seit baad E ee (B.15) 


Next, we substitute Eqs. (B.14) and (B.15) into the compatibility equations 
(Eqs. (B.12)), and solve the resulting system of simultaneous equations for the 
unknown redundants. This yields 


m _ | —35.66 
R= | a] k (B.16) 
With the redundants known, the member axial forces in the actual indeter- 


minate structure, Qa, can be conveniently evaluated by applying the superposi- 
tion relationship (see Figs. B.1(a) through (d)): 


Q: = Qio + bR (B.17) 


Substituting Eqs. (B.6), (B.7), and (B.16) into Eq. (B.17), we determine the 
axial forces in the members of the indeterminate truss to be 


Q: = 41.108 |k 


These member axial forces are shown in Fig. B.1(e). 
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ANSWERS TO SELECTED PROBLEMS 


Chapter 2 
2.1 8 17 -3 —2 -1 1 
C=; -1 -1 -1]; D=| 17 -13 -7 
1 -7 1 —3 -l 9 
2.3 12 —18 6 
C=—4; D= 4 -6 2 
—2 30 -10 
2.5 —18 —24 21 —18 7 38 
C= 7 -9 5|; D=| -24 -9 38 
38 38 58 21 53 58 
2.9 (ABC)! = C'B'A' 
1,512 —464 —1,602 1,418 
_ | —900 5,300 200 —2,100 
—810 —310 942 —620 
270 410 #—360 130 
2.11 332 76 —332 —76 
c 76 168 —76 —168 
~ | —332 -76 332 76 
—76 —168 76 168 
2.13 dA —4x 3 cos x PA 
a 3cosx —2sinxcosx —9x 
=] —9x? 6 sin xcos x 
2.15 —120x3 —20x — 60x? 
Se = l —90x2 —2 — 8x + se | 
—6 + 28x + 125x 28 + 24x? 
2.17 -5L -L3 
4 
e jarn 
4 
Adx= 2L5 
0 
p o m 
a 
3 2 
L 
2.19 AB dx 
IL? 9L 2L5 4 Lô 
3 4 5 aa 6 
6L7 L4 
—3L3 + — -= 
614 7 2 


2.21 X = —2; X = 3; X = —5 


2.23 X = 8.7; X = —7.5; X = —4.2 


2.25 X = 6; X = 7; X =5; X4 =2 


2.27 0.44444 —0.11111 0.22222 
A? = | —0.11111 0.16239 —0.017094 
0.22222 —0.017094 0.26496 
2.29 —0.62656 —0.71396 0.2849 —0.12372 
Al —0.71396 —0.6958 0.2395 —0.052213 
~ 0.2849 0.2395  —0.098751 0.13053 
—0.12372 —0.052213 0.13053 —0.08059 
Chapter 3 
3.1 Y 2 


© 


— | 


NDOF = 2, NR = 4 


Qa 5 —X 
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3.5 


3.7 
3.9 
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0 
~30 
0 
0 
P=| 4, | k 
0 
0 
~30 
483.33 0 —483.33 0 
0 0 0 0 
k=k=] 49333 9 483.33 0 | KI" 
0 0 0 0 
402.78 0 —402.78 0 
0 0 oO ol, 
k=] 40278 0 40278 0 | Ki” 
0 0 0 0 
1,540 kN (T) 
1000 
0100 
Helo 0 1 0 
0001 
06 08 0 0 
08 06 0 0 
T=] ò o o6 08 
0 0 -08 0.6 
0.28 0.96 0 0 
= 0.96 —0.28 0 0 
aa 0 0 0.28 0.96 
0 0 0.96 —0.28 


Answers to Selected Problems 


3.11 and 3.13 —560 
—420 

Fo= | 560 

420 


kN; Yes 


3.15 S- 666.23 63.413 k/in 
~ | 63.413 703.22 


3.17 g [ 0.067082], 
—0.027951 | ` 


Qai = 2.2361 k (T); Qaz = 24.597 k (C) 


3.19 g [0.06546], 
= | -0.10075 | 


Qai = 31.639 k (C); Qa2 = 48.283 k (C); 
Qaz = 37.889 k (C) 


28.97 
| 02 
—10.609 

R=! 36.373 | * 

31.639 
0 


3.21 0.2751 
d= | —0.32051 | in. 
0.23438 


Qaı = 85.969 k (T); Qaz = 133.55 k (C); 
Qaz = 46.875 k (T); Qa4 = 19.775 k (C); 
Qas = 46.875 k (T) 


—123.47 
| 2.125 | 
R= —26.531 | k 
| shen | 
133.55 
3.23 1.5685 
03787 | 
d= | —1.261 mm 


5.2564 
—1.5981 
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Qa = 78.427 KN (T); Qaz = Qaz = 23.836 KN (C); 
Qa4 = 41.205 KN (T); Qas = 33.709 KN (C); 
Qas = 137.68 kN (C) 


—80 
R= | —20 | kN 
140 


3.25 0.019447 

-0.096374 | 
0.038894 
0.044168 | ; 
0.031186 | ` 

—0.054995 
0.025912 


—0.032004 
Qar = Qaz = 18.799 k (T); Qaz = 5.098 k (T); 
Qas = 5.098 k (C); Qas = 30 k (T); 
Qas = 23.203 k (C); 
Qa7 = 14.665 k (C); Qas = 22.835 k (C); 
Qas = 8.4966 k (C) 


-10 
_ | 11.732 


41.471 
é 7073 | 


3.29 P = 1,095 kN 


Chapter 5 


5.1 Y 


| | 


3 5 
NDOF = 2, NR=4 


-25k 
pz | 720 N 
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x6 © N- 
{ 


3 5 6 7 
NDOF = 2, NR=6 
p= | [Nm 
5.5 Units: kips and inches 
5.5556 500 —5.5556 500 
ee 500 60,000  —500 30,000 
1= | 5.5556 —500 5.5556 —500 
500 30,000  —500 60,000 
11.111 1,000 —11.111 1,000 
k 1,000 120,000 —1,000 60,000 
=| 11.111 —1,000 11.111 —1,000 
1,000 60,000 —1,000 120,000 
5.7 Units: kips and inches 
9.4401 1,132.8 —9.4401 1,132.8 
k-k- 1,132.8 181,250 —1,132.8 90,625 
pm =] 94401 —1,132.8 9.4401 —1,132.8 
1,132.8 90,625 —1,132.8 181,250 
17.901 1,611.1 —17.901 1,611.1 
lb =k 1,611.1 193,333 1,611.1 96,667 
=S= | 17.901 —1,611.1 17.901 —1,611.1 
1,611.1 96,667 —1,611.1 193,333 
5.9 2.7848 k 
1,002.5 k-in. |. 
Q=] 574k = YS 
—501.23 k-in. 
2 
5.11 F$ = F& = = FMp = —FMe = F 
7wL wL? 3wL wl? 
5.13 FS» = g; FMp = Sgi FSe g FMe= — 35 
5.15 135 kN | 90 kN ] 
337.5kN-m 300 kN -m 
Qn = 135 kN | Qn = 90 kN | 
—337.5 kN -m —300 kN -m 


131.25 kN 
281.25 kN 

56.25 kN 
—187.5 kN 


Qf = 


ml 
i 


69.52 k 
4,945.9 k-in. 
2.48 k 
4,707.8 k-in. 


5.17 


Qi = ; Yes 


5.19 Units: kips and inches 


500 | 


s- [16-667 
= 180,000 


500 


5.21 Units: kips and inches 


27.341 478.3 
478.3 374,583 
1,611.1 96,667 
0 0 
0 0 


1,611.1 
96,667 
386,667 
—1,611.1 
96,667 


wn 
lI 


5.23 Units: kips and inches 


0 
P; = —-Pe= | 30 
360 


5.25 Units: KN and meters 


5.27 Jj- —1.7673 in. 
~ | 0.0089091 rad 


14.273 k 

1,150.9 k-in. 
—14.273 k 

1,418.2 k-in. 


Qi = Q= 


14.273 k 

1,150.9 k-in. 

10.727 k 
—1,232.7 k-in. 


R= 


5.29 g [-0.007619 ] g 
=| 0.019048 
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0 0 

0 0 
—1,611.1 96,667 
27.341 -—478.3 


—478.3 374,583 


—10.727 k 
—698.18 k-in. 
10.727 k 
—1,232.7 k-in. 


5.31 
d= 


Qi = 


Q; = 


Qi = 


Q: = 


5.35 


d= 


Answers to Selected Problems 


[Z kN —15 kN | 
—40 kN -m —70kN-m 
Q=] s0KN Q=! askn 
| 80 kN m 20 kN -m | 
—20 kN 
5 kN —40 kN -m 
20KN-m| R 5kN 
—5 kN 20 kN 
10kN-m —5 kN 
10kN-m 
0.014375 
—0.011422 | rad 
0.014244 
41.615 k 1.1538 k 
2,267.1 k-in. Ge 649.85 k-in. 
30.385 k 2 | 1.1538 k 
—649.85 k-in. —317.54k-in. 
11.103 k ALEK 
. 2,267.1 k-in. 
317.54 k-in. 
pes R=| 31.538k 
ae 9.9487 k 
8.8974 k 
—0.019391 
0.0071406 | y 
—0.0056563 
0.017242 
108.87 kN 93.167 kN 
0 a- 392 kN 
161.13 kN 2 = | 86.833 kN 
—392 kN -m —344.5 kN 
155.97 kN 108.87 
344.5 kN -m 254.3 
31.533 kN R= ag | 
120 kN -m 31.533 
—1.8705 in. 
0.0023884 rad 
0 
—1.8705 in. 
—0.0023884 rad 


617 


-m 


-m 
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| 20.363 k | | —29.637 k | 63 Y 
2,335.4 k-in. —2,551.8 k-in. 
Q =| 50 363k Q=! 59.637k 
| 2,551.8 rie | -2.7827 kin. | 
29.637 k — 20.363 k 
2,782.7 k-in. —2,551.8 k-in. 
Q3= | _59 637k A=] 50.363 k 
2,551.8 k-in. —2,335.4 k-in. 
j 20.363 k ] 
2,335.4 k-in. NDOF = 2, NR =7 
R= | 59.273k P=0 
20.363 k 
—2,335.4 k-in. 
6.5 30k 
0 
0 
P= 0 
Chapter 6 : 
Y 
2 5 


NDOF = 3, NR= 6 ©) © 


P| o | 4 a 


—900 k-in. 


NDOF = 6, NR = 6 
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Answers to Selected Problems 619 


6.7 Units: kips and inches 


r 1,244.6 0 0 1,244.6 0 0 
0 12.839 1,540.6 0 12.839 1,540.6 
Be 0 1,540.6 246,500 0 1,540.6 123,250 
—1,244.6 0 0 1,244.6 0 0 
0  -12.839 —1,540.6 0 12.839 —1,540.6 
L 0 1,540.6 123,250 0 -1,540.6 246,500 
F 829.72 0 0 829.72 0 0 0 0 
0 3.804 684.72 0 —3.804 684.72 20 22.5 
k=- 0 684.72 164,333 0 —684.72 82,167 On = 1,200 Qo = 1,350 
829.72 0 0 829.72 0 0 0 0 
0 —3.804 —684.72 0 3.804 —684.72 20 22.5 
L 0 684.72 82,167 0 684.72 164,333 —1,200 —1,350 


6.9 Units: kips and inches 


409.26 0 0 —409.26 0 0 
0 2.0243 218.62 0  -2.0243 218.62 
0 218.62 31,481 0 -218.62 15,741 


k= | _ 109.26 0 0 409.26 0 0 
0 —2.0243 —218.62 0 2.0243 —218.62 
0 21862 15,741 0 —218.62 31,481 
491.11 0 0 -49111 0 0 0 4.5 
0 34979 31481 oO -—34979 31481 27 6 
0 31481 37,778 O 314.81 18,889 972 270 
k=) 49111 0 0 491.11 0 0 Qna=]| 9 Q=] 45 
0  —3.4979 —314.81 0 3.4979 —314.81 27 6 
0 314.81 18,889 0 —314.81 37,778 —972 —270 


6.1 


-à 


Units: kips and inches 


1,500 0 0 —1,500 0 0 
0 2.1484 257.81 0 —2.1484 asan | 
0 257.81 41,250 0 —257.81 20,625 


kaks —1,500 0 0 1,500 0 0 
O  —2.1484 —257.81 0 2.1484 —257.81 
0 257.81 20,625 0  —257.81 41,250 
1,620 0 0  =1,620 0 0 0 
0 2.6 390 0 26 390 25 
0 390 78,000 0  —390 39,000 a =| 1,250 
n= 1,620 0 0 1,620 0 0 Q1=As=8  Qrn= 0 
0 26 —390 0 2.6 —390 25 
0 390 39,000 0 —390 78,000 —1,250 
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620 Answers to Selected Problems 


6.13 WI | _ Wi, 
ia rai Oe a oa Be 
FS, = FS& = FM, = FMe = 0 
6.15 128.12 k 111.62 k —70.97 k 
—78.786 k 11.038 k —20.192 k 
— 5,875 k-in. _ 1,942.5 k-in. _ | —2,176.6 k-in. |. 
Q=|  128.12k @=]| 140.46 k @ = mo97k VYS 
98.786 k —80.268 k 20.192 k | 
—5,179.3 k-in. | 5,179.3 k-in. —1,942.5 k-in. 
6.17 —0.6 0.8 0 0 0 O 
08 -06 0 0 0 0 
0 01 0 0 of 
T= ð o o -06 og of =! 
0 0 0 —0.8 —0.6 0 
0 00 0 0 1 
6.19 0 1 0 0 0 0 0.96 028 0 0 0 0 
=f 0 0 0 0 o| —0.28 -096 0 0 0 0 
r-| ° 9 1 0 0 0 |) “9 0 1 0 0 0 
i) o 0 0 G 4 0 a 0 0 0 0.96 0.28 0 
0 0 0-1 0 0 0 0 0 —0.28 —0.96 0 
0 0 0 0 0 1 0 0 0 0 0 1 
6.21 0.44721 0.89443 0 0 0 0 
—0.89443 0.44721 0 0 0 0 
0 0 1 0 0 0 
ns 0 O 0 0.44721 0.89443 0 T= 
0 0 0 —0.89443 0.44721 0 
0 0 0 0 0 1 
6.23 and 6.31 
0 —1.8078 in. 0 
0 —0.90922 in. 0 
a 0 v, = | 00028882 rad T- 0 
1= | —2.0939 in. = | _2.0939 in. = | —1.8078 in. 
—0.05147 in. —0.05147 in. —0.90922 in. 
0.0079542 rad 0.0079542 rad 0.0028882 rad 
78.786 k —98.786 k 51.214 k 
128.12 k —53.119 k —53.119 k 
—5,875 k-in. _ | 1,942.5 k-in. _ | 2,176.6 k-in. |. 
Fı=| 98-786 k Fe = | 98.786 k B=] sik VYS 
—128.12 k 128.12 k 53.119 k 
—5,179.3 k-in. 5,179.3 k-in. —1,942.5 k-in. 
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6.25 Units: KN and meters 


Answers to Selected Problems 


94,770  —123,922 —7,315.2 -—94,770 123,922 —7,315.2 
167,058 5,486.4 123,922 —167,058 —5,486.4 
k- 60,960 7,315.2 5,486.4 30,480 
= (symmetric) 94,770 —123,922 7,315.2 
167,058 5,486.4 
60,960 
216,667 0 0  —216,667 0 0 
1,058.3 6,350 0 —1,058.3 6,350 
TAN 50,800 0 —6,350 25,400 
= (symmetric) 216,667 0 0 
1,058.3 —6,350 
50,800 
50 0 
37.5 144 
—156.25 288 
Ff = 50 | Ff = 0 
37.5 144 
156.25 —288 
6.27 Units: kN and meters 
694.92 0 —5,559.4 —694.92 0 —5, ~ 
200,000 0 0 —200,000 
ic 59,300 5,559.4 0 - 650 | 
LT 694.92 0 ae 
200,000 
i 300 
117,980 —34,357 —637.59 —117,980 34,357 —637.59 
10,203 —2,186 34,357 —10,203 —2,186 
"OR 37,952 637.59 2,186 18,976 
= 117,980 —34,357 637.59 
10,203 2,186 
37,952 
0 
250 
1,000 
Fry = 0 Fp = 0 
250 | 
1, 000 
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622 Answers to Selected Problems 


6.29 Units: kips and inches 


78.188 152.84 —212.43 —78.188 -—152.84 —212.43 
307.44 106.21 —152.84 —307.44 6.2 


K 42,485 212.43 —106.21 21,243 
1 = 


(symmetric) 78.188 152.84 212.43 
307.44 —106.21 
42,485 
304 0 0 —304 0 0 
1.6667 250 0  —1.6667 250 
K 50,000 0 —250 25,000 
= (symmetric) 304 0 0 
1.6667 —250 
50,000 
0 0 
11.18 16.25 
223.61 875 
Fa = 0 Fr = 0 
11.18 21.25 
—223.61 —1,000 
6.33 Units: KN and meters 
311,437 —7,315.2 0 50 
S= | —7,315.2 111,760 25,400 P; = —P.= | 131.75 
0 25,400 50,800 —288 
6.35 Units: KN and meters 
s- 210,203 —2,186 P. — E 250 
~ | -2,186 97,252 ore | 1,000 
6.37 Units: kips and inches 
382.19 152.84 212.43 0 0 
g= | 152-84 309.11 143.79 250 p. _p | 27481 
~ | 212.43 143.79 92,485 25,000 f= te=] 651.4 
0 250 25,000 50,000 —1,000 
6.39 0 
0 
—30k 
—180 k-in. 
= 45k 
0 
240 k-in. 
0 
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6.41 eu 
~ | 0.0029828 rad 


—7.3457 k 3.2599 k 
16.132 k 9.3161 k 
517.88 k-in. 314.26 k-in. 
Q=] 73457 k @ =| _3 9599 k 
13.869 k 0.43406 k | 
—314.26 k-in. —1.7167 k-in. 
—7.3457 k 
16.132 k 
517.88 k-in. 
R=! 20.461k 
—1.6545 k 
—2.8422 k 
—1.7167 k-in. 
6.43 —0.00026195 m 
d= | -ooa a 
0.0078279 rad 
40.864 kN —56.756 kN 
—101.59 kN | 166.29 kN 
Q= | ~A17-SEKN-m |g _ | 26751kN-m 
1= | —40.864 kN | 2= | 56.756 KN 
—23.406 kN 121.71 kN 
26.577 KN - n 0 
43.244 kN 
—18.648 kN | 
26.577 kN - 
259.94 kN 
56.756 kN 
121.71 kN 
ý- [- —0. o 
0.010258 rad 
216.53 kN 31.198 kN 
57.029 kN —216.45 kN 
304.16 kN - _ | -608.31 kN -m 
—216.53 kN Q = 108.8 kN 
—57.029 kN —263.55 kN 
608.31 kN - 1,197 kN -m 
—57.029 kN 
216.53 kN 
304.16 kN - 
87.686 kN 
—30.656 kN 
283.47 KN 
1,197 kN -m 
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6.47 


Answers to Selected Problems 


0.062194 in. 
—0.13533 in. 
—0.014529 | 

0.027941 rad | 


45.788 k 
1.7551 k 
—57.433 k-in. 
—25.787 k 
8.245 k 
—813.28 k-in. 


18.907 k 
41.739 k 
—57.433 k-in. 
—18.907 k 

18.123 k 


3.5004 in. 
—1.2117 in. 

0.0038711 rad 

4.0922 in. 
—0.029507 in. 
—0.0038888 rad 


42.573 k 

12.797 k 
2,693.5 k-in. 
—42.573 k 
—12.797k 

991.87 k-in. 


60.791 k 
—34.925 k 
—5,074.2 k-in. 
—36.791 k 
—10.073 k 

4.395 k-in. 


6.4 2.8978 in. 
—0.02114 in. 
—0.011687 rad 


Chapter 7 


7.4 d= [—2.6519] in. 


24.591 k 
2,301.9 k-in. 
5.4087 k 

0 


Qi = 


623 


18.907 k 
19.378 k l 
_ | 813.28 k-in. 
= | _18.907 k | 


18.123 k 


oo | 


—12.797 k 
42.573 k 
2,693.5 k-in. 
—37.203 k 
59.424 k 
5,640.4 k-in. 


52.861 k 
20.057 k 
Q = —991.87 k-in. 


24.941 k 
—4,395 k-in. 


59.424 k 

37.203 k 
5,640.4 k-in. 
—59.424 k 


5,074.2 k-in. 


—5.4087 k 
0 
27.909 k 
—2,998.6 k-in. 


Q= 


624 


24.591 k 


2,301.9 k-in. 


R= 0 
27.909 k 


7.3 d= 


0.014375 
—0.011422 


| 


—2,998.6 et 


2,267.1 k-in. 


Q: 30.385 k 


| 41.615 k 


—649.85 k-in. 


[ssc k 

317.54 k-in. 

Q; = ka k 
0 


0.0071406 
—0.0056563 
0.017242 


108.87 kN 
on 13 kN 


d= 


—392 kN - 


155.97 kN 
344.5 kN - 
31.533 kN 
120 kN 


7.7 
oe Ere 


40.864 kN 
—101.59 kN 


—417.51 kN - 


Q= | 40.864 kN 


—23.406 kN 


26.577 kN - 
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R= 


|: os 


ml 


—0.00026195 m 
rad 


Answers to Selected Problems 


1.1538 k 

649.85 k-in. 
—1.1538 k 
—317.54 k-in. 


41.615 k 


2,267.1 k-in. 


31.538 k 


9. 
8. 


Q= 


R= 


9487 k 
8974 k 
0 


93.167 kN 
392 kN - 

86.833 kN 

—344.5 kN - 


0 
254.3 kN 
242.8 kN 

31.533 kN 


108.87 kN l 


—56.756 kN 
166.29 kN 
267.51 kN -m 
56.756 kN 
121.71 kN 

0 


43.244 kN 


—18.648 kN 


7.9 
d- l 


Qi = 


R= 


26.577 KN - 
259.94 kN 
56.756 kN 
121.71 kN 


—135.66 kN 


0 


—0.003276 m 


0.010155 rad 


94.605 kN 
46.434 kN 
0 


—94.605 kN 


73.566 kN 
-m 
94.605 kN 


46.434 kN 
0 


—94.605 kN 


148.57 kN 
0 


7.11 Pmax = 951.36 kN 
7.13 Pmax = 47.453 kN 


7.17 
d= 


= 72.258 k (T); Qaz = 154.11 k (C); 
28.125 k (T); Qa, = 4.9438 k (T); 
65.625 k (T) 


Qat 
Qa3 
Qas 


R= 


7.19 d- | 


-| 


| 


Qı 


e 


0.23122 
—0.36987 | in 


0.14063 


—94.758 
16.875 
—55.242 |k 
—43.489 
176.61 


0.0017714 
— 4.87 kN 


—1.8939 kN -m 


4.87 kN 


—32.196 kN -m 


—0.000901 m | 


Q: = 


rad 


le 


| 


175.62 kN 
—13.456 kN 
0 
—115.62 kN 
—31.544 kN 
135.66 kN -m 


15.624 kN 
32.196 kN - 


—15.624 kN 


77.176 kN - 


—24.147 kN 
—77.176 kN - m 
Q; = | l 


r| 20494kN 
~ | 24.147 KN =| 39.771 KN 
| 91.853 kN.m | 24.147 kN 
—91.853 kN -m 
he) 2.6114 in. 
—0. ee rad 
d= 
—22. TR in. 
0.0020419 rad 
22.339 k —27.661 k 
2,773.2 k-in. —2,588.2 k-in. 
Q: = i 339 k @=]| 7661k 
2,588.2 k-in. —2,390.8 k-in. 
27.661 k —22.339 k 
2,390.8 k-in. —2,588.2 k-in. 
Q= 661k Q@=] 32339k 
2,588.2 k-in. —2,773.2 k-in. 
22.339 k 
2,773.2 k-in. 
R=| 55.322k 
22.339 k 
—2,773.2 k-in. 
7.23 —0.00089687 m 
d= —0.053264 m 
0.0071551 rad 
94.171 kN 175.14 kN 
46.707 kN —13.638 kN 
Gu 0 t= 0 
1= | -94.171 kN 2= | 115.14 kN 
73.293 kN —31.362 kN 
—132.93 kN -m 132.93 kN -m 
94.171 kN 
46.707 kN 
0 
R=) 94.171 kN 
148.29 kN 
0 
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Answers to Selected Problems 625 


—4.87 kN 7.29 0.30484 
—1.8939 kN -m d= | —0.15602 |in 


d= 


d= 


0.17587 


Qai = 95.262 k (T); Qa2 = 119.61 k (C); 
Qa3 = 35.175 k (T); Qa4 = 36.527 k (C); 
Qas = 58.575 k (T) 


—123.4 
21.105 | 
k 


R= | —26.598 
— 17525 | 
133.65 


0.0053481 m 
0.0035829 m 


0.00056336 rad 


8.7792 kN 
—4.3505 kN 
—16.873 kN -m 
—8.7792 kN 

4.3505 kN 
—22.282 kN - 


4.3505 kN 
8.7792 kN 
30.394 kN -m 
—4.3505 kN 
—8.7792 kN 
22.282 kN -m 


8.7792 kN 
—4.3505 kN 
—16.873 kN - 
—8.7792 kN 


Hel 
E J 
| 
k- J 
S 
“a 
4 
ee 


—0.01902 m 
0.0095899 rad 


94.386 kN 
46. A kN 


175.37 kN 
—13.548 kN 
0 
—115.37 kN 
—31.452 kN 
134.28 kN -m 


—94.386 kN Q = 


73.428 kN 
—134.28 kN - 


94.386 kN 
46.572 kN 


—94. 7 kN 
148.43 kN 


626 Answers to Selected Problems 


Chapter 8 


8.1 17.871 
d= | —5.0794 | mm 
—7.7663 


Qar = 24.768 KN (T); Qaz = 93.974 KN (C); 
Qas = 107 KN (C) 


—5.5693 
-22277 
9.2822 
—52.351 
R= | 69.802 fkn 
—34.901 
—17.079 | 
a 
25.619 


8.3 1.0795 
d= | —0.59449 | mm 
—1.4492 
Qai = 12.47 KN (T); Qaz = 15.37 kN (T); 
Qas = 67.569 kN (C); Qa, = 81.813 kN (C) 


—7.1899 
—9.7373 


8.5 4.3357 =15:75 
1.8141 | 273 | 
1.5783 -6.75 
4.0207 | -29:25 | 
15814 | oe 
1.6683 -29.25 

0.77404 " R=) sry | KN 

0.79219 146.25 
1.5783 | 29.25 
0.86404 6.75 
-0.97997 | as | 
1.6683 6.75 


Qai = Qas = 93.531 kN (C); Qaz = 151.99 kN (C); 
Qa4 = 35.074 kN (C); Qas = 66.556 kN (T); 

Qas = Qas = 0; Qa7 = 66.556 kN (C); 

Qag = 63 kN (C); Qato = Qai1 = Qarz = 18 kN (C) 


8.7 d- |- —0. ie 
0.011755 
13.758 k 8.7422 k 
36.56 k-in. —36.56 ci. | 
487.97 k-in. Q = 36.56 k-in. 
8.7422 k 2} 13.758 k 
—36.56 k-in. 36.56 k-in. 
—36.56 k-in. —487.97 | 
13.758 k 
36.56 k-in. 
487.97 k-in. 
17.484 k 
13.758 k 
—487.97 k-in. 
—36.56 k-in. 
—3.4115 in. 
d= E 0.038485 A 
0.02126 rad 
46.509 k —13.491 k 
—18.507 k-in. | 20.1 k-in. 
8,177.2 k-in. Q = —18.508 k-in. 
—46.509 k | 25) 13.491 k 
18.507 k-in. —20.1 k-in. 
—1,479.9 k-in. | —3,219.4 k-in. 
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Answers to Selected Problems 627 


46.509 k ar 
—8,177.2 k-in. eee 
R= | 718507 k-in. —600.5 k-in. | 
1391K —0.5053 k-in. 
ag n 381.5 k-in. | 
—3,219.4 k-i n 11.81 k 
5.968 k | 
—0.77317 in. 0.01179 k 
0.011346 rad R= | sols kin. | 
—0.0032328 rad Sook bain 
cecal 477.2 k-in. | 
0.0092457 rad _7.996 k | 
—0.017808 rad -0.562 k 
7.5755 k eee | 
—14.969 k-in. pee kell 
2,746.4 k-in. Baris ci | 
—7.5755 k —215.9 k-in. 
ak a K n l 8.17 -3.265 in. l 11.45 k 
—0.01613 in. 61.97 k 
7.5755 k 0.3561 in. —4.62 k 
19.229 k-in. 0.001313 rad | 1,378 k-in. 
14.969 k-in. 0.01004 rad —5.934 k-in. 
22.425 k —0.001108 rad | —2,021 k-in. 
—19.229 k-in. 3.266 in. —9.255 k 
12.198 k-in. —0.0151 in. | 58.03 k 
0.3548 in. —14.6 k 
82.425 k —0.0001316 rad | —2,572 k-in. 
—12.198 k-in. 0.01004 rad | —5.934 k-in. 
18,854 k-in. a= | ~0-002582 rad R—| 1758k-in. 
~22.425 k =) 3.271 in. | =| _11.46k 
12.198 k-in. l —0.01613 in. 61.97 k 
19.228 k-in. —0.3561 in. | 462k 
—0.001313 rad 1,378 k-in. 
7.5755 k ] 0.01006 rad | —5.947 k-in. 
= seer. 0.001105 rad 2,024 k-in. 
2,746.4 k-in. ; 
—3.271 in. | 9.271 k | 
82.425 k —0.0151 in. | 58.03 k 
= li | —0.3548 in. 14.6k 
See 0.0001316 rad | 2,572 k-in. 
0.01006 rad —5.947 k-in. 
8.15 —0.06273 in. 
Onain. ] 0.002585 rad | —1,761 k- nal 
d= | ~0-1942 in. 
—0.4836 rad 
0.001013 a 
0.3067 rad 
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628 Answers to Selected Problems 


Chapter 9 
0.063295 ]. 
i d= | 42908 Jin 


Qa = 30.593 k (T); Qaz = 122.96 k (C); 
Qaz = 24.343 k (T) 


73.777 
98.369 
6.816 
R=! _53 369 |“ 
-30503 | 


0 
9.3 See answer to Problem 7.19. 


9.11 


15W 7WL 18W 
F% = “Sai FM = -g > — 


9.13 d = 6; œ = —11; & = 9 


Chapter 10 


2E Asin26 ; 
L 


10.1 (a) P= ( 
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(b) P =2EA|siné + ô JE) +2(2) sino 1] 
| @l TE l 
10.3 d=| 


—0.23233 
—1.0581 


Qai = 1,827.2 kN (C); Qaz = 2,152.7 kN (C); 


1, 624.2 
837.11 
R= —1, 624.2 KN 


1, 412.9 


10.5 —0.040921 
5WL d= 3.0647 | m 


—3.3036 
Qai = 859.34 kN (C); Qaz = 1,032.5 kN (T); 
Qa3 = 1,122.5 kN (C) 


—0.013871 
R= —572.3 | KN 


722.27 


A 
Addition operations, matrix algebra, 
27-28, 45 
Analysis module, 129, 140-160, 
233-245, 322-333 
beam computer analysis, 233-245 
joint displacements d, 150-152, 238, 
329 
joint loads P, 148-150, 234-238, 
324-329 
member end force calculations, 
152-159, 239-243, 329-333 
plane frame computer analysis, 
322-333 
plane truss computer analysis, 
140-160 
structure coordinate number assign- 
ment, 54, 140-143, 233-234, 
322-324 
structure stiffness matrix S, 143-148, 
234-237, 324-329 
support reactions R, 135-136, 
152-159, 239-243, 329-333 
Analytical models, 10-11, 22, 49-57, 59, 
163-171, 250-255, 350-361, 
366-385, 417-498, 530-532 
beams, 163-171, 350-361 
degrees of freedom, 51-57, 166-168, 
252-255 
global coordinate system, 49-50, 
165-166, 250-252 
grids, 433-455 
hinged joints, 350-361 
inclined roller supports, 530-532 
joint displacement d, 53, 252-255 
joint load P, 52-56, 168-171 
line diagrams for, 11 
local coordinate system, 50-52, 166, 
251-252 
matrix structures and, 10-11, 22 
member releases, 350-361, 
366-385 


plane frames, 250-255, 350-361 
plane trusses, 49-57, 59, 530-532 
restrained coordinates, 54-55, 
252-255 
space frames, 456-494 
space trusses, 418-433 
structure coordinates, 51-57 
support displacements, 366-385 
support reactions R, 56, 171 
three-dimensional framed structures, 
417-498 
Angle of roll y, 479-483 
Angle of twist ¢, 440-444 
Approximate matrix analysis, 506-514 
Arrow notation, 54-55, 168, 254, 
435-436 
Axial forces, member stiffness, 61-63 


B 
Banded structure stiffness, 559-568 
Beams, 6, 162-248, 348-362, 376-381 
analysis modules, 233-245 
analytical model, 163-171 
bending moment M and, 175-178 
bending moment M, 175-178 
code number technique for, 202-206 
computer analysis, 224-245, 361-363 
defined, 6, 163 
deflection and, 175-184 
degrees of freedom, 166-168 
finite-element formulation, 185-191 
fixed-end forces, 174-175, 191-197, 
206-214 
global coordinate system, 165-166 
hinged joint analysis, 350-362 
hinges, 348-362 
input (data) modules, 224-233 
joint load P, 168, 206-214 
load Wand, 191-197 
local coordinate system, 166 
local member stiffness matrix 
k, 175-184, 188-191, 202-206 
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Beams (contd.) 
matrix structure classification, 6 
member releases, 348-362 
member stiffness, 171-184 
procedure for analysis, 214-224, 350 
sign convention for, 175-176, 195 
stiffness relations, 348-350 
structure coordinates, 167-168, 
233-234 
structure fixed-joint forces, 206-214 
structure stiffness, 197-206 
support displacement analysis, 376-381 
support reactions R, 169 
virtual work used for, 185-191 
Bending moment M, beams, 175-178 
Building frames, approximate matrix 
analysis of, 506-514 


C 
Code number technique, 97-102, 
202-206, 209, 293-299 
beams, 202-206, 209 
local member stiffness matrix k, 
202-206 
plane frames, 293-299 
plane trusses, 97-102 
structure fixed-joint forces Pp, 
206-214, 293-299 
structure stiffness matrix S, 97-101, 
202-206, 293-299 
support reaction R, 101-102 
Column matrix, 25 
Compatibility conditions, 13-14 
Compatibility equations, 89, 91-92, 
197-198 
beams, 197-198 
plane trusses, 89, 91-92 
structure stiffness, 89, 91-92, 197-198 
Computer analysis, 21, 128-161, 
224-245, 317-334, 361-362, 
385-390, 532, 603-604. See also 
Analysis module; Data input 
analysis module, 129, 140-160, 
233-245, 322-333 
beams, 224-245, 361-362 
coordinate number assignment, 54, 
140-143, 233-234 
cross-sectional property data, 137, 
229, 320 
hinged joints, 361-362 
inclined roller supports, 532 


input (data) module, 129-139, 
224-233, 318-322, 385-386 
joint data, 132-135, 224-227, 318 
joint displacement d, 150-152, 238, 
329 
joint load P, 148-150, 230-231, 
234-238, 321, 324-329 
load data, 138-139, 230-232, 321-322 
material property data, 136-137, 228, 
320 
member data, 137, 229-232, 321-322 
member force (stiffness) calculations, 
152-159, 239-243, 329-333, 
389-390 
member releases, 361-362, 385-390 
plane frames, 317-334, 316-362 
plane trusses, 128-161 
results, 603-604 
software, 21, 603-604 
structure coordinate number assign- 
ment, 54, 140-143, 322-324 
structure stiffness matrix S, 143-148, 
234-237, 324-329 
support displacements, 385-390 
support reactions R, 135-136, 
152-159, 227-228, 239-243, 
318-321, 329-333, 389 
Condensation of degrees of freedom, 
514-522 
Connections, see] oints 
Constitutive relations, 14-15 
Coordinate transformations, 76-85, 
268-275, 422-425, 446-448, 
467-485 
end displacements uand forces Q, 
268-275, 448, 467-472 
global to local system, 77-79 
grids, 446-448 
local to global system, 79-80 
member rotation matrix r, 472-485 
plane frames, 268-275 
plane trusses, 76-85 
space frames, 467-485 
space trusses, 422-425 
transformation matrix T, 78-80, 
471-472 
Cross-sectional properties, 137, 229,320 
beam computer analysis, 229 
input (data) module, 137, 229, 320 
plane frame computer analysis, 320 
plane truss computer analysis, 137 
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D 
Data input, 129-139, 224-233, 318-322, 
385-386, 603-604 
beam computer analysis, 224-233 
cross-sectional properties, 137, 
229, 320 
joints, 132-135, 224-227, 230-231, 
318, 321 
loads, 138-139, 230-232, 321-322 
material properties, 136-137, 228, 320 
members, 137, 229-232, 321-322 
plane frame computer analysis, 
318-322 
plane truss computer analysis, 
129-139 
software procedure, 603-604 
support displacements, 385-386 
support reactions R, 135-136, 
152-159, 227-228, 318-321 
unit consistency and, 130 
Decomposition method, 559-568 
Deflection, beams, 175-184 
Deformable bodies, principle of virtual 
work for, 17-20 
Deformations, 175-184, 436-437, 440, 
443-445, 541-545, 588-589 
beams, 175-184 
bending moment M, 175-178 
deflection, 175-184 
grids, 436-437, 440, 443-445 
nonlinear structural analysis, 588-589 
shape factor, 542-543 
shear, 541-545 
structure load-deformation relations, 
588-589 
torsional moment Mr, 440, 443-445 
warping, 436-437 
Degrees of freedom, 51-57, 166-168, 
251-255, 418-419, 435-436, 
456-458, 514-522 
arrow notation for, 54-55, 168, 254, 
435-436 
beams, 166-168 
condensation of, 514-522 
defined, 52 
external, 515-516 
free coordinates, 54 
free joint, 52 
grids, 435-436 
internal, 515 
joint displacement vector, 53 
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joint load vector, 55-56 
kinematic indeterminacy, 53 
plane frames, 251-255 
plane trusses, 51-57 
reaction vector, 56 
restrained coordinates and, 54-55, 
252-255 
space frames, 456-458 
space trusses, 418-419 
structure coordinates, 54 
Diagonal matrix, 26 
Differential operator matrix D, 73 
Differentiation, matrix algebra, 34, 45 
Direct integration method, 191-194 
Direct stiffness method, 5, 93-94, 
197-202 
beams, 197-202 
plane trusses, 93-94 
structure stiffness by, 93-94, 197-202 
Displacement, sæ End displacements u 
and forces Q; Support displace- 
ments 
Displacement functions, 67-72, 185-187 
beams, 185-187 
finite-element formulation, 67-72, 
185-187 
plane trusses, 67-72 
Do Loop command, 132-134, 144-148, 
235-238 
input data use of, 132-134 
structure stiffness matrix S generation, 
144-148, 235-238 


E 
Elements of a matrix, 24 
End displacements uand forces 
Q, 58-61, 63, 152-158, 
171-175, 191-202, 256-259, 
268-275, 329-333, 389-390, 
437-440, 448, 458-463, 467-472, 
533-541 
beams, 171-175, 191-202 
computer calculation of, 152-159, 
329-333, 389-390 
coordinate transformations and, 
268-275, 448, 467-472 
fixed-end forces, 174-175, 191-197 
global coordinates, 157-158 
grids, 437-440, 448 
local coordinates, 60-61, 63, 155-157, 
256-259, 437-440 
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End displacements u and forces Q (contd.) 


member stiffness and, 60-61, 63, 
152-158, 171-175, 256-259 
offset connections, 533-537 
plane frames, 256-259, 268-275, 
329-333 
plane trusses, 60-61, 63, 152-158 
semirigid connections, 537-541 
space frames, 458-463, 467-472 
structure stiffness and, 197-202 
support displacements and, 389-390 
Equality operations, matrix algebra, 27, 
45 
Equilibrium equations, 12-13, 91, 197 
beams, 197 
matrix structures and, 12-13 
plane trusses, 91 
structure stiffness and, 91, 197 
Equilibrium matrix b, 609-610 
Equivalent joint loads, 210-214, 
291-293, 324-329, 362-365, 
386-389 
beams, 210-214 
computer evaluation of, 324-329, 
386-389 
plane frames, 291-293, 324-329 
structure fixed-joint forces P; and, 
210-214, 291-293, 362-365 
support displacements and, 362-365, 
386-389 


F 
Fabrication errors, member fixed-end 
forces due to, 394-410 
Finite-element methods, 4, 67-76, 
185-191 
beams, 185-191 
displacement functions, 67-72, 
185-187 
formulation, 67-76, 185-191 
matrix methods compared to, 4 
member stiffness matrix k, 74-76, 
188-191 
plane trusses, 67-76 
shape functions, 72-73, 187-188 
strain-displacement relationship, 
73-74, 188 
stress- displacement relationship, 74, 
188 
symmetry and, 76 
virtual work used for, 67-76, 185-191 


Fixed-end forces, 174-175, 191-197, 
206-214, 260-268, 281-284, 
390-410, 463-467 

beam members, 174-175, 191-197 

direct integration method for, 191-194 

fabrication errors and, 394-410 

global coordinate system F;, 281-284 

load Wand, 191-197 

local coordinate system, 260-268, 
463-467 

member forces Qs, 175, 195-197, 
206-207, 209, 260-268, 463-467 

member releases, 390-410 

member stiffness and, 174-175, 
260-268, 281-284 

plane frames, 260-268, 281-284 

space frames, 463-467 

structure fixed-joint forces Py, 
206-214 

temperature changes and, 390-394 

Fixed-joint forces, see Structure 
fixed-joint forces Py 

Flexibility method, 4-5, 21, 605-611 

equilibrium matrix b, 609-610 

flexibility coefficient, 608 

redundants, 605 

static determinacy, 605 

stiffness method compared to, 4-5, 21, 
605 

structure flexibility matrix f, 608-611 

truss analysis, 605-611 

Forces, seeEnd displacements uand 
forces Q; J oint load P; M ember 
forces Qr; Structure fixed-joint 
forces Pr 

Framed structures, 5-10, 22, 417-198 

defined, 22 

matrix structure classification, 
5-10 

three-dimensional, 417-498 

Free coordinates, 54 

Free joint, 52 


G 
Gauss-] ordan elimination method, 
38-45, 150-152 
joint displacement d, solution of 
by, 150-152 
matrix inversion by, 43-45 
simultaneous equations, solutions of 
by, 38-43 
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Global coordinate system, 49-50, 76-85, 
85-89, 157-158, 165-166, 
250-252, 268-284, 418, 422-425, 
435, 446-448, 457, 467-485 

analytical models for, 49-50, 250-252 

beams, 165-166 

computer calculations in, 157-158 

coordinate transformations, 76-85, 
268-275, 422-425, 446-448, 
467-485 

fixed-end forces Qrin, 281-284 

grids, 435, 446-448 

member end forces and reactions, 
157-158 

member stiffness matrix K in, 85-89, 
157-158, 276-281 

member stiffness relations in, 85-89, 
276-284, 425 

plane frames, 250-252, 268-284 

plane trusses, 49-50, 76-85, 85-89, 
157-158 

space frames, 457, 467-485 

space trusses, 418, 422-425 

symmetry and, 86 

transformation from local system, 
79-80 

transformation to local system, 77-79 

Grids, 7, 9, 433-455 

analytical models, 433-455 

angle of twist œ, 440-444 

arrow notation for, 435-436 

beginning and end joints, 435-436 

coordinate transformations, 446-448 

defined, 433 

degrees of freedom, 435-436 

end displacements uand forces 
Q, 437-440 

global coordinate system, 435, 
446-448 

local coordinate system, 435-448 

matrix structure classification, 7, 9 

member releases, 444-445 

member stiffness relations, 436-445 

procedure for analysis, 449-455 

Saint-Venant’s torsion constant J for, 
440-441 

symmetric cross sections of, 433-435 

torsional moment My, 440, 443-445 

torsional stiffness coefficients, 
440-442 

warping, 436-437 
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H 
Half-bandwidth of structure stiffness ma- 
trix S, 553-559 
Hinges, 342-362 
analytical models, 350-361 
beam members, 348-362 
beginning (MT = 1), 343-345, 348 
both ends (MT = 3), 346-347, 
349-350 
computer implementation, 361-363 
end (MT = 2), 345-346, 348-349 
hinged joint analysis, 350-362 
member type (MT), 342 
plane frame members, 343-348, 
350-362 
procedure for analysis, 350 
stiffness relations, 343-350 


l 
Identity matrix, 27 
Inclined roller supports, 530-532 
Input module, 129-139, 224-233, 
318-322, 385-386. Seealso Data 
input 
beams, 224-233 
plane frames, 318-322 
plane trusses, 129-139 
support displacements, 385-386 
Integration, matrix algebra, 34-35, 45 
Inverse of a matrix, 35-36, 43-45 
Gauss-Jordan elimination method, 
43-45 
square matrix, 35-36 
symmetric matrix, 36 


J 
J oint coordinate matrix, computer 
analysis, 132 
Joint displacement d, 53, 89-91, 
150-152, 197, 238, 252-255, 329, 
547-576 
beams, 197, 238 
computer solution for, 150-152, 238, 
329 
degrees of freedom and, 53, 252-255 
Gauss-] ordan elimination method 
for, 150-152 
nonlinear structural analysis 6, 547-576 
plane frames, 252-255, 329 
plane trusses, 53, 89-91, 150-152 
structure stiffness relations, 89-91, 197 
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Joint load P, 55-56, 89-91, 148-150, 
197, 210-214, 230-231, 234-238, 
291-293, 321, 324-329, 362-365, 
386-389 

analysis module, 148-150, 234-238, 
324-329 

beams, 168, 197, 230-231, 234-238 

computer generation of, 148-150, 
234-237, 324-329 

degrees of freedom, 52-56 

equivalent, 210-214, 291-293, 
324-329, 362-365, 386-389 

input (data) module, 230-231, 321 

member releases, 362-365, 386-389 

plane frames, 291-293, 321, 324-329 

plane trusses, 55-56, 89-91, 
148-150 

storage of in structure load, 237-238, 
329 

structure fixed-joint forces P; and, 
291-293 

structure stiffness relations, 89-91, 
197, 291-293 

support displacements and, 362-365, 
386-389 

Joints, 52-56, 89-91, 132-135, 148-152, 
197, 206-214, 224-227, 230-231, 
252-255, 291-299, 318, 321, 
350-362, 419-420, 435-436, 531, 
533-541. See also Fixed-joint 
forces 

beams, 206-214, 224-227, 230-231, 
350-362 

beginning and end, 52, 419-420, 
435-436 

code number technique for, 209 

computer analysis and, 132-135, 
148-152, 224-227, 230-231, 318, 
321, 361-362 

degrees of freedom, 52-56 

displacement d, 53, 89-91, 152-153, 
252-255 

free, 52 

grids, 435-436 

hinged, 350-362 

input (data) modules, 132-135, 
224-227, 230-231, 318, 312 

load P, 55-56, 89-91, 148-150, 197, 
230-231, 321 

local coordinate system, 52, 531 

offset connections, 533-537 


plane frames, 252-255, 291-299, 
350-362 

plane trusses, 52-56, 89-91, 132-135, 
148-152, 197 

semirigid connections, 537-541 

space trusses, 419-420 

structure fixed-joint forces P; 
206-214, 291-299 

structure stiffness relations, 89-91 


K 
Kinematic indeterminacy, degree of, 53 


L 
Line diagrams, 11 
Linear structural analysis, 20-22, 573, 
576 
Load data, 138-139, 230-232, 321-322 
beam computer analysis, 230-232 
input (data) module, 138-139, 
230-232, 321-322 
joints, 230-231, 321 
matrix, 138-139 
members, 231-232, 321-322 
plane frame computer analysis, 
321-322 
plane truss computer analysis, 
138-139 
Load W, beam fixed-end forces due to, 
191-197 
Local coordinate system, 50-52, 58-67, 
76-85, 155-157, 166, 251-252, 
256-275, 419-425, 435-448, 
458-485, 531 
beams, 166 
beginning and end joints, 52, 419-420, 
435-436 
computer calculations in, 155-157 
coordinate transformations, 76-85, 
268-275, 422-425, 446-448, 
467-485 
fixed-end forces Qrin, 260-268, 
463-467 
force-displacement relationships, 
50-52 
grids, 435-448 
joints, 52, 531 
member end forces and reactions, 
155-157 
member stiffness matrix kin, 60-67, 
259-260, 463-466 
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member stiffness relations in, 58-67, 
256-268, 420-422, 436-445, 
458-467 

plane frames, 251-252, 256-275 

plane trusses, 50-52, 58-67, 76-85, 
155-157 

space frames, 458-485 

space trusses, 419-425 

transformation from global system, 
771-719 

transformation to global system, 79-80 


M 
M aterial properties, 136-137, 228, 320 
beam computer analysis, 228 
input (data) module, 136-137, 228, 
320 
plane truss computer analysis, 320 
plane truss computer analysis, 
136-137 
M atrix, defined, 24, 45 
Matrix algebra, 23-47 
addition operations, 27-28, 45 
column matrix, 25 
diagonal matrix, 26 
differentiation, 34, 45 
elements of, 24 
equality operations, 27, 45 
Gauss-] ordan elimination method, 
38-45 
identity matrix, 27 
integration, 34-35, 45 
inverse of a matrix, 35-36, 43-45 
multiplication by a scalar, 28 
multiplication of matrices, 28-32, 45 
null matrix, 27 
order of, 24-25 
orthogonal matrix, 36-37 
partitioning, 37-38 
row matrix, 25 
square matrix, 25-26, 35-36 
subtraction operations, 27-28, 45 
symmetric matrix, 26, 33, 36 
transpose of a matrix, 32-33, 45 
triangular matrices (upper and lower), 
26 
unit matrix, 27 
vectors, 25 
M atrix structures, 1-22 
analytical models, 10-11, 22 
beams, 6 
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classical methods compared to, 3-4 
compatibility equations, 13-14 
constitutive relations, 14-15 
deformable bodies, principle of virtual 
work for, 17-20 
direct stiffness method, 5 
equilibrium equations, 12-13 
finite element methods compared to, 4 
flexibility method, 4-5, 21 
framed structures, 5-10 
grids, 7, 9 
history of, 2-3 
line diagrams, 11 
linear analysis, 20-22 
nonlinear analysis, 21 
plane frames, 6-8 
plane trusses, 5-6 
principle of virtual work, 15-20 
rigid bodies, principle of virtual work 
for, 15-17 
software for, 21 
space frames, 10 
space trusses, 7 
stiffness method, 4-5, 21 
structural analysis, 12-22 
MDISPG (member global displacement) 
subroutine, 152, 154, 330, 390 
MDISPL (member local displacement) 
subroutine, 155, 239, 241, 330, 390 
Mechanics of materials, principles of for 
member stiffness, 61-62 
M ember code numbers, 97-102. See also 
Code number technique 
M ember data, 137, 229-232, 321-322 
beam computer analysis, 229-232 
input (data) module, 137, 229-232, 
321-322 
load data, 231-232, 322 
matrix, 137, 231, 321 
plane frame computer analysis, 
321-322 
plane truss computer analysis, 137 
Member displacement function, 72-73 
M ember fixed-end forces Q;, 175, 
195-197, 206-207, 209, 260-268, 
463-467 
beams, 175, 195-197, 206-207, 209 
plane frames, 260-268, 281-284 
space frames, 463-467 
M ember force-displacement relations, 
580-586 
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M ember forces, see End displacements 
and forces; Fixed-end forces; 
M ember stiffness 
M ember releases, 340-416, 444-445, 
465-467, 530-532 
analytical models, 350-361 
beams, 348-362, 376-381 
computer analysis, 361-363, 385-390 
fabrication errors and, 394-410 
fixed-end forces, 390-410 
grids, 444-445 
hinged joints, 350-362 
hinges, 342-362 
inclined roller supports, 530-532 
plane frames, 343-347, 350-362, 
381-385 
plane trusses, 371-376 
procedures for analysis, 350, 370-371, 
397 
space frames, 465-467 
stiffness relations, 343-350 
structure fixed-joint forces 
P;, 362-385 
support displacements, 362-390 
temperature changes and, 390-394 
types (MT), 341-343 
M ember rotation matrix r, 472-485 
angle of roll y, 472-479 
plane frame analysis, 472-485 
reference point, 479-483 
M ember shape function matrix N, 72-73 
M ember stiffness, 58-67, 74-76, 85-89, 
92-93, 152-159, 171-184, 
188-191, 202-206, 239-242, 
256-268, 276-284, 343-350, 
420-422, 425, 436-445, 458-467, 
541-545 
axial forces, 61-63 
beams, 171-184, 188-191, 202-206, 
239-242, 348-350 
bending moment M and, 175-178 
computer calculation of, 152-159, 
239-242 
deflection and, 175-184 
end displacements uand forces Q, 
58-61, 63, 152-158, 171-175, 
256-259, 268-275, 458-463 
finite-element formulation and, 74-76, 
188-191 
fixed-end forces, 174-175, 260-268, 
281-284 


force calculations, 152-159, 239-242 
global coordinate system, 85-89, 
276-284, 425 
global matrix K, 85-89, 157-158, 
276-281 
grids, 436-445 
hinges and, 343-350 
local coordinate system, 58-67, 
155-157, 256-268, 420-422, 
436-445 
local matrix k, 60-67, 74-76, 
175-184, 188-191, 202-206, 
259-260, 463-466 
mechanics of materials, principles of, 
61-62 
member releases and, 343-350, 
444-445, 465-467 
plane frames, 256-268, 276-284, 
343-347 
plane trusses, 58-67, 74-76, 85-89, 
92-93, 152-159 
Saint-Venant’s torsion constant J for, 
440-441 
shear deformations and, 541-545 
space trusses, 420-422, 425 
structure stiffness matrix Sand, 58, 
202-206 
symmetry and, 76, 86 
torsional moment Mr, 440, 443-445 
torsional stiffness coefficients, 
440-442 
transformation matrix T, 152-155 
warping, 436-437 
M ember strain-displacement matrix B, 
72-73 
M ember tangent stiffness matrix Kt, 
586-588 
M ember types (MT), 341-343 
MFEDSD (member global fixed-end dis- 
placement from support displace- 
ment) subroutine, 387-388, 390 
MFEFG (member global fixed-end) sub- 
routine, 328-329 
MFEFLL (member local fixed-end force) 
subroutine, 235, 237, 239, 328, 330, 
361, 363 
MFEFSD (member global fixed-end 
force from support displacement) 
subroutine, 388-389 
MFORCEG (member global force) sub- 
routine, 157, 330 
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MFORCEL (member local force) subrou- 


tine, 156-157, 241-242, 330, 390 
MSTIFFG (member global stiffness ma- 
trix) subroutine, 326-327, 387 

MSTIFFL (member local stiffness 
matrix) subroutine, 155-156, 235, 
239, 326, 330, 361-362, 387 

MTRANS (member transformation ma- 
trix) subroutine, 152, 154-155, 326 

Multiplication of a matrix by a scalar, 28 

Multiplication of matrices, 28-32, 45 


N 
Newton-Raphson computational method, 
589-600 
Nonlinear structural analysis, 21, 
572-602 
geometric concepts of, 574-579 
joint displacements 6, 547-576 
linear analysis compared to, 573, 567 
member force-displacement relations, 
580-586 
member tangent stiffness matrix 
K; 586-588 
Newton-R aphson computational 
method, 589-600 
plane trusses, 579-600 
snap-though instability, 576-579 
stability and, 576-579 
structure tangent stiffness matrix S, 
589 
Nonprismatic members, 545-552 
Null matrix, 27 


(0) 

Offset connections, 533-537 
Order of a matrix, 24-25 
Orthogonal matrix, 36-37 


P 
Partitioning, matrix algebra, 37-38 
Plane frames, 6-8, 249-339, 343-347, 
350-362, 381-385 
analysis module, 322-333 
analytical model, 250-255 
computer analysis, 317-334, 361-362 
coordinate transformations, 268-275 
defined, 250 
degrees of freedom, 251-255 
global coordinate system, 250-252, 
268-284 
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hinged joint analysis, 350-362 

hinges, 343-347, 350-362 

input (data) module, 318-322 

joint displacements d, 252-255, 
284-285 

joint load P, 284-287 

local coordinate system, 251-252, 
256-275 

matrix structure classification, 6-8 

member releases, 343-347, 350-362 

member stiffness, 256-268, 276-284 

procedure for analysis, 299-317, 350 

restrained coordinates, 252-255 

stiffness relations, 343-347 

structure stiffness, 284-299 

support displacement analysis, 
381-385 


Plane trusses, 5-6, 48-127, 128-161, 


371-376, 530-532, 579-600 
analysis modules, 140-160 
analytical model, 49-57, 59, 530-532 
arrow notation for, 54-55 
code number technique for, 97-102 
computer analysis, 128-161 
coordinate transformations, 76-85 
defined, 49 
degrees of freedom, 51-57 
finite-element formulation, 67-76 
global coordinate system, 49-50, 
76-85, 85-89 
inclined roller supports, 530-532 
input (data) modules, 129-139 
joints, 52-56, 89-91, 132-135, 531 
local coordinate system, 50-52, 58-67, 
76-85 
matrix structure classification, 5-6 
member force-displacement relations, 
580-586 
member stiffness, 58-67, 85-89, 
92-93 
member tangent stiffness matrix K, 
586-588 
Newton-Raphson computation method, 
589-600 
nonlinear analysis of, 579-600 
procedure for analysis, 105-123 
structure load-deformation relations, 
588-589 
structure stiffness, 89-105 
structure tangent stiffness matrix 
S, 589 
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Index 


Plane trusses (contd.) 
support displacement analysis, 
371-376 
support reaction R, 101-102, 135-136, 
152-159 
virtual work used for, 67-76 
Primary structure, 605 
Principle of virtual work, 15-20 
deformable bodies, 17-20 
rigid bodies, 15-17 
Procedure for analysis, plane trusses, 
105-123 


R 
Reaction vector R, 56. Seealso Support 
reactions R 
Redundants, 605 
Reference point, member rotation matrix 
R in terms of, 479-483 
Restrained coordinates, 54-55, 252-255, 
500-506 
degrees of freedom and, 54-55, 
252-255 
numbering of, 54-55 
plane frames, 252-255 
plane trusses, 54-55 
structure stiffness matrix Sand, 
500-506 
Restraint codes, 135-136, 227, 230, 321 
beam computer analysis, 227, 230 
plane frame computer analysis, 321 
plane truss computer analysis, 
135-136 
Rigid bodies, principle of virtual work 
for, 15-17 
Roller supports, 530-532 
Row matrix, 25 


S 
Saint-Venant’s torsion constant J , 440-441 
Semirigid connections, 537-541 
Shape factor (shear), 542-543 
Shape functions, 72-73, 187 
beams, 187 
finite-element formulation, 72-73, 187 
plane trusses, 72-73 
Shear deformations, 541-545 
Sign conventions, 175-176, 195 
Snap-through instability, 576-579 
Software, 21, 603-604. See also Com- 
puter analysis 


Space frames, 10, 456-494 
analytical models, 456-494 
coordinate transformations, 467-485 
degrees of freedom, 456-458 
end displacements uand forces Q, 
458-463, 467-472 
global coordinate system, 457, 
467-485 
local coordinate system, 458-485 
local stiffness matrix k, 463-466 
matrix structure classification, 10 
member fixed-end forces Qr, 463-467 
member releases, 465-467 
member rotation matrix r, 472-485 
member stiffness relations, 458-467 
procedure for analysis, 485-494 
symmetric cross sections of, 456 
transformation matrix T, 471-472 
Space trusses, 7, 418-433 
analytical models, 418-433 
beginning and end joints, 52, 419-420 
coordinate transformations, 422-425 
defined, 418 
degrees of freedom, 418-419 
global coordinate system, 418, 
422-425 
local coordinate system, 419-425 
matrix structure classification, 7 
member stiffness relations, 
420-422, 425 
procedure for analysis, 425-433 
Square matrix, 25-26, 35-36 
diagonal elements of, 25-26 
inverse of, 35-36 
Stability, structural analysis and, 
576-579 
Static determinacy, 605 
Stiffness, see M ember stiffness; Structure 
stiffness 
Stiffness method, 4-5, 21 
STOREPF (store member global 
fixed-end force) subroutine, 
237-238, 328-330, 389 
STORER (store member forces in support 
reactions) subroutine, 158, 241-243 
STORES (store structure stiffness matrix 
S) subroutine, 146-148, 235-236, 
327-328 
Strain-displacement relationship, 
73-74, 188 
beams, 188 
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finite-element formulation, 73-74, 188 
plane trusses, 73-74 
Stress- displacement relationship, 74, 188 
beams, 188 
finite-element formulation, 74, 188 
plane trusses, 74 
Structural analysis, 12-22, 506-530, 
545-568, 572-602 
approximate matrix analysis, 506-514 
building frames, 506-514 
comparison of linear and nonlinear, 
573, 576 
compatibility equations, 13-14 
condensation of degrees of freedom, 
514-522 
constitutive relations, 14-15 
deformable bodies, 17-20 
equilibrium equations, 12-13 
large systems, 553-568 
linear, 20-22, 573, 576 
nonlinear, 21, 572-602 
nonprismatic members, 545-552 
principle of virtual work, 15-20 
rigid bodies, 15-17 
snap-through instability, 576-579 
software for, 21 
stability and, 576-579 
substructure analysis, 514, 522-530 
Structure coordinates, 51-57, 140-143, 
167-168, 233-234, 252-255, 
322-324 
beams, 167-168, 233-234 
computer assignment of, 140-143, 
233-234, 322-324 
defined, 54 
degrees of freedom and, 51-57, 
252-255 
numbering of, 54-55 
plane frames, 252-255, 322-324 
plane trusses, 51-57, 140-143 
restrained coordinates, 54-55, 252-255 
Structure fixed-joint forces P;, 206-214, 
291-299, 362-385 
assembly of, 293-299 
beams, 206-214 
code number technique for, 209, 
293-299 
equivalent joint loads and, 210-214, 
291-293, 362-365 
evaluation of due to support displace- 
ments, 366-369 
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member fixed-end forces Q and, 
206-207, 209 
member releases and, 362-385 
physical interpretation of, 206-209 
plane frames, 291-299 
structure stiffness and, 291-299 
support displacements and, 362-385 
Structure flexibility matrix f, 608-611 
Structure load, storage of joint load in, 
237-238, 329 
Structure load-deformation relations, 
588-589 
Structure stiffness, 58, 89-105, 197-206, 
284-299 
beams, 197-206 
code number technique for, 97-102, 
202-206 
compatibility equations for, 89, 91-92, 
197-198 
direct stiffness method, 93-94, 
197-202 
end displacements uand forces Q, 
197-202 
equilibrium equations for, 91, 197 
joint displacement d, 89-91, 197, 
284-285 
joint load P, 89-91, 197, 284-287, 
291-293 
matrix S, 58, 94-101, 202-206, 
287-291, 293-299 
member stiffness relations, 92-93 
plane frames, 284-299 
plane trusses, 58, 89-105 
structure fixed-joint forces P; and, 
291-299 
support reaction R, 101-102 
Structure stiffness matrix S, 58, 94-101, 
143-148, 202-206, 234-238, 
287-291, 293-299, 324-329, 
500-506, 553-568 
analysis module, 143-148, 234-237, 
324-329 
assembly of, 94-101, 202-206, 
293-299 
banded structures, 559-568 
beams, 202-206, 234-238 
code number technique for, 97-101, 
202-206, 293-299 
computer generation of, 143-148, 
234-238, 324-329 
decomposition method using, 559-568 
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Structure stiffness matrix S (contd.) 
Do Loop commands for, 144-148, 
235-238 
equivalent joint load and, 324-329 
half-bandwidth of, 553-559 
large system solutions of, 553-568 
local coordinate system, 58 


local member stiffness matrix Kand, 


202-206 
physical interpretation of, 94-97 
plane frames, 287-291, 293-299, 
324-329 
plane trusses, 58, 94-101, 143-148 
restrained coordinates and, 500-506 
structure fixed-joint forces P; and, 
293-299 
Structure tangent stiffness 
matrix S, 589 
Submatrices, 37 
Substructure analysis, 514, 522-530 


Subtraction operations, matrix algebra, 


27-28, 45 
Support displacements, 362-390, 
501 
analytical models, 366-385 
beam analysis, 376-381 
computer analysis for, 385-390 
equivalent joint loads, 362-365, 
386-389 
input (data) module, 385-386 
member forces, 389-390 
plane frame analysis, 381-385 
plane truss analysis, 371-376 
procedures for analysis, 370-371 
restrained coordinates dk, 501 
structure fixed-joint forces 
P; due to, 362-385 
support reactions and, 389-390 
Support reaction R, 56, 101-102, 


input (data) module, 135-136, 
227-228, 230, 318-321 
plane frames, 318-321, 329-333 
plane trusses, 56, 101-102, 135-136, 
152-159 
restraint codes for, 135-136, 227, 
230, 321 
structure stiffness and, 101-102 
support displacement and, 
389-390 
Symmetric matrix, 26, 33, 36 
Symmetry, 76, 86, 433-435, 456 
finite-element formulation and, 76 
grid cross sections, 433-435 
member stiffness matrices, 76, 86 
space frame cross sections of, 456 


T 
Temperature changes, member 
fixed-end forces due 
to, 390-394 
Three-dimensional framed structures, 
417-498 
grids, 433-455 
procedures for analysis, 425-433, 
449-455, 485-494 
space frames, 456-494 
space trusses, 418-433 
Torsion constant J , 440-441 
Torsional moment My, 440, 443-445 
Torsional stiffness coefficients, 
440-442 
Transformation matrix T, 78-80, 
471-472 
Transpose of a matrix, 32-33, 45 
Triangular matrices (upper and lower), 
26 
Trusses, 5-7, 48-127, 128-161, 
418-433, 530-532, 579-600, 


135-136, 152-159, 169, 227-228, 
230, 239-242, 318-321, 329-333, 
389-390 

analysis module, 152-159, 239-242, 
329-333 

beams, 169, 227-228, 230, 
239-242 

computer analysis, 135-136, 152-159, 
227-228, 230, 239-242, 318-321, 
329-333, 389-390 

calculation of, 152-159, 239-242, 
329-333 


605-611 
computer analysis, 128-161 
defined, 5 
finite-element formulation, 67-76 
flexibility method for, 605-611 
inclined roller supports, 530-532 
member stiffness relations, 58-67, 
85-89, 92-93 
nonlinear analysis of, 579-600 
plane, 5-6, 48-127, 128-161, 
530-531 
space, 7, 418-433 
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U beams, 185-191 

Unassembled flexibility matrix fm, finite-element method using, 67-76, 
608-611 185-191 

Unit matrix, 27 plane trusses, 67-76 

V WwW 

Vectors, column matrices as, 25 Warping, grids, 436-437 


Virtual work, 67-76. Seealso Finite 
element method 
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FIXED-END FORCE EXPRESSIONS 


Fixed-End Moments, Shears and Axial Forces for Various Loading Conditions 


No. Loading Equations for Fixed-End Moments, Shears, and Axial Forces 
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Loading Equations for Fixed-End Moments, Shears, and Axial Forces 


wi(L — l1)? lo(3L + 21) 
20L 3 (L — 14) 
l2 I2 a3 
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